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Chapter 1

Pre-trigonometry

1.1 What is allowed? What isn't allowed?

EXERCISE
Classify the following statements as true or false (in math, for a statement to be
true means that it is always true):

TRUE FALSE
1. O O 5(z +2) = bz + 2.
2. O O 5(z +2) = 5z + 10.
3. O O (a+b)(x+y)=ax +by.
4. U U 3r=v+x+x.
5 O O P=z+z
6. O O 3-i=%
7 O O “=q-q.
8. O O «=a4y
9. O O oy
10. O O =t t3s
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1.2. Solving basic equations

1.2 Solving basic equations

Linear equations

A linear equation is an equation which, after some valid algebra, can be written as
ax = b for some numbers a and b. To solve a linear equation, you combine all the
x-terms on one side of the equation and combine all the non-z-terms on the other
side.

EXAMPLE 1
Solve for z, if 8¢ + 7 = 79.

EXAMPLE 2
Solve for z, if 3(5 — 2x) = 7(z + 2).




1.2. Solving basic equations

Solving linear equations for expressions, rather than variables

Often, you have to solve for something more complicated than just “z”. The prin-
ciple is the same as what we’ve done before, except you should think of the thing
you are solving for as its own letter.

Be careful not to combine unlike terms! (3 + 5x # 8z, etc.)

EXAMPLE 3
Solve for vz + 1:
18vx+1=36
EXAMPLE 4

Solve for z*:

5+ 32t = 2(7 — 5a%)

EXAMPLE 5
Solve for cos z (Whatever “cos x” means):

40% = 30 + 35 — 2(30)(35) cos =



1.2. Solving basic equations

Solving proportions

A proportion consists of two fractions which are equal:
a ¢

b d
To solve a proportion involving variables, you cross-multiply the proportion, ap-
plying the theoretical fact that

% = é if and only if ad = bc.
EXAMPLE 6
Solve for z:
x 278
3 8.44
EXAMPLE 7
Solve for z:
r 7
r—2 5
EXAMPLE 8
Solve for sin x (whatever “sin z” means):
sinx  .358
7.25  10.459

Solution: First, cross-multiply. Then, divide both sides by 10.459:

10.459 sin x = .358(7.25)
10.459 sinx = 2.5955

) 2.5955
sinx =

10.459

sin x = .24816.



1.2. Solving basic equations

Quadratic equations

A quadratic equation has a variable squared (like z?) in it.

How to solve a quadratic equation

If there is an 22 term but no x term: solve for the 2 term. Then take the square
root of both sides (be sure to include both the positive and negative
square root as answers for ).

If there is both an 2? term and an x term: move all the terms of the equation
to one side (i.e. make one side equal to zero). Then either factor or use
the quadratic formula.

EXAMPLE 9
Solve each equation for x:

a) z?+ 3z =140

b) 2% =36

Q) 22+ (275)2 =1



1.3. Functions

d) 22+ (1.275)2 = 8.81
Solution: First, square out the (1.275)? and move it to the other side:
2% 4 (1.275)% = 8.81

2% 4+ 1.6256 = 8.81
2?2 = 8.81 — 1.6256

2% = 7.1844
x = ++/7.1844
r = +2.68.

1.3 Functions

QUESTION
What is a function? Don’t peek at the next page. (My past experience is that many
Math 120 students don’t know what a function is.)

EXAMPLE 10
Suppose you buy soup at Meijer. Each can of soup costs 2 dollars, with the catch
that cans of soup are “buy one, get one free”. Let’s create a “function” which
models this situation; we’ll call this function “price”.

10



1.3. Functions

Definition 1.1 A function is a rule of assignment which produces outputs from in-
puts, in such a way that each input leads to one and only one output. The set of
inputs to a function is called the domain of the function, and the set of outputs is
called the range of the function.

We usually name functions after letters (capital or lowercase), but we also name
them after words or phrases, and occasionally use a symbol to name a function.

A good way to think about a function is to think of an “arrow diagram”:

Definition 1.2 If f is a function, then f(x) is the output associated to input z, not
“f times x”. Sometimes the parenthesis in the f(x) is omitted and we just write fz,
especially if the function is named after a word or phrase, rather than a single letter.
The formula defining f(x) for an arbitrary input x is called the rule or formula for

f

EXAMPLE 11
Let f be the function which takes its input, squares it, then subtracts 8 to produce
the output. Find a formula for f, and compute f(2) and f(-5).

IMPORTANT: To be a valid function, each input must have only one possible out-
put.

EXAMPLE 11.5
Determine whether or not each given formula is the formula of a valid function:

a) f(x)==x
b) f(z) = (£x)?
o) f(z)=(£x)’

11



1.3. Functions

EXAMPLE 12
Let T" be the function which takes its input, multiplies the input by 4 and then sub-
tracts 3 to produce the output.

a) Find a formula for 7'(z).

b) Compute 27'(3).

c) Compute 7'(2- 3).

d) Compute T'(2 + 1).

e) Compute 7'(2) + T°(1).

f) Find a formula for 7'(3z).

g) Find a formula for 37'(x).

12



1.3. Functions

EXAMPLE 13
Let funny be the function defined as follows: start with input x. If + = 0, then
funny = = 5. If x is positive, then funny x = 1 + z. If = is negative, then funny
T =34 2x.

a) Compute funny 6.

b) Compute funny —3.

c) Compute — funny 3.

d) Compute funny 2 + funny (—2).

e) Compute funny (2 + (—2)).

f) Compute funny (3 + 2).

g) Compute funny 3 + funny 2.

h) Compute funny 3 + 2.

i) Compute funny (2) - 3.

j) Compute funny (2 - 3).

k) Compute funny 2 - 3.

1) Compute 3 funny 2.

m) Compute funny 3 - 2.

13



1.3. Functions

Order of operations with functions and exponents

EXAMPLE 14
Suppose car x = 3z — 1. Compute each quantity:

a) car 22

b) car’2

c) car’l

d) car3?-2

Solution: car 3% -2 = car (9 -2) = car 18 = 3(18) — 1 =[53].
e) 2 car 32

Solution: 2 car 32 = 2 car 9 = 2[3(9) — 1] = 2[26] = |52].
f) 3car®*(2—-1)2+5

Substitutions in functional expressions

EXAMPLE 15

a) If you know x = 3, how does the expression cup x + 1 simplify?

(Put another way, how do you substitute “z = 3” into “cup x + 17?)

b) If you know cup = = 3, how does the expression cup z + 1 simplify?

14



1.3. Functions

c) If you know z = 3, how does the expression cup (z + 1) simplify?

d) If you know cup = = 3, how does the expression cup (z + 1) simplify?

e) If you know x = 3, how does the expression cup %z simplify?

f) If you know cup = = 3, how does the expression cup *z simplify?

EXAMPLE 16

a) Substitute z = .3 into dog 2z+ cat >z = 1.

b) Substitute dog = = .3 into dog *z+ cat *z = 1. Then solve for cat x.

c) Substitute dog 2z = .3 into dog *z+ cat 2z = 1. Then solve for cat z.

15



Chapter 2

Trigonometry foundations

2.1 Introduction to trigonometry

FIRST QUESTION
What is “trigonometry”?

SECOND QUESTION
What is trigonometry for?

1. Converting between rotational measurements and length measurements (as-
tronomy, gears and wheels, pulleys, etc.)

Example: If you get on the Ferris wheel of radius 80 ft shown below and go
3/5 of the way around, how high off the ground are you?

16



2.1. Introduction to trigonometry

2. Determining lengths and angles by taking auxiliary measurements (architec-
ture, landscaping, product design, etc.)

Example: Suppose the measurements below are known. What is z?

274t X

15.1 ft

3. Studying oscillating behavior (sound and light waves, ocean waves, radia-
tion, harmonics, signal processing, alternating currents, etc.)

Example: From the graph below, write an equation which gives the water
depth in terms of the position, and use your equation to predict the water
depth at position 300:

water depth
6

0 5 10 15 20 25 30 35 40 45 50 position

COURSE OUTLINE
In MATH 120, we will address each of these three classes of problems listed above:

Chapter 2 lays out foundational material needed for all the problems;

Chapter 3 is about the conversion between measurements of rotation and mea-
surements of length;

Chapter 4 is about how to determine lengths and angles via auxiliary measure-
ments;

Chapter 5 is about the description of oscillating behavior; and

Chapters 6 and 7 (we may not get to Chapter 7) contain some extra material re-
lated to trigonometric algebra, which is potentially useful in your future
courses.

17



2.2. Linear measurements

2.2 Linear measurements

Linear displacement

The linear displacement (or just displacement) of an object is the net change in
its position. For instance, if you start at 6 in (on a number line), you go forward 7

inches and then backward 3 inches, your displacement is in| (Your ending
position is in|)
In general, displacement = minus

Numbers are meant to represent displacements, under the assumption you start at
0 and are moving along a number line:

positive numbers correspond to
negative numbers correspond to
addition corresponds to

multiplication by (—1) corresponds to

NOTE: If you end where you start, your linear displacement must be 0.

QUESTION
What happens if your motion is along a curve, rather than a straight line? How do
you measure your linear displacement?

Linear velocity

The linear velocity (or just velocity) of an object is the rate of change of its linear
displacement, which is given by its displacement divided by elapsed time:

_ displacement
velocity = e
ime

18



2.2. Linear measurements

EXAMPLE 1
A chipmunk runs across my yard at .85 yards per second.

a) How far does it run in 3.5 seconds?

b) How long would it take the chipmunk to run 25 yards?

EXAMPLE 2
If you drive 420 miles in 6 hours, what is your velocity (assuming that your velocity
stays the same for the entire trip)?

Unit conversions

MOTIVATING EXAMPLE
You own 1000 clunks. If 13 clunks are equal to 7 doinks, then how many doinks do
you have?

19



2.2. Linear measurements

Theorem 2.1 (Unit conversions) Suppose A of unit a is equal to B of unit b. Then,

to convert between these units, use the following scheme:

B unitb
A unit a

X

. /_\ .
unit a unit b
\_/

« A uni.t a

B unit b

EXAMPLE 3

a) Convert 2.5 miles to feet.

280 ft
Solution: We know 1 mi = 5280 ft, so 2.5 mi = 2.5 mi - 518;)11 -

b) Convert 80.605 grams to kilograms.
Solution: We know 1000 g = 1 kg, so

(13200 ft|

1kg  80.605

80.605 g = 80.605 g - 1 = kg =1{.080605 kg |.

000 g 1000

c) If 8jokers are the same as 3 kings, how many kings are there in 19.35 jokers?

d) Assuming that there are 2.54 cm in one inch, convert 18 yards to meters.

e) How many inches per second are there in 0.35 miles per hour?

f) 1If 15.2 tortes equal 8.35 unicorns and 17 yucks equal 5 zaps, convert 23.25

yucks per unicorn to zaps per torte.

20



2.3. The coordinate plane

2.3 The coordinate plane

QUESTION
In the last section we discussed how numbers on a number line represent linear
displacement.

What happens if your motion is two-dimensional, meaning that instead of going
forward and backward, you also are moving side-to-side (like you are running
around in a field)? How do you record your position and/or displacement?

ANSWER

Ordered pairs

Just as real numbers can be thought of as points on a number line, ordered pairs
(x,y) can be thought of as points in a plane. The first number in an ordered pair
is called the z-coordinate and measures the horizontal distance the point (z,y) is
from the origin; the second number in the pair is called the y-coordinate and mea-
sures the vertical distance that (z, y) is from the origin.

EXAMPLE 4
Graph the following points on the provided axes:

(0,3) (—3,4) (2,-3) (—4,0) (—1,-2)

= N W A O

-5-4-3-2-1 12 3 45

21



2.3. The coordinate plane

EXAMPLE 5

a) Start at (3,8). Go left seven units, then up five units, then right three units.
Where are you?

b) What is the distance from (2, 7) to the z-axis?

What is the distance from (2, 7) to the y-axis?

c) Describe the set of points in the coordinate plane whose y-coordinate is 2.

d) What do all the points on the indicated line have in common?

-3 -2 1 2 3

Quadrants

The z- and y-axes divide the coordinate plane into four quadrants, numbered by
Roman numerals:

y

Quadrant II Quadrant I
(x<0,y>0) x>0,y>0)

Quadrant III | Quadrant IV
(x<0,y<0) (x>0,y<0)

22



2.3. The coordinate plane

Introducing vectors

If we think of an ordered pair (or ordered n-tuple) as representing a displacement
(i.e. the movement of an object) rather than a fixed position, then the ordered pair
becomes a mathematical object called a vector:

Definition 2.2 A scalar is a number. A vector is a quantity which has two at-
tributes: a size (called its magnitude or norm or length), and a direction.

Think of a vector as representing the net motion of an object. The magnitude of the
vector is how far it moves, and the direction of the vector tells you what direction
the object moves in. Two vectors are equal if they represent the same motion, i.e.
they have the same magnitude and same direction.

Vectors are often represented pictorially by arrows. In this context, the place the
vector starts is called the initial point of the vector, and the place the vector ends is
called the terminal point of the vector. We can think of the vector as representing
the net motion of an object going from the initial point to the terminal point.

terminal point
initial point

That said, vectors are really more like “floating arrows” than arrows with fixed
position.
-
/ /

There is a standard way to draw vectors in a coordinate plane. A vector is in
standard position if it is drawn on an x, y—plane with its initial point at the origin.
When a vector is drawn in standard position, we name it by its terminal point
(which has two coordinates). This is called the component form of the vector. The
coordinates of a vector are called the horizontal and vertical components of the
vector.

23



2.3. The coordinate plane

Two vectors drawn in this way are equal if and only if they have the same hori-
zontal component and same vertical component:

(a,b) = (¢,d) meansa=candb = d.

More generally, the components of any vector drawn anywhere on an z, y-plane
can be found by subtracting the initial point from the terminal point (in the same
way that an object’s displacement can be found by subtracting its initial position
from its end position):

EXAMPLE 6
Let v be a vector which has initial point (2, —5) and terminal point (-3, —1).

a) Sketch v on the coordinate plane provided below, in the position indicated
by the given information in the problem.

7k

b) Write v in component form.

c) If v was drawn so that it started at (5, —1), where would v end?

d) Sketch v in standard position.

) )

24



2.4. Vector operations

2.4 Vector operations

Addition of vectors

RECALL
Thinking of numbers as linear displacements, we interpreted addition of those
numbers as combining two linear displacements that occur in sequence, one after

another, i.e.

6 4+ (—3) = six units forward, then three units backwards.

In the same way, by thinking of vectors as representing displacements in a plane
that occur in sequence, we can add those vectors to obtain a sum that represents the

total displacement of the object.

EXAMPLE 7
Suppose you first move by (8, 3) and then move by (5, —7). What is the combined
amount you have moved by?

With this example in mind, we add the vectors “coordinate-wise” or “component-
wise”, meaning that you add the horizontal components together and the vertical

components together.
Subtraction of vectors is similar: given v and w, to find v—w you subtract coordinate-
wise.

Definition 2.3 (Addition and subtraction of vectors) Given vectors v.= (a,b)
and w = (¢, d), the sum of v and w is the vector

v+w=(a+cb+d).
Similarly, the difference of v and w is

v—w={(a—cb—d).

25



2.4. Vector operations

EXAMPLE 8
Let v = (3, —2) and let w = (7, 5). Compute the following quantities:

a) v+w

b) w—v

) WH+WwW

Solution: w +w = (7,5) + (7,5) = (T+ 7,5+ 5) =| (14, 10) |

Similar to Example 7, we think of the addition of two vectors geometrically using
what is called “head-to-tail” or “parallelogram” addition, where we interpret v+w
as “motion by v, then motion by w” (or vice versa):

A

W2 2 4 6
w

-4 -4

Scalar multiplication of vectors

Definition 2.4 (Scalar multiplication of vectors) Given a vector v = (a,b) and a
scalar c, the (scalar) product of cv is the vector

cv = (ca, cb) .

The vector —v = (—a, —b) is called the opposite or additive inverse of v; it has the
same magnitude as v but points in the opposite direction.

The vector 0 = 0 = (0,0) is called the zero vector. For any vector v, Ov = 0 and
v+ (—v)=0.

26



2.4. Vector operations

Addition and scalar multiplication of vectors are commutative, associative and

distributive. That means that the usual rules of arithmetic hold:

V+W =wW+V v+0 =v

ut+ (v+w) =(ut+v)+w v+(-v) =0
(cd)v = c(dv) ov =

c(v+w) =cv+cew v =v

(c+dv =cv+dv

EXAMPLE 9

Letu = (0,-3), let v = (3,—1) and let w = (7,2). Compute the following quanti-

ties:

a) 4w

b) 2u+w

Solution: 2u +w = 2(0,-3) + (7,2) = (0,—6) + (7,2) = (0+7,—6+2) =

(7,—4)

) S(ut+w)—v

d) —3u—4v

Solution: —3u—4v = —3(0, —=3)—4 (3, —1) = (0,9)— (12, —4) = (0 — 12,9 — (—4)) =

(—12,13) |

e) Ov—2u

f) 0+3v
Solution: 0 4+ 3v =3v = 3(3,—1) =|(9,-3) |

We think of scalar multiplication as “shrinking” or “stretching” the vector. Exam-

ples are on the next page:

27



2.4. Vector operations

A

W2 2 4 6
w

EXAMPLE 10
Suppose a and b are the vectors shown below. Sketch the vectors 2a, a + 2b and
b — 3a on this picture, being sure to label which vector is which:

28



2.4. Vector operations

Dot product

Definition 2.5 Given two vectors v = (a,b) and w = (c, d), the dot product of v
and w is

V-w = ac+ bd.

Note that the dot product of two vectors is a number, not a vector.

EXAMPLE 11
Letu = (0, —3),let v = (3,—1) and let w = (7, 2). Compute each quantity:

a) u-v

b) v-w

Solution: v-w = (3,—1) - (7,2) = 3(7) + (-1)2 =21 — 2 =[19],
C) V-V

Solution: v-v = (3, 1) - (3, —1) = 32+ (=1)? = 10].
d 2u-w

e) v-(v—w)

Usual rules of arithmetic hold for dot product:

VW =W-V v-0 =0
u-(Vv+w) =u-v4+u-w (ecv) - w =v-cw=c(v-w)
(u+v)-w =u-wH+v-w

WARNING: You can'tdou - v - w:

29



2.4. Vector operations

Why would anyone care about dot product?

WEe'll see other reasons later, but in physics, dot products are used to compute
work, which is the amount of energy converted from one form to another:

Theorem 2.6 (Work formula) If an object is displaced by vector d using force F,
then the work W done by this motion is

W=F-d.

Units: The units of work are the units of force times the units of distance. For in-
stance, if the force is measured in Newtons (N) and the displacement is in meters,
then the work is measured in Joules (J), where a Joule is one Newton times one
meter.

EXAMPLE 12
A cart on a track is moved from position (0, 10) to (35, 64) (the position is measured
in feet) via a force F = (150, 70) lIbs. Compute the work done by moving the cart
in this fashion.

30



2.5. Angles

2.5 Angles

In the previous sections, we talked about numbers (and vectors) as measures of
linear displacement, representing motion in a straight line. But there is a second
kind of motion: rotation (or revolution). Here, your displacement isn’t measured by
how far you go in a line... it is measured by how far you go

What is an angle?

An angle is an amount of angular displacement, i.e. an amount of rotation. We draw
angles by sketching two (half-)lines, both starting at the same point, and thinking
of the angle as rotating from one line to the second (possibly with some number of
tull rotations before we stop).

We often denote angles by capital letters (A, B, C, M, N, ...) or lowercase Greek
letters (&7 /87 77 67 7T7 ¢7 w? 9)'

Some Greek letters:

a alpha o delta pory phi
B beta ¢  theta (0 psi
7 gamma w omega ™ pi

Degree measure

The measure of an angle is how much it rotates; the more an angle rotates, the
greater its measure. We need to choose a unit for this measurement. The oldest unit
of measurement for angles comes from the ancient Babylonians: they estimated
that there were 360 days in a year, so they set up their unit of measurement so that
an angle which measures “all the way around” once is 360 units. That unit is called
a degree and is denoted with a °.

WARNING: Never, ever, ever leave the ° off an angle if you are measuring it
in degrees. Units are always required, and ° is a type of unit!

31



2.5. Angles

Since one complete revolution is 360°, one-half of a revolution measures
This is the number of degrees in a straight line (see the picture below at left).

Furthermore, a right angle, which is of a revolution, measures . This
is the angle made when perpendicular lines meet (see the picture above at right).

We physically measure the number of degrees in an angle using a protractor.

Conversion between revolutions and degrees

EXAMPLE 13

8 .
a) Convert R revolutions to degrees.

b) How many revolutions are there in 2584°?

Angle addition

RECALL
Thinking of numbers as linear displacements, we interpreted addition of those
numbers as combining two linear displacements that occur in sequence, one after
another, i.e.

8 +7 = eight units forward, then another seven units forward
6—2 six units forward, then two units backward

Angle addition works the same way, but instead of forward and backward, you

think of positive angle measures as being and nega-
tive angle measures as being . As an example,

100° +25° =

150° — 80° =

32



2.5. Angles

This means that if the terminal side of angle a is the same as the initial side of angle
3, then the measures of the angles add:

EXAMPLE 14
Determine the measure of each angle in this picture:

2x-32°
X+26°

Two angles whose measures add to 90° (like the two angles in Example 14) are
called complementary.

EXAMPLE 15
Determine the measure of each angle in this picture:

4x 8x+20°

Two angles whose measures sum to 180° (like in Example 15) are called supple-
mentary.

33



2.5. Angles

Important: we have seen here that angle measurement is oriented; that is, we
think of the measure as starting on one side of the angle (the initial side) and
ending on the other side (the terminal side). If the angle is measured coun-
terclockwise, then the measure is positive; if the angle is measured clockwise,
then the measure is negative.

terminal side
é 0 a
initial side

Theorem 2.7 If an angle measures 6 when measured counterclockwise, then it mea-
sures —B when measured clockwise.

Absent any other indication: always assume all angles are measured counter-
clockwise and that the angle under consideration is the smaller of the two op-
tions. To indicate an angle which is measured clockwise or an angle which is
“large”, draw an arrow inside the angle:

LN T

Angular velocity

RECALL
Linear velocity v is the rate of change of linear displacement, given by the follow-
ing formula:

, , linear displacement .
linear velocity = elapsed time ie. wv=

In a similar way, we can define angular velocity w to be the rate of change of
angular displacement, given by the following formula:

angular velocity = ie. w=
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2.5. Angles

EXAMPLE 15

a) If a wheel rotates 620° in 18 seconds, what is its angular velocity (in degrees

per second)?

b) If a record is spinning at 45 rpm (revolutions per minute), how long does it

take to rotate through a 30° angle?

Classification of angles

We categorize angles based on their measure:

TYPE OF DESCRIPTION CONDITION
ANGLE IN ENGLISH ON MEASURE PICTURE
Zero measure o
Zero angle (doesn’t open) =0
Positive, but less . .
Acute angle than a right angle 0° <6 <90 i
. Formed by ano %
Right angle | lines =90
More than a right
Obtuse angle angle, but less than 90° < 0 < 180° \
a straight line
Straight Forrped by a 0 — 180° o
angle straight line
.v
6 = 0°,£90°,
Quadrantal Multiple of 90° +180°, £270°, x
angle +360°...
Reflex angle More than a 6 > 180°

straight line

—
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2.6. Solving angle pictures

2.6 Solving angle pictures

Vertical angles

When two lines cross, the “opposite” angles formed are called vertical angles:

/1 and /2 are vertical

) /3 and /4 are vertical

Theorem 2.8 Vertical angles have the same measure.

EXAMPLE 16
Two angles measuring 5z + 13° and 8z — 23° are vertical. Draw a picture that
represents the setup of this problem, and then determine the value of z.

Parallel lines and transversals

When a third line crosses a pair of parallel lines, the third line is called a transver-
sal. In such a picture, eight angles are created; these angles divide into two sets of
four where the angles in each set have the same measure:

O\180°-6

180°-0\ @
arrows tell you these
lines are parallel
O\ 180°-0 ]
180°-6\0

WARNING: In a picture, do not assume lines that “look” parallel are actually
parallel, unless told.
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2.6. Solving angle pictures

EXAMPLE 17
Determine the value of z, assuming that the two lines in the picture that look par-
allel are actually parallel:

Sx+19°

4x+35°

Angles in triangles

Theorem 2.9 The sum of the measures of the three angles of any triangle is 180°.

Why is this true?

EXAMPLE 18
If two angles of a triangle measure 47° and 78°, what is the measure of the third
angle of the triangle?

Definition 2.10 A triangle is called..
... scalene if it has three sides of different lengths;
... isosceles if it has two or more sides of equal length (i.e. two or more angles of
equal measure);
... equilateral if it has three sides of equal length (i.e. all three angles measure 60°).

Theorem 2.11 (Isosceles Triangle Theorem) Two sides of a triangle have the same
length if and only if the angles opposite those sides have the same measure.
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2.7. Pythagorean Theorem

EXAMPLE 19
Compute the measures of all three angles of AABC, and then, compute y:

B

151n 15 in

2.7 Pythagorean Theorem

Definition 2.12 A triangle is called..
... right if one of its angles is a right angle;
... acute if it has three acute angles;
... obtuse if one of its angles is obtuse.

EXAMPLE 20
A right triangle has a 41° angle in it. Find the measures of all three angles of the
triangle.

In a right triangle, the hypotenuse is the longest side (which must be the side
opposite the right angle). The other two sides are called legs.
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2.7. Pythagorean Theorem

Right triangles are special because of the following property, which is the fact on
which all of trigonometry is based:

Theorem 2.13 (Pythagorean Theorem) Suppose ABC' is a right triangle, where
two legs have length a and b and the hypotenuse has length c. Then

a® + b =

PROOF Start with the right triangle pictured below:

a

Next, make a large square by taking four copies of this triangle and arranging them
as pictured below:

We will prove the Pythagorean Theorem by computing the area of this square pic-
tured above in two different ways:

Method 1: Method 2:
length x width area of middle square + area of triangles
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2.7. Pythagorean Theorem

EXAMPLE 20
If the two legs of a right triangle have lengths 15 and 13, what is the length of the
hypotenuse?

EXAMPLE 21
Determine the value of z:

Solution:
a>+ b =c?
17.4
6.3 6.32 —+ 2 = 17.42

39.69 + 22 = 302.76

x? = 263.07

] T = +4/263.07 =[16.22|.
x

WARNING: The Pythagorean Theorem does not hold for triangles that are not
right triangles.

In fact, the Pythagorean Theorem can be used as a test to determine if the triangle
is a right triangle, an obtuse triangle, or an acute triangle:

Theorem 2.14 Suppose ABC'is any triangle with side lengths a, b and c, where c is
the length of the longest side.

o Ifc* > a® + b, then the triangle is obtuse (£C > 90°).

o If * = a* + b, then the triangle is right (ZC' = 90°).

o If ¢ < a® + b then the triangle is acute (ZC' < 90°).

EXAMPLE 22
If the three side lengths of a triangle are 14m, 22m and 30m, determine whether
the triangle is obtuse, right or acute.
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2.7. Pythagorean Theorem

Magnitude of a vector

RECALL

The two important attributes of a vector are its (a.k.a. its size)

and its

We can use the Pythagorean Theorem to determine the magnitude of a vector v =
(a,b). We denote the magnitude of vector v by |v| and compute it as follows:

v = <a,b>

Theorem 2.15 (Magnitude formula) The magnitude of vector v = (a, b) is

|v| = Va2 + b2

EXAMPLE 23
Compute the magnitude of v = (—2,7) (in other words, compute |v|). Explain

(using a picture) what this computation means.
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2.7. Pythagorean Theorem

EXAMPLE 24
Compute the magnitude of a force given by vector F = (31.25, 16.1) Newtons.

Solution: |F| = v/31.252 4+ 16.12 = /976.56 + 259.21 = 1/1235.77 = | 35.1536 N |.

Multiplying a vector by a scalar changes its magnitude in the way you might ex-
pect:

Theorem 2.16 Let v be a vector and c be a scalar. Then

levl = lef |v.

EXAMPLE 25
If |v| = 12, what is |5v|? What about ’—iv’?

WARNING: In general, |v + w| # |v| + |w].
For example, if v = (3,0) and w = (0, 4), then

v+ |w| = V32 4+ 02+ V02 +42 =9+ V16 =3 +4=[T7]

but

V4w =1](3,4)| =V32+42 =9+ 16 = V25 =5]
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2.8. Standard position of an angle

2.8 Standard position of an angle

To draw an angle in standard position means to draw it on an zy-plane so that its

vertex is at (0, 0) and its initial side is on the positive z-axis.

EXAMPLE 25
Draw each of these angles in standard position:
45° 270° 115° —20° 400°
EXAMPLE 26
Estimate the measure of each of these angles (in degrees):
(4%
o A N
< N =

How accurate should you be when drawing an angle in standard position or esti-

mating angle measure?
90°
135° 45°

180° 0°

225° 315°
270°
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2.8. Standard position of an angle

Angle addition in standard position

EXAMPLE 27

a) Suppose (2,5) is on the terminal side of § (when it is drawn in standard po-
sition). Estimate the coordinates of a point on the terminal side of 26.

b) Suppose (—4,5) is on the terminal side of # (when it is drawn in standard
position). Estimate the coordinates of a point on the terminal side of 6 + 120°.

7

5

3

a) . D \
-7:-5:~3 B-3-0-3--F ~7:=5.~-3 3-1-5.3-1

=3 =3}

=5 =5

=7 =7t

c) Suppose (—2,—7) is on the terminal side of 5 (when it is drawn in standard
position). Estimate the coordinates of a point on the terminal side of 3 — 45°.

d) Suppose (3, —7) is on the terminal side of ¢ (when it is drawn in standard
position). Estimate the coordinates of a point on the terminal side of 3¢ —90°.

YR C 4 .
~7-+~5:1~3 3-1-5-1--F ~7+~5:1~3 3-1-5-13--F
-3} -3
-5 -5
-7t 7
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2.8. Standard position of an angle

Coterminal angles

EXAMPLE 28
Suppose (—5,3) is on the terminal side of angle ¢ (when 6 is drawn in standard
position). What are the coordinates of a point on ¢ + 360°? What about § — 720°?

y y

7
5|
» 3
oY
-7 -5 -3 3.5 7 -7 -5 -3 3 5 7
e 43
-5 -5
i 47

Definition 2.17 Two angles are called coterminal if they differ by a multiple of 360°.
If angles o and [3 are coterminal, we write o ~ f3.

EXAMPLE 29
Find three different angles, at least one of which is negative, which are each coter-
minal with 58°.

EXAMPLE 30
Find an angle between 0° and 360° which is coterminal with 2057°.

Theorem 2.18 Suppose (x,y) is on the terminal side of angle o when drawn in stan-
dard position.

If a ~ [ (i.e. aand [ are coterminal), then (x,y) is also on the terminal side of (.

In particular, (x,y) is also on the terminal side of o £ 360°.

45



2.8. Standard position of an angle

Similarities and differences between coterminal angles

Suppose two angles are coterminal, but not equal.
Example: 30° ~ 750°, but 30° # 750°.

We can think of these angles as being the same if...

We need to think of these angles as being different if...

Reflections and symmetric angles

Definition 2.19 Two angles are called symmetric if, when you draw them both in
standard position, you can get from the terminal side of one to the terminal side of the
other by reflecting across the x-axis and/or y-axis.

Put another way, two symmetric angles either have the same slope, or their slopes
are opposites.

EXAMPLE 31
Find (the measure of) an angle in the second quadrant which is symmetric with
24°.

.‘.
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2.8. Standard position of an angle

EXAMPLE 32
Find four angles between 0° and 360° which are symmetric with 160°.

EXAMPLE 33
Suppose 0° < 6 < 90° and that (z,y) is a point on the terminal side of §. What are
the coordinates of a point in Quadrant IV, at an angle symmetric with 0?

,‘.

QUESTION
In general, what angles are symmetric with 6?

y y

Theorem 2.20 (Angle symmetries I) Let 6 be an angle, and let (x,y) be the coor-
dinates of the point on the terminal side of angle 6. Then, the four different angles
symmetric with 6, and the coordinates of a point on the terminal side of those angles
are:

0 «— (z,y)
180° — 6 +— (—z,y) (reflect 0 across the y-axis)
6 £180° +— (—z,—vy) (reflect 0 across both axes / opposite to 6)
360°— 60 <+— (z,—vy) (reflect 6 across the x-axis).

47



2.8. Standard position of an angle
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2.8. Standard position of an angle

EXAMPLE 34
Suppose (—12, 7) is on the terminal side of §, when 6 is drawn in standard position.

a) What are the coordinates of a point on the terminal side of 180° — §?

b) What quadrant is 6 + 180° in?

c) In terms of #, what angle has (—12, —7) on its terminal side?

EXAMPLE 35
Suppose (z,y) is on the terminal side of angle ¢ in standard position. For each
given angle, give (in terms of x and y) the coordinates of a point on the terminal
side of that angle:

a) 180° — 0
b) 720° — 6

) 8-360°+ 0
d) —6

e) 540°—0
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2.8. Standard position of an angle

Reference angles

Every angle is symmetric with exactly one angle in the first quadrant.

Definition 2.21 Given angle 0, the reference angle of 6 is the angle 0 (this is pro-
nounced “theta hat”) in the first quadrant (i.e. 0° < 6 < 90°) which is symmetric
with 6.

EXAMPLE 36
Determine the reference angle of each angle:

a) 193°
b) 854°

Q) —320°

Another type of symmetry

EXAMPLE 37
Suppose (5, 3) is on the terminal side of § when 6§ is drawn in standard position.
Find the coordinates of a point on the terminal side of 90° — 6.

y y

7 7
5 5
3 3
1 1
X X
1 3 5 7 1 3 5 7

Theorem 2.22 (Angle symmetries II) Suppose (x,y) is on the terminal side of an-
gle 0 when drawn in standard position. Then:

* (y,x) is on the terminal side of 90° — 6, and

* the angle 90° — 0 is obtained from 6 by reflecting the terminal side across the
diagonal line y = .
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2.9. Radian measure

2.9 Radian measure

Preliminary material needed to understand radians
The unit circle

The unit circle is a circle of radius 1 centered at (0,0). In other words, the unit
circle is the set of points (z, y) such that the distance from (z, y) to (0,0) is 1. Here
is a picture of the unit circle:

Question: What is the equation of the unit circle?

Answer: From the Pythagorean Theorem, we have

Theorem 2.23 Every point (z,y) on the unit circle satisfies x* + y* = 1.

EXAMPLE 38

2
Find all y such that the point (3, y) is on the unit circle.

x+y=1
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2.9. Radian measure

EXAMPLE 39
Find the point where the terminal side of a 135° angle, drawn in standard position,
intersects the unit circle.

y

F+yP=1

Length of a curve; circumference

The length of a line segment in the zy-plane is the straight line distance between
its endpoints.

To define the length of a curve (theoretically), imagine the curve is made of string.
Take the string and pull it until it is taut. The length of the taut string is the length
of the curve.

In general, it is very, very hard to find the exact length of curves, and most curves

8 127
do not have lengths which are nice (rational) numbers like 3 or = or — or 175.6.

There are formulas for lengths of curves you learn in calculus, but even these are
hard to implement in practice.
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2.9. Radian measure

™
v,

In particular, the circumference (i.e. length of one revolution) of the unit circle
is not a whole number (it is between 6 and 7). It is not a terminating decimal
(although it is about 6.28), or a fraction whose numerator and denominator are

44
whole numbers (although it is about 7). Because this number is useful, we give it
a name:

Definition 2.24 The number T (pronounced “tau”) is the circumference of the unit
circle, i.e. the circumference of any circle of radius 1 unit.

Math would be easier if formulas were evaluated in terms of 7. However, English
mathematicians in the 1700s decided to work with exactly half of 7, which is the
distance around half of the unit circle. They assigned that number its symbol,
which we still use today:

NI S . .
Definition 2.25 The number © (pronounced “pi”) is g7 e Tis half of the circum-

ference of any circle of radius 1 unit.

22
T~ 3.14159 and 7 ~ — but most calculators have a 7 button you should use.

Theorem 2.26 (Circumference formulas)
The circumference of the unit circle is 2.

The circumference of a circle of radius r units is C' = 2mr.

EXAMPLE 40
Compute the circumference of a circle whose diameter is 18 inches.
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2.9. Radian measure

Definition of a radian

A radian is an extremely useful unit of measurement for angle measure. The defi-
nition is a little abstract:

Definition 2.27 A radian is a unit of angle measure such that the radian measure of
any angle equals the length of the arc on the unit circle subtended by the angle, when
drawn in standard position.

Converting between degrees and radians

Based on the definition of a radian, we know

radians,

one complete revolution (360°) is equal to

so a straight angle (180°) measures radians,

and a right angle (90°) measures radians.

This gives us formulas for converting between degrees and radians:

Theorem 2.28 (Converting between degrees and radians)

1. Multiply an angle measure by ﬁ to convert degrees to radians.

o

2. Multiply an angle measure by 150

™

to convert radians to degrees.
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2.9. Radian measure

Summary of conversions between units of angle measure

revolutions

EXAMPLE 41

1. Convert 124° to radians.

T 3.14159 B

Solution: 124° - 180° =124°. 80 2.164 | Q: Why no units?

2. Convert —240° to radians.

3. Convert 4.25 radians to degrees.

) 180°
Solution: 4.25 - —— =1[243.507°|.
T

17
4. Convert o7 radians to degrees.

5. Convert 3.75 revolutions to degrees and radians.
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2.9. Radian measure

Special angles in radians

There are certain angles (in radians) that you should just “know” how many de-
grees they correspond to:

_1 o R o R o 7_40 R o

EXAMPLE 42 (NO CALCULATOR)
Convert the following angles to degrees, and draw each in standard position.

A useful diagram showing the special angles in radians

IF IN LOWEST TERMS:

(whole #) 7 +—

(odd #) 7
2

(whole #)
4

(whole #) 7
3

(whole #) m
6

Theorem 2.29 If 0 is in radians, expressed as a fraction %T where % is in lowest

™

terms and b = 2,3, 4, or 6, then the reference angle of 0 is 2
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2.10. Applications of radian measure

IMPORTANT: The default unit of measurement for angles is radians! So un-
less you write a o, the measure of an angle is understood to be in radians. So
an angle measuring “90” measures 90 radians, not 90°.

2.10 Applications of radian measure

Radians are a superior unit of angle measure to degrees. One reason is that radians
can be used to convert angle measures to lengths of curves and areas of sectors

without any additional work.

Arc length

Take a circle of radius r, and take an arc on that circle subtended by angle 6. Call

the length of the arc s.

Angle measure

Circumference /

(in radians) arc length
One complete
! 27
revolution
Unknown angle 0 s

We can use this chart to set up a proportion:

57



2.10. Applications of radian measure

Theorem 2.30 (Arc length formula) The length of an arc is
s=r0

where r is the radius of the circle and 0 is the angle, measured in radians.

EXAMPLE 42

A circle has radius 3.5 ft. Find the length of the arc intercepted by a central angle
of 62°.

Area of a sector

A sector is the mathematical name for a shape that looks like a pizza wedge:

An.gle measure Area
(in radians)
One complete
- 2m
revolution
Unknown angle 0 A
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2.10. Applications of radian measure

We can use this chart to set up a proportion:

Cross-multiply: 2 A = mr?f

Divide by 27: A= 5 A = 5

The work on the previous page shows:

Theorem 2.31 (Sector area formula) The area of a circular sector is

1
A=—r%
2

where r is the radius of the circle and 6 is the angle, measured in radians.

EXAMPLE 43

A pizza has radius 7 inches. If a slice of pizza has an angle of {j; radians, find the

area of the pizza slice.

Solution:
r="71in
T .
= — <— © radians
A=2
. 1 2, 1 . o T . N
A—QT 9—2(71n) 0= 7.7sqin|.
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2.10. Applications of radian measure

Converting between angular and linear velocity

Suppose an object is moving along a circular path (think of something spinning
around on the edge of a wheel). We want to describe how “fast” the object is
moving. We have seen two ways to do this:

¢ The linear velocity v of the object is the rate of change of its linear displace-
ment, i.e. the linear displacement (arc length) traveled divided by the elapsed
time:
s rd
V=2 =
t t
¢ The angular velocity (angular speed) w (omega) of the object is the rate of
change of its angular displacement, i.e. the change in its angle divided by the
elapsed time:
7

w =

Theorem 2.32 (Converting between angular and linear velocity) Suppose that
an object is moving along a circular path of radius r.
If its angular velocity is w (measured in radians per unit of time) and its linear
velocity is v, then
v
v=rw and w=-—

EXAMPLE 44
A lizard sits on the outside of a carousel that has radius 22.75 ft. If the carousel
rotates at 3.25 radians per second, how fast is the lizard moving (i.e. what is its
linear velocity)?
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2.10. Applications of radian measure

EXAMPLE 45
The Earth is 93, 000, 000 miles from the sun. What is the linear velocity of Earth, in
miles per hour? (How about miles per second?)

Solution: We are given r = 93000000 mi and we know

_lrev 27 rad

~ year  year |
Therefore
. 2m rad mi
v = 1w = (93000000 mi) = 5843362336.8 ——.
year year
Now we have to convert this to the appropriate units:
5843362336.8 mi  1year 1day 66705ﬂi
year 365 days 24hr hr |
In miles per second, this is
mi lhr 1min mi
66705— - . =|18.53—|
hr 60 min 60 sec sec
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2.10. Applications of radian measure

Why do we need to understand this?

By controlling the power supplied to a gear or pulley system, you control the an-
gular velocity of that gear or pulley.

EXAMPLE 46
Two gears are interlocked so that they rotate together (see picture below). One
gear has a radius of 4 in, and the other gear has a radius of 1 in.

1. If the larger gear is rotated at 400 rpm (revolutions per minute), what is the
angular velocity of the smaller gear (in rpm)?

2. If you want the larger gear to rotate at 120 radians per second, what angular
velocity (in radians per second) should the smaller gear be rotated at?
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2.10. Applications of radian measure

EXAMPLE 47

Two pulleys in the figure that will be drawn below have radii of 18 cm and 11 cm,
respectively. If the larger pulley rotates 30 times in 12 seconds, find:

1. the angular velocity of each pulley (in radians per second);
2. the linear velocity of each pulley (in cm per second);
3. the distance a point on the belt travels in 10 seconds; and

4. the change in angle a point on the right-hand pulley experiences in 2 seconds.

Solution: We are given the larger pulley rotates 30 times in 12 seconds, so the
angular velocity of the larger wheel is

30 30 2 rad rad
w]arge - rev == rev . il = 57T — = 1577 . #1
12 sec 12sec 1lrev sec sec

Next, the linear velocity of the larger pulley is

1 cm
Ularge = TlargeWlarge = 18Cm - 57— = |90 — | & |282.74 — | «— #2
sec sec sec

The two pulleys must have the same linear velocity, so

cm cm
Usmall = Vlarge = 90 — |~ |282.74 Q . — #2

Last, the angular velocity of the smaller pulley is

Usmall 9077—% 90 rad ~ 257@ . #1

Wemall = = =|=m
e rgman 1lcm 11" sec sec

We have found the angular and linear velocities of each pulley, so it remains to
answer questions 3 and 4:

3. Thisis s = vt = (9072 ) (10 sec) = [900r cm | ~[2827.43 cm |

90

1 180
4. This is 0 = wemant = <7r> (2 sec) = SR rad |~ |51.4 rad |

11 sec
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Chapter 3

Sine, cosine and tangent

3.1 Unit circle definitions

RECALL
One of our major course goals is to convert rotational measurements into distance
measurements. To do this, we define functions which take as their input a rotational

measurement (i.e. an angle) and have as their output a distance measurement (i.e.
an z- or y-coordinate or a length).

Unit circle definitions

Definition 3.1 (Unit circle definition of sine, cosine and tangent) Take a num-
ber 0. Starting at the point (1,0), mark off an arc of length 6 on the unit circle (go

counterclockwise if 0 > 0 and clockwise if § < 0). In other words, mark off an angle of
¢ radians.

Call the point on the unit circle where the arc ends (z,y).

Then define the sine, cosine and tangent of 0 to be:

sinf =sin(d) =y
cosf =cos(f) ==z
in 0
tanf = tan(f) = g2 _ slope of the terminal side of ¢
x  cost

i S s i
i
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3.1. Unit circle definitions

EXAMPLE 1
Compute the following quantities (without a calculator):

T
a) cos 5 e) tanm

f) cos(—180°)

b) sin 270°
)t 3
an —
C) sin180° & 2
. —3m
d) cos0 h) sin
EXAMPLE 2

Compute the following quantities (without a calculator):

a) 2sin90° e) 3cos0+2tanw
b) sin2-90° f) cos®180°

o, T
c) tan’m 4+ g) 4tan b)

LT
d) cos(m+7) h) sin* 5 €08 0
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3.1. Unit circle definitions

What the trig functions actually mean

These two diagrams explain how the trig functions convert amounts of rotation
(the 0) to distance measurements and coordinates (the sin 6, cos 6 and tan 0):

Trig functions as coordinates Trig functions as directed distances

tan 6 = slope

sin Q|------= (x,y)=(cos 6, sin 6) cos

6

tan 0

T
1
1
1
1
1
2
ks
<
=

D

(723 S p———

o)
o

6 ]1 ]1

Understanding these pictures is crucial to mastering trigonometry. They give us
intuition into all kinds of trigonometric problems:

EXAMPLE 3

a) Estimate the values of sin 6 and cos ¢ for the angle 6 pictured below at left.

b) Estimate the values of cos o and tan « for the angle « pictured below at right.

o —p

NS WSS LI
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3.1. Unit circle definitions

EXAMPLE 4

a) Estimate cos280° by drawing a picture.

b) Estimate sin(—125°) by drawing a picture.

) y

A S

P SIS U P S S SO

[N SR

I

SN W M N
SR VS M

c) Estimate the degree measure of two different angles ¢ between 0° and 360°
where sin 6 = .35.

d) Estimate the degree measure of two different angles 6 between 0° and 360°

4
where cos§ = —E

A S
A S

2 2
| I
] i
T T
| |
| |
i |
| |
1 1
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3.1. Unit circle definitions

EXAMPLE 5
On each picture below, give a formula for the distance indicated by the “?” in terms
of the angles marked on the picture:

151°
N

iy -

—_

N A
R /\/1 o Q\ — P @JJI
) — ? = ) —

!/— _____ —_?
g KJ o \/
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3.1. Unit circle definitions

EXAMPLE 6
For each given quantity, determine which letter A-F best describes that quantity:

A. between —1 and —1/2 D. between 0 and 1/2
B. between —1/2and 0 E. between 1/2 and 1
C. exactly zero F. notbetween —1 and 1
a) sin12° e) cos(—173°)
b) cos12° f) cos291°
c) sin193° g) cos90°
d) cos(—261°) h) sin 700°
QUESTION
Is there a ¢ where the answer to a question like the previous example would be
choice F? For example, is there a # where sin § = 1.235 or cos = —4?

Theorem 3.2 For any number or angle 0,

—1<snf <1 and —1<cosf <1.

EXAMPLE 7

For each given quantity, determine which letter A-F best describes that quantity
(by drawing a picture).

A. avery negative number D. aslightly positive number
B. aslightly negative number E. avery positive number
C. zero F. the quantity doesn’t exist
a) tan70° c) tan270°
b) tan170° d) tan370°
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3.1. Unit circle definitions

QUESTION
Are all the answers A through F possible in the previous question? For example,
is there a § where tan f = 1.235 or tan = —4 or tan § = 2000?

Theorem 3.3 For any number m, there is an angle 0 such that tan 6 = m.

Periodicity

EXAMPLE 8
Consider the angle # shown below. Sketch 6 + 360° on the right hand picture, and
compare the values of the trig functions of ¢ to the trig functions of (6 4 360°):

A S

N e T e

N e D

|
|
T
|
|
|
|
t
|
|
1

—— D=

Theorem 3.4 (Periodicity) Coterminal angles have the same trig functions, i.e.
sina =sinf
if o ~ 3, then { cosa = cosf3
tana = tanpf
In particular, this means
sin(f 4+ 360°) = sin cos(f 4+ 360°) = cos @ tan(f £ 360°) = tan6.

and in radians, this is

sin(f + 27) = sin 6 cos(f £ 2m) = cos b tan(f £ 2m) = tan 6.

EXAMPLE 9

2
If cosf = 3 what is cos(f — 4m)?
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3.2. Angle definitions

3.2 Angle definitions

Definition 3.5 (Angle definition of sine and cosine) Take an angle 6 (in degrees
or radians) and draw it in standard position. Choose any point (x,y) on the terminal
side of the angle (x and/or y could be positive, negative or zero).

Let r be the distance from (x,y) to the origin, so that r = \/x% + y?
(r is always positive).

Then define the sine, cosine and tangent of 0 to be, respectively,

sinf =2
,
cosf =2
r
in 0
tang =2 =200 slope of the terminal side of §
r  cos

® (xy) =(0,3)

_ N (§

S
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3.2. Angle definitions

EXAMPLE 10
Suppose the point (2, —3) is on the terminal side of angle § when drawn in standard
position.

a) Determine the exact values of cosf, sin§ and tan 6 (“exact values” means no
decimals).

b) Determine the exact values of cos(6 4+ 360°) and tan(f — 720°).

Signs of the trig functions

QUESTION
For what kinds of angles 6 is sin § positive? (What about cos 67?)

There is a pneumonic device to help you remember this:
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3.2. Angle definitions

Quadrant II

S

y

Quadrant I

A

Quadrant ITI

T

EXAMPLE 11

Quadrant IV

C

Determine whether or not the following quantities are positive or negative:

a) cos241°

b) sin815°

Solution: 815° ~ 815° — 720° = 95°, so 815° is in Quadrant II, so sin 185° is

positive |

c) cos(—23°)

Solution: —23° is in Quadrant IV, so cos(—23°) is | positive |.

d) —3cos110°sin 205°
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3.2. Angle definitions

Interpreting the angle definitions

From two pages ago, the angle definitions of the trig functions are:

. ) z )
h=" =" tano=" = \Ja2+ 2
sin . cos . an , (r z2 + y?)

To interpret these definitions appropriately, imagine “blowing up” the unit circle
interpretation of the trig functions by a factor of r:
tan 6 = slope

Vs
s
/
7
/

tan[é‘ = slope 1 (x,y)z(r cos 6, r sin 0)

(x,9)=(cos 6, sin 6)

1
1
- I
1 Esinﬁ — 7 :

| b s

0 ! rsin
cos 6 § /1 :
1
6 1
|
d
r cos 6 r
EXAMPLE 12

For each picture below, give a formula for the distance indicated by the “7” in
terms of the angles marked on the picture:

/\ 14 m=2

o i i S 153°

a) [ P\ b) (R Q) 1 e \
x 1NE e

?
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3.3. Computing sines and cosines with a calculator

3.3 Computing sines and cosines with a calculator

It turns out that you can determine sin 6, cosf and tan 6 algebraically (you learn
these formulas in Calculus 2):

Definition 3.6 (Algebra/calculus definition of sine and cosine) If 0 is either a
real number or an angle expressed in radians, then

. 03 G° 07
sm9:€—3_2'1+5‘4.3_2'1_7.6.5.4-3-2-1—'_”'
and 02 o4 g6
cosf=1-— v

51714321 654.3.2.1

A calculator will compute trig functions of an angle or number (make sure the

mode is set correctly in degrees or radians) using the SINJ, and/or

buttons; your calculator uses algebraic formulas like those above.

EXAMPLE 13
Use a calculator to compute these quantities:

a) sin 28° e) tan(15o + 350)

(get .27 if in radian mode)
b) cos66.35° f) tan15° + tan 35°

2 o __ . o

c) sinT7l1° g) cos”65° —3tan2- 71

Solution: sin 71° = |.945519|.

h) 4sin®115° + 2

d) cos25.8°

Solution: cos 25.8° =1.900319 |.

IMPORTANT: In (c) above, it is totally correct to write “sin 71° = .945519”.
But is is totally NOT OK to write “sin = .945519”.

This is because sin is a function, and functions without inputs don’t do any-
thing. In nonsense like “sin = .945519”, the “sin” is what I call “naked”.

NAKED TRIG FUNCTIONS LEAD TO DEDUCTIONS.
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3.3. Computing sines and cosines with a calculator

Story problems involving rotation and length

EXAMPLE 14 (FROM SECTION 2.1)
If you get on the Ferris wheel of radius 80 ft shown below and go 3/5 of the way
around, how high off the ground are you?

EXAMPLE 15
A bug sits on the right edge of a wheel of radius 5 cm. If the wheel rotates with an
angular velocity of 14° per second, how far to the left or right of the center of the
wheel is the bug after 23 seconds?
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3.3. Computing sines and cosines with a calculator

EXAMPLE 16
A teeter-totter is 8 feet long. If someone sits on the left side of the teeter-totter so
that the left side tilts 24° downward,

a) What is the slope of the teeter-totter?

b) If the middle of the teeter-totter is 2.5 feet off the ground, how high is the
right-most point of the teeter-totter?

Applications of sines and cosines to vectors

RECALL
In Chapter 2, we introduced vectors, which are mathematical objects with two
attributes:

When a vector is drawn in standard position so that it starts at the origin, we
named the vector by the coordinates of the point where it ends. This is called the
component form of the vector.

)
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3.3. Computing sines and cosines with a calculator

Earlier, we saw that the magnitude of a vector v, denoted |v|, is computed from its
components using the Pythagorean Theorem:

v={(a,b) = |v|]=+Va®+b%

Now we can talk about the direction of a vector v:

Definition 3.7 Let v = (a,b) be a vector. The direction angle of v is the angle
made by v (measured from the positive x-axis in the usual way), when v is drawn in
standard position. This angle is denoted 0.

Theorem 3.8 (Component formulas) If vector v has magnitude |v| and direction
angle 0, then the component form of v is

v = (|v| cos by, |v|sinb,) .

EXAMPLE 17
Suppose that vector w has magnitude 6 and direction angle 140°. Write w in com-
ponent form (i.e. as (a, b)).

EXAMPLE 18
If |v| = 25.3 and 6, = 292°, compute the horizontal component of v.
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3.3. Computing sines and cosines with a calculator

Navigation problems

EXAMPLE 19
Suppose a plane takes off on a bearing 35° degrees west of north and flies for 100
miles. The plane then turns on a bearing of 70° west of north and flies for another
200 miles. Then, the plane turns on a bearing 30° west of south and flies for 125
miles. At this point, how far from the airport is the plane?

Picture:

Given:
lv| = 100
0, = 125°
|w| = 200
O = 160°
x| =125
0, = 240°

Strategy:

Convert all vectors to components
Add them to get v+ w + x
Find magnitude of sum
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3.4. Basic identities

3.4 Basic identities

What is an identity?

Periodicity

Theorem 3.9 (Periodicity) Coterminal angles have the same trig functions:
sin(f £+ 360°) = sin 0 cos(0 £ 360°) = cos @ tan(f 4+ 360°) = tan 6.
In radians, this means

sin(f + 27) = sin 6 cos(f + 27) = cos 6 tan(f £ 27) = tan 0.

EXAMPLE 20
Suppose tan § = 3.2. What is tan(8 — 360°)?

Solution: tan(f — 360°) = tan § =

The quotient identity

Theorem 3.10 (Quotient Identity) For any angle or number 0,

EXAMPLE 21

a) Supposesinf = 12 and cosf = _1—3 Compute tan 6.

sin 6 13 FLIPD_ENOM 5) 13 o )

cosf =2 13 —12 | 12]

Solution: tan 0 =
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3.4. Basic identities

1
b) Suppose tanf = 5 and cos = ——. Compute sin 6.
) Supp /%6 P
. sin 0
Solution: We know tan § = —, so here we get
cos
5= 311110 a.k.a. § = Si?e
V26 1 V26

1
Cross-multiply to get 5 - —— = 1sin0, i.e.

V26

(@)

The Pythagorean trig identity
We know that if (z, y) lies on the unit circle at angle 6, then

=siné.

cosf = and sin @ =

We also know the equation of the unit circle is

Substitute in the formulas for cos # and sin 6 in this equation to get:

We have proven the following important theorem:

cos? 6 +sin?6 = 1.

Theorem 3.11 (Pythagorean Identity) For any angle or number 6,

This identity is useful because it (up to the sign of the answer) tells you how to

find sin @ from cos 6 and vice-versa.
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3.4. Basic identities

EXAMPLE 22

4
Suppose sin§ = —. Determine all possible values of cosf. (Let’s find exact values

here without using a calculator.) But before finding cos , draw a picture to explain
this problem.

EXAMPLE 23
Suppose cosf = .35 and sinf > 0. Compute tan6, and then draw a picture to
explain this problem.

Strategy: First, we’ll find sin 0; then we’ll find tan 6.

Solution: First, we know cos? § + sin? # = 1. That means

(.35)% +sin?f =1
1225 +sin?0 =1
sin?6 =1-—.1225

sin?f = .8775
(sinf)® = .8775
sinff = ++/.8775 1 x
sinf = .93675

(choose the positive square
root since we are given
that sin 6 > 0).

inf .
Finally, by the Quotient Identity tan 6 = s 5= 9336575 =2.67652 .
cos .
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3.5. Reflection properties

3.5 Reflection properties

Cofunction identities

Theorem 3.12 (Cofunction identities) For any angle or number 9,
sin(90° — 0) = cos and  cos(90° — ) = sinf.

In radians, this is

sin (;T = «9) =cosf and cos (;T = «9) = sin§.

This identity explains why we use the word “cosine”:
“cosine” is short for “sine of the complementary angle”.
Why is this identity true?

y y

EXAMPLE 24
Suppose sin § = .35. What is cos(90° — #)? What about cos(450° — 6)?
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3.5. Reflection properties

Odd-even identities

Consider angles 6 and —f. Suppose you computed the sine, cosine and tangent of
these angles using the unit circle definition:

y y

Theorem 3.13 (Odd-even identities) For any angle or number 6,

cos(—0) = cosf sin(—f#) = —sin 6 tan(—6) = — tan 6.

EXAMPLE 25

a) Suppose 0 is some angle such that cosf = é Find cos(—0).
b) Suppose 6§ is some angle such that sin§ = _32 Find sin(—0).

1
c) Suppose 0 is some angle such that tan 6 = T Find tan(—#).

Other reflections

EXAMPLE 25

2
Suppose sin f = g Evaluate each expression:

a) sin(180° — 0) b) sin(f + 180°) ¢) sin(—6)

AN AN L
NI N AN

L/
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3.5. Reflection properties

EXAMPLE 26
Suppose tan § = 4.1. Evaluate each expression:

a) tan(m — 6) b) tan(f + ) ) tan(4mr — )

y

dhvardbhuaydh
NPV

™
NI

TN
NP

Trig functions and reference angles

Recall that a reference angle of 6 is an angle § in Quadrant I which is symmetric
with . We learned in Chapter 2 that if (z,y) is on the terminal side of 0, then
(£, £y) is on the terminal side of §. Therefore, since the trig functions are com-
puted from such a point, we know:

Theorem 3.14 If  is the reference angle of 0, then

sinf = +sinf and cosf = =+ cos .

So to find a trig function of any angle 6, we can find the trig function of its reference
angle 6 and then slap a + or — sign on the answer to get the trig function of 6.
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3.6. Sines, cosines and tangents of special angles

3.6 Sines, cosines and tangents of special angles

A “special angle” is any multiple of 30° or any multiple of 45°, i.e. angles like
0°,30°, 60°,90°, 120°, 150°, —30°, —60°, —90°, —120°, —150°, ...
45°,90°,135°, 180°, 225°, —45°, —90°, —135°, —180°, —225°, ...

In radians, these special angles are any multiple of %, any multiple of Z, any mul-

tiple of g, any multiple of g or any multiple of 7:

TOW —m —5m Tm —7m w —m 3T O 3w —om
666 6 6 6 '3 374 472 2

,0,m, —2m 3, ...

These are the angles you get when you divide a right angle into halves or thirds,
and are the most commonly used angles in math courses and in real-world situa-
tions.

The goal of this section is to learn how to compute the exact values of the sine, co-
sine and/or tangent of any special angle quickly and without using a calculator.

We’ll start by learning the sine, cosine and tangent of special angles in Quadrant I.
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3.6. Sines, cosines and tangents of special angles

Special angles in Quadrant I

I'm going to derive the sine, cosine and tangent of these angles below; you should
memorize (or internalize) these answers:

0°=0

sin0° =y
x

cos(0° =

[0]

tan0° = slope at 0° = 0]
(slope of horizontal line is 0)

sin90° =y :

c0s90° =z =|0]

tan90° = slope at 0°

(slope of vertical line is undefined)

T
45° = —
4
y sin45° =y =
\ — cosdf° =g =
I tan45° = slope at 45°
T
60° = —
2
y sin60° =y =
\ N COS 600 ——
sin 60°
X t 600 = —
1 an cos 60°
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3.6. Sines, cosines and tangents of special angles

30°

SE

To summarize, we have learned the following:

Sl

Theorem 3.15 (Sines, cosines and tangents of special angles)

0 in degrees 0 in radians sinf | cosf| tanf
0° 0 0 1 0
1
30° Z — @ L
6 2 2 V3
i5 7 v o V2o
4 2 2
o s \/§ 1
el 3 5> | 2 | V3
90° 3 1 0 | DNE
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3.6. Sines, cosines and tangents of special angles

How do you remember these?

Either remember the triangles on the previous page, or use this finger counting

trick:

45°
60° 30°

To compute trig functions of special angles in Quadrant I:

1. Label the fingers on your left hand as above.
2. Use your right hand to grab the finger corresponding to the angle you
want.
3. Count fingers:
a) For cosine, count the fingers to the left of the finger you grabbed
(towards 90°). Take the square root of that, put it over 2:

\/ # fingers to the left
2

cosf =

b) For sine, count the fingers to the right of the finger you grabbed
(towards 0°). Like cosine, take the square root of that, put it over 2:

/ \/ # fingers to the right

sinf =
2

c) For tangent, count both the fingers to the left and the right, and
make this fraction with square roots:

\/ # fingers to the right

tan @ =
\/ # fingers to the left

d) Never count the finger that you grabbed.

Two QUICK EXAMPLES

77
a) cos 3
b) sin 30°
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3.6. Sines, cosines and tangents of special angles

EXAMPLE 27
Try to do these without looking back at the previous page, and without writing
any scratch work or tables:

a) cos30° f) sin g
b) tan45° T
g) cos —
4
T
c) cos 9 h) cos0
d) sin45° i) sin90°
. T
e) tan60° j) tan s
EXAMPLE 28
Compute each quantity:

a) 3cos(30° + 30°)

T ™
b) sin— + tan —
)sm4—|— an o

T
20 cos® -
C) cos” 2

d) tan30°sin 30°

e) tan45° + cos(°
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3.6. Sines, cosines and tangents of special angles

Trig functions of arbitrary special angles

Now, we turn to computing sines, cosines and/or tangents of special angles in any
quadrant. Here’s how we do this:

e If the angle 0 is quadrantal (i.e. a multiple of 90° or g), we find the point on

the unit circle at §. The z-coordinate of this point is cosf, the y-coordinate
of this point is sin §, and the slope of the line from the origin to this point is
tan 6.

e If the angle ¢ is not quadrantal, we
1. use the finger counting trick to determine sin 6 and/or cos ¢ for angles
in the first quadrant;
2. memorize the tangents of 30°, 45° and 60°;

3. and use symmetry / reference angles (together with the finger counting
trick) for other angles. The important ingredients of this method are
below:

Theorem 3.16 If 0 is in radians, expressed as a fraction 6 = % where % is in lowest

terms and b = 2,3, 4, or 6, then the reference angle of 6 is 6 = %

Theorem 3.17 If ) is the reference angle of 0, we know

sinf = 4 sin @ cos = +cosf tanf = +tan 6.

y

Quadrant II Quadrant I

S A

Quadrant III | Quadrant IV ‘

T C

“ All Scholars Take Calculus”
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3.6. Sines, cosines and tangents of special angles

STEPS

EXAMPLE A

sin 240°

EXAMPLE B

—Tr

tan

ExaMPLE C

sin 900°

Is # quadrantal?

(If necessary, convert
(0 to degrees, and
add or subtract 360°
to figure this out.)

If 6 is quadrantal,
find point on unit circle
at angle 6.

(This point must be either
(0,£1) or (+1,0).)

Then read off answer:
cosf = x;sinf = y;
tan 6 = slope.

If # is not quadrantal,
determine two items:

First, the quadrant 6 lies in.

(If necessary, convert
6 to degrees, and
add or subtract 360°
to figure this out.)
Use the ASTC rules to
determine the sign of
your final answer.

Second, the reference
angle of 6. Itis:
30°,if § = T or if
0 is “shallow”;
45°,if 0 = % or if
¢ is “diagonal”;
60°,if = & or if
6 is “steep”.

Take sin, cos or tan of
the reference angle, and
use the sign from earlier
to get the final answer.
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3.6. Sines, cosines and tangents of special angles

If 0 is quadrantal:

If 6 is not quadrantal:

Problem Is 0 Find point on Write Find Sign of Reference sin/cos/tan Write
quadrantal? unit circle at 6 answer quadrant answer angle ¢ of ref. angle answer
. —1lmw
sin
6
4
tan —
3
sin 300°
om
cos —
4

cos 720°
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3.6. Sines, cosines and tangents of special angles

EXAMPLE 29

Compute each quantity:

a)

b)

d)

f)

5%

tan —
6

sin —210°

cos 810°

sin (W + 57T>
6 6

3tan? —

.37
COS T Sin —
4
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3.7. Arcsine, arccosine and arctangent

—117

g) tan +3sin —

h) cos135° + sin 300°

3.7 Arcsine, arccosine and arctangent

We have learned that the trig functions convert a rotational measurement (i.e. an
angle) to a distance/length measurement:

sin

0 — sinf = y on the unit circle

COs,

0 — cosf@ = zx on the unit circle

tan

0+ tang = 2 = slope at angle 0
x
MOTIVATING QUESTION
How do we go backwards? If we know what the z-coordinate, or y-coordinate, or
slope of an angle 6, can we figure out what 6 is? If so, how?

0 < sind =y
9<?—|COSH =z

0 < tanf = slope

Long story short:
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3.7. Arcsine, arccosine and arctangent

EXAMPLE 30

1
Find an angle 0 between 0° and 90° such that sin § = 3

Solution: From special angles, we know ¢ = works.

EXAMPLE 30 (VERSION 2)

1
Find all angles between 0° and 360° such that sin 6 = 5

EXAMPLE 31

Find an angle ¢ between 0° and 180° such that cos 0 = —.

Solution: From special angles, we know 6 = works.

EXAMPLE 31 (VERSION 2)

2
Find all angles between 0° and 360° such that cosf = \g_
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3.7. Arcsine, arccosine and arctangent

Arcsine

Suppose you are trying to find 6 if sin § = ¢. This means you are looking for a point
on the unit circle whose equals q.

So in general, the equation sin = ¢ has two different solutions. That means we
cannot use a function to get from ¢ = sin d back to 0 (because the function would
have to have two outputs).

BUT: If we specify how to consistently choose one of the two angles that works,
we do get a function which produces a (not the) 6 from sin 6.

Enrichment: This is kind of like how if you are solving 2 = ¢ for z, you get

T = +./q,
so you can’t get from ¢ back to « with a function (because you’d have to have
two outputs for your z).

But if you always choose the positive x that works, then that z is = = VO which
gives one of the xs as a function of g.

More on this in MATH 130, when you talk about one-to-one functions and
inverses.

97



3.7. Arcsine, arccosine and arctangent

Definition 3.18 Suppose —1 < ¢ < 1. The arcsine of g, denoted arcsinq, is the
angle 0 in Quadrant I or IV (i.e. —90° < 6 < 90°) whose sine is g, i.e.

sinf = ¢q
0 = arcsing means and

—90° <6 <90°.

If g < —1or q > 1, then arcsin q is undefined.

arcsin is also called “inverse sine” and is also denoted “sin™!”.

Theorem 3.19 (The equation sin @ = q) Let q be a number.
* Ifq < —1orq> 1, then the equation sin § = q has no solution.

o If ¢ = —1, the equation sin@ = q has one solution between 0° and 360°: § =
270°.

o If ¢ =1, the equation sin § = q has one solution between 0° and 360°: § = 90°.

o If —1 < q < 1, the equation sin @ = q has two solutions between 0° and 360°.

The first solution is arcsin q, which you get by typing q on a calculator.

The other solution is 180° — arcsin q.

EXAMPLE 32
Find all angles between 0° and 360° that solve each equation:

a) sinfd = .307
1
b) sinf =2
8
g o
C) sin 19
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3.7. Arcsine, arccosine and arctangent

Arccosine

Now suppose you are trying to solve cos = ¢. This means you are looking for a
point on the unit circle whose equals q.

v

There are two of these angles, but if you require that the angle is in Quadrant I or
I, you only get one angle. Therefore, we define

Definition 3.20 Suppose —1 < q < 1. The arccosine of g, denoted arccos g, is the
angle 0 in Quadrant I or 1I (i.e. 0° < 6 < 180°) whose cosine is q, i.e.

cosf =q
0 = arccosq means and
0° <6 < 180°.

If ¢ < —1orq > 1, then arccos q is undefined.

arccos is also called “inverse cosine” and is also denoted “cos™!”.

Theorem 3.21 (The equation cos 8 = q) Let q be a number.
* Ifq < —1orq> 1, then the equation cos = q has no solution.
* If g = —1, the equation cos 6 = q has one solution between 0° and 360°: § = 0°.
* Ifq =1, the equation cos § = q has one solution between 0° and 360°: § = 180°.

o If -1 < q < 1, the equation cos § = q has two solutions between 0° and 360°.

The first solution is arccos q, which you get by typing q on a calculator.
The other solution is 360° — arccos q.
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3.7. Arcsine, arccosine and arctangent

EXAMPLE 33
Determine all angles between 0° and 360° such that cos = —.17.

)

Arctangent

Now, suppose you are trying to solve tan ¢ = ¢. This means you are looking for an
angle whose equals g.

)

diny
L/

There are two of these angles (which must be opposite one another), but if you
require that the angle is in Quadrant I or IV, you only get one angle. Therefore, we
define:

Definition 3.22 Let q be any number. The arctangent of ¢, denoted arctan g, is the
angle 0 in Quadrant I or IV (i.e. —90° < 6 < 90°) whose tangent is g, i.e.

tanf = q
0 = arctan q means and
—90° < 6 <90°.

—17

arctan is also called “inverse tangent” and is also denoted “tan
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3.7. Arcsine, arccosine and arctangent

Theorem 3.23 (The equation tan 6 = q) Let g be a number.

* The equation tan 6 = q always has two solutions between 0° and 360°.

The first solution is arctan q, which you get by typing q on a calculator.
The other solution is 180° + arctan q.

EXAMPLE 34

Find all angles between 0° and 360° that solve each equation:
13

tanf = —
a) tan 51

b) tanf = —2.12

Summary of arcsin, arcccos and arctan

sin CcoS tan

Q/Nsinézy 9/\cos0:x Q/Tanez slope
arcsin arccos arctan
(and (and (and

180° — arcsin y) 360° — arccos z) 180° + arctan m)

101



3.7. Arcsine, arccosine and arctangent

Computing direction angles of vectors

RECALL

The two important attributes of a vector are its (a.k.a. its size)

and its

Earlier, we saw how to use the Pythagorean Theorem to compute the magnitude of
a vector, and we saw how to write a vector in component form, given its magnitude
and direction angle. Now, we can derive a formula for the direction angle 6, of a
vector v in terms of its components:

v

Theorem 3.24 (Direction angle formula) The direction angle 6, of vector v =
(a,b) is

b
0, = arctan —,
a

with the caveat that you may have to add/subtract 180° to get the angle in the correct
quadrant.

EXAMPLE 35

a) Compute the direction angle of (8,5). Explain (using a picture) what this
computation means.

-10.-8.-6.-4 -2 2 4 6 8 .10
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3.7. Arcsine, arccosine and arctangent

b) Compute the direction angle of (—3,5).

c) Compute the direction angle of w = (—4,0).

. b 0
Solution: 0y, = arctan — = arctan — arctan 0 = 0°.
a —

But this points the wrong way (0° is to the right, but (—4, 0) is to the left), so
we need to add 180° to fix this.

Therefore 0y, = 0° + 180° = | 180° |

Summary of conversion formulas for vectors

lv| = Va2 + b2

0, = arctang

- T .
component form magnitude |v|

v={(uwb)y ~— ——directionangle 0,
a = |v|cosby
T b =|v]|sinb, T
useful for adding what we care about
or subtracting vectors in applied settings

<
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3.7. Arcsine, arccosine and arctangent

EXAMPLE 36
Two people push on a large box. One person applies a force of 70 newtons and
another person applies a force of 85 newtons. If the angle between these two forces
is 25°, in what direction does the box move?
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Chapter 4

Triangle trigonometry

In the previous chapter, we learned how the three functions sin, cos and tan can be
used to convert measurements of rotation into measurements of length.

Now, we will study how the same functions can be used to determine lengths by
means of auxiliary measurements. Our focus will be on solving triangles, which
means determining any missing side lengths and any missing angle measures in a
triangle.

Example:

27.4 ft X

15.1 ft

Notation

We label the three sides of a triangle with lowercase English letters, and the three
angles with the same three capital English letters.

Important convention: In a triangle, the side length labelled with a lowercase En-
glish letter should always be opposite the angle with the corresponding capital
letter:
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Always keep in mind

Whenever you know two angles of a triangle, you can figure the third, because the
sum of the three angles in a triangle is 180°.

p

41°
63° R
Q

General strategy

To decide how to proceed when solving a triangle, we read off any given infor-
mation around the triangle, recording known sides as S and known angles as A.

18 142

325

Depending on what things you are given (AAS vs. SAS vs. SSS vs. SSA, etc.), you
start solving a triangle with different procedures.
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4.1. Law of Sines

4.1 Law of Sines

We are going to derive a formula that relates the angles of any triangle to its side
lengths. Let’s start with AABC and draw in a perpendicular line from C' to the
opposite side as shown here:

C
b/ |

h a
1

A ! B
M

Now, we will figure h in two different ways, using rotational trigonometry from
the last chapter. First, put the point A at the origin and think of a circle of radius b:

We have found that
h=bsinA and h=asinB

107



4.1. Law of Sines

There’s nothing special about using A and B on the previous page; we could have
just as easily used A and C' (or B and C). So we can conclude the following impor-
tant fact, which holds for any triangle:

Theorem 4.1 (Law of Sines) In any triangle with vertices labelled A, B and C and
respective sides labelled a, b and c,

sinA sinB sinC

a b e

Law of Sines Situation # 1: you know two angles and a side
(ASA/AAS/SAA)

In this situation, you know two angles and the side length between the two known
angles.

EXAMPLE 1
Solve triangle ABC, if ZA = 41°, /B = 66° and ¢ = 15.3.

(Here is a box for you to record your final answers)

LA =41° /B =66° L0 =
Solution:
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4.1. Law of Sines

EXAMPLE 2
Solve triangle ABC'if ZA = 71.3°, /B = 58.8° and a = 2.75.

A =T71.3° /B =58.8° /0 =
a = 275 b = C —
Solution:
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4.1. Law of Sines

EXAMPLE 3
Solve triangle JK'L, if /K = 25°, ZL = 104° and j = 250.

Solution: First, draw a picture (it is not important that the picture shows the
angles or lengths accurately):

K

25°
250

104° L
J k

Second, find the third angle: /J = 180° — 25° — 104° = 51°.

Third, find side £ using the Law of Sines (you could do [ first):

sin K sinJ
koo
sin 25°  sin51°
ko 250
422618 777146 . .
= 250 (cross-multiply to get the next line)
777146 k = 105.655
105.655
= = 135.95.
777146 3595

Last, find side [, again using the Law of Sines:

sinL  sinJ

! J
sin 104°  sin51°
I 250
970296 777146 _ )
T (cross-multiply to get the next line)
1771461 = 242.574
242.574
= = 312.13.
ST77146 s12.13

WARNING: Do not use the Pythagorean Theorem. This is not a right triangle.

ZJ =51° LK =125° L = 104°

J =250 k. =135.95 [ =312.13
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4.1. Law of Sines

EXAMPLE 4
Solve right triangle ABC, if b = 200 and £A = 40°.

A =40° /B = /C =
a = b =200 c =
Solution:
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4.1. Law of Sines

EXAMPLE 5

Solve right triangle ABC, if a = 14 and ZA = 27°.

Solution: First, since this is a right triangle, ZC = 90°.

Now, we can draw a picture:

A

B
¢ 14
27°
b C

Second, ZB = 180° — 90° — 27° = 63°.

Third, use the Law of Sines to find b (you could do c first):

sin B sin A
b a
sin 63° __sin 27°
b 14
891007 45399
b 14
45399b = 12.4741
12.4741
= 15399 — 27.477.

Last, use the Law of Sines to find ¢
Theorem:

. or, since this is aright A, use the Pythagorean

sinC' B sin A
C - a
sin90°  sin27° 2 =a2+ b2
¢ 14 2 = 142 4 27.477?
1 45399 2 =950.958
¢ 14 ¢ =+/950.958 = 30.838
45399¢ =14
M 3838
T 45399 T
A =27° /B =63° ZC =90°
a =14 b =27477 ¢ = 30.838
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4.1. Law of Sines

Story problems involving the Law of Sines

In this situation, draw a picture and fill in the angles and/or side lengths that you
know. Then proceed as on the previous pages.

VOCABULARY
An angle of elevation is an angle measured upward from the horizontal; an angle
of depression is an angle measured downward from the horizontal.

EXAMPLE 6
A plane is flying at an altitude of 12,500 feet. The pilot notices that her angle of
depression to a radar tower is 25°. How far is the plane from the radar tower?

EXAMPLE 7
A person walks 100 feet away from the base of a building, turns around and notices
that the angle of elevation from their eyes to the top of the building is 72°. If the
person’s eyes are 6 feet above the ground, how tall is the building?
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4.1. Law of Sines

Law of Sines Situation # 2: SSA

In this situation, you know two side lengths and an angle which is not between the
two known side lengths. This situation is hard and is called the ambiguous case
of the Law of Sines.

WARMUP
How do you solve the equation sin 6 = ¢?

Theorem 4.2 (Solving sin @ = q) Let q be a constant.

1. If ¢ = 1, then the equation sinf = q has one solution between 0° and 360°:
q = 90°.

2. If ¢ = —1, then the equation sin @ = q has one solution between 0° and 360°:
q = 270°.

3. If =1 < q < 1, then the equation sin = q has two solutions between 0° and
360°: arcsin q and 180° — arcsin q.

4. If ¢ < —1or q > 1, then the equation sin @ = q has no solution.

Recall that arcsin ¢ is computed on a calculator with the button.

EXAMPLES

a) Find all § between 0° and 360° such that sin 6 = .735.

b) Find all 6 between 0° and 360° such that sin§ = —.45.
Solution: From a calculator, arcsin —.45 = —26.74°.
Adding 360° to make this between 0° and 360° gives —26.74°4-360° = 333.26°.
The other solution is 180° minus the original answer,
which is 180° — (—26.74°) = 206.74°.

¢) Find all 8 between 0° and 360° such that sinf = 1.

d) Find all § between 0° and 360° such that sin ¢ = 1.578.
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4.1. Law of Sines

EXAMPLE 8
Solve triangle ABC, if /B = 55°,b = 13.5 and a = 25.6.

LA = /B =55° /C =
a =256 b =135 c =
Solution:

What went wrong here (geometrically)?

Y
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4.1. Law of Sines

EXAMPLE 9
Solve triangle ABC, if /B = 57°, a = 27 and b = 23.

LA = /B =357° /C =
a =27 b =23 c =
Solution:

What happened here (geometrically)?

\j
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4.1. Law of Sines

EXAMPLE 10

Solve triangle ABC, it ZA = 53.13°, ¢ = 20 and a = 16.

Solution: First, draw a picture:

B
20 16
C
4 b
Next, find ZC' using the Law of Sines:
sin C' _ sin 53.13°
20 16
sin C' B E
20 16
16sin C = (.8)20 = 16
sinC =1
C =

Notice that this time, you only get one value of C!

So there is only one triangle, which after some more work, ends up being

LA =53.13° ZB = 36.87°

a=16 b=12

£C = 90°

c=20

What happened here (geometrically)?

20 16

53.13°-___
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4.1. Law of Sines

EXAMPLE 11

Solve triangle ABC, it ZA = 50°, ¢ = 15 and a = 20.

Solution: First, draw a picture:

B
15 20
C
4 b
Next, find ZC' using the Law of Sines:
sin C _ sin50°
15 20
sin C _ @
15 20
20sin C' = (.766)15 = 11.325
sin C' = .5745

C = arcsin .5745
C =35.1°and C’ = 180° — 35.1° = 144.9°

The situation where C' = 35.1° works out to the following triangle:

a =20 b=26.01 c=15

LA =5H0° 4B =94.9° LC = 35.1°

But the situation where C” = 144.9° is impossible, because in this case

B’ ' =180°— A—C'"=180° — 50° — 144.9° = —14.9°.

Since ZB' can’t be negative, that means there is only one triangle.

The geometric picture:

B
15 20
4\ ....... 500 l/ :
~ A e C
S ,

~ e ——
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4.2. Law of Cosines

4.2 Law of Cosines

MOTIVATION
Suppose you know side lengths a and b and angle C of triangle ABC'. Notice that
the Law of Sines doesn’t work here:
sinA  sinB  sinC

a b c

So to solve arbitrary triangles, we need another law in addition to the Law of Sines.
Here is that law:

Theorem 4.3 (Law of Cosines) In any triangle with vertices labelled A, B and C
and respective sides labelled a, b and c,

A =a%+b*—2abcosC
b2 = a® + ¢* — 2accos B
a?> = 0>+ % — 2bccos A

SOME INTUITION AS TO WHERE THIS COMES FROM
Way back in Chapter 2, we learned that for triangle ABC,

& =a®+ b < ZC is aright angle

A <a?+bv < /Cis

A >a’+ 0 < LCis
Notice that in all three situations,
¢® = a® + b* — (something positive) cos C.
It turns out, after some work, that the something positive is 2ab.

In other words, we think of the —2ab cos C' term in the Law of Cosines as a “cor-
rection term” that fixes the Pythagorean Theorem when the triangle isn’t a right
triangle.
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4.2. Law of Cosines

Law of Cosines Situation # 1: SSS

In this situation, you know all three side lengths of the triangle.

EXAMPLE 16

Solve triangle ABC), if a = 14, b = 22 and ¢ = 27.

LA = /B = L0 =

a =14 b =22 c =27
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4.2. Law of Cosines

Note: With the Law of Cosines, there is never a situation where you can get two
triangles. But you might get no possible triangle:

EXAMPLE 17
Solve triangle ABC, if a = 6.3, b = 18.5 and ¢ = 25.3.
LA = B = L0 =
a =6.3 b =185 c =253
Solution:

a? =b+ ¢ — 2bccos A
6.3% = 18.5% 4 25.3% — 2(18.5)(25.3) cos A
39.69 = 342.25 4+ 640.09 — 936.1 cos A
39.69 = 982.34 — 936.1 cos A
—942.65 = —936.1cos A
1.006 = cos A

What went wrong here, geometrically?

/

i

1
\\'
1
‘l
H

253

Theorem 4.4 (Triangle Inequality) If a, b and c are the three side lengths of a tri-

angle, then
c<a+b b<a-+c a<b+ec.

Put another way, any side length of a triangle is less than or equal to the sum of the
other two side lengths.
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4.2. Law of Cosines

Law of Cosines Situation # 2: SAS

In this situation, you know two side lengths and the measure of the angle between
those two sides.

EXAMPLE 18
A surveyor wants to find the distance between two points A and B on the opposite
side of a lake. She goes to a third point on the side of the lake, and figures that her
distance to A is 340 meters, and her distance to B is 385 meters. She also notices
that the angle between her line of sight to A and her line of sight to B is 163.5°.
What is the distance between A and B?
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4.2. Law of Cosines

EXAMPLE 19
Solve right triangle ABC, if a = 28.5 and b = 22.3.

A = /B = 0 =
a =285 b =223 c =
Solution:
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4.2. Law of Cosines

Summary of procedure to solve triangles

Known information
in triangle

Procedure for solving the triangle

SSS Find one angle using the Law of Cosines.
Then find a second angle using the Law of Cosines.
Last, find the third angle (the angles add to 180°).
SAS Find the third side length using the Law of Cosines.

Then find a second angle using the Law of Cosines.
Last, find the third angle (the angles add to 180°).

ASA / AAS / SAA

Find the third angle (the angles add to 180°).
Then use the Law of Sines to find the remaining sides.

SSA / ASS

Find a second angle using the Law of Sines.

WARNING: ambiguous case
(there may be zero, one or two triangles possible)

For each second angle you find, compute the third angle
(the angles add to 180°).
If the third angle is negative, throw out that triangle,
leaving you with only one triangle.

Last, for each second angle, find the remaining side using
either the Law of Sines or the Law of Cosines.

AAA

This is not a doable problem.
The triangle could be any size.
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4.3. SOHCAHTOA

4.3 SOHCAHTOA

Consider this generic right triangle:

B
C
a
0
A b C

Question 1: In terms of ¢, what is /B?

Question 2: Based on the answer to question 1, what relationships hold between
the cosines/sines of angles A and B?

cos A = cosf =

sin A =sinf =

Now, from the Law of Sines, we see

sinA sinC sinB sinC
= and =
a c b c
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4.3. SOHCAHTOA

On the previous page, we showed:

Theorem 4.5 (SOHCAHTOA) Let 0 be an angle between 0° and 90°. Put 0 in a
right triangle:

hypotenuse
opposite
0
adjacent
Then:

opposite adjacent opposite
SinezL 6089:]7 nf = P}? .
hypotenuse hypotenuse adjacent

WARNING: These ideas only work for angles between 0° and 90°, so they
aren’t that useful in the grand scheme of things.

To help remember which fraction goes with which trig function, use the pneu-
monic device SOHCAHTOA:

SOH CAH TOA

One area where these can be helpful is to help you quickly solve right triangles,
without having to use the Laws of Sines or Cosines:

EXAMPLE 20

a) Suppose ABC'is a right triangle. If a = 9 and ¢ = 14, what is L A?

b) Suppose PQR is a right triangle. If ZP = 19.5° and ¢ = 25, what is p?
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4.3. SOHCAHTOA

EXAMPLE 21
Suppose ABC'is a right triangle with sides of lengths a, b and ¢ (where angle C' is
the right angle). If a = 6 and b = 8, find the sine and cosine of angle A, and find
the sine and cosine of angle B.

EXAMPLE 22
Find the exact values of sin 6, cos 8 and tan 0:

sinf =

26
cosf =

18 tanf =
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4.4. Interpreting dot products

4.4 Interpreting dot products

RECALL
When we introduced vectors in Chapter 2, I told you about an operation called dot
product:

(a,b) - {c,d) = ac+ bd
IMPORTANT: the dot product of two vectors is a scalar.

EXAMPLE: (2,5) - (4,8) = 2(4) +5(8) = 8 + 40 = [48]

QUESTION
Why do we care about dot product?

Let v = (a,b). Then

Theorem 4.6 (Magnitude formula with dot products) Let v be any vector. Then

V=vv-v and v-v=|v]*

More generally, the last formula says “anything - itself = |that thing|*”.

Now, let’s introduce addition into the picture:
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4.4. Interpreting dot products

We are going to compute |[v — w|? two different ways, and something interesting
will happen:

Method 1: From the theorem on the previous page applied to v — w,
VW= (v w) - (v—w)
=V V-V W—W:V4+W W
=|vPf-v-w—v-w+ |w|?

=|v]*-2v-w+ |w|?

Method 2: From the Law of Cosines,
c=a>+ b —2abcosC

v —w|? = |v|* + |w]* = 2|v| |[w]|cos 0
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4.4. Interpreting dot products

On the previous page, we showed:

Theorem 4.7 (Angle formula with dot products) Let v and w be two vectors and
let 6 be the angle between them. Then

v-w = |v||w]| cos@.

EXAMPLE 23
Compute the angle between the vectors v = (2,7) and w = (—3,5). Also, draw a
picture to illustrate what you have computed.
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4.4. Interpreting dot products

Orthogonality

A major use of dot product is that it can quickly tell you whether the angle between
two vectors is acute, right or obtuse:

v-w = |v||w]| cosf

Theorem 4.8 Let v and w be vectors and let 6 be the angle between them. Then:

v-w > 0 <= 0isacute
v.-w < 0 <= 0is obtuse
v-w=0<«<=0=90°ie v 1L w.

In the last situation, we say v and w are orthogonal (a.k.a. perpendicular).

EXAMPLE 24
Letu = (—4,14),let v = (5, —3) and let w = (7, 2). For each pair of vectors, deter-
mine if the angle between them is acute, obtuse or right. Then, state which two of
u, v and/or w are orthogonal.

Solution: Compute dot products:

u-v= = angle between u and v is

u-w = = angle between u and w is

v-w=5(7)+(-3)2=35-6=29>0 = angle between v and w is
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4.5. Area formulas for triangles

EXAMPLE 25
Letv = (—3,8),and let w = (16,y). If v L w, then find v.

4.5 Area formulas for triangles

Theorem 4.9 (Traditional area formula) If a triangle has base b and height h, then
the area of the triangle is

1
A = —bh.
2

EXAMPLE 26
Compute the area of this triangle:

The drawback of the traditional formula is that the / is often unknown. Usually
what you know about a triangle is its side lengths and angle measures, which don’t
directly tell you what & is. Here’s a better version of the same formula for the area
of a triangle, involving only side lengths and angle measures:
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4.5. Area formulas for triangles

Theorem 4.10 (SAS area formula) If a triangle has two sides a and b, with angle

C between sides a and b, then the area of the triangle is

1
A= §ab sin C.

EXAMPLE 27

Compute the exact area (no decimals) of this triangle:

60°

10

EXAMPLE 28

Compute (a decimal approximation of) the area of this triangle:

Solution:
5.35 ft )
A= —absinC
2
- ;(5.35)(8.28) sin 53.5°
8.28 ft
={17.805 sq ft
EXAMPLE 29

Compute (a decimal approximation of) the area of triangle ABC, if a = 25.7, b =

18.3, ZA = 102° and £ZB = 55°.
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4.5. Area formulas for triangles

The drawback of the SAS area formula is that you have to know an angle measure.
Often all you know are the lengths of the sides of a triangle. In this case, you can
use this formula:

Theorem 4.11 (Heron’s formula) Suppose that a triangle has side lengths a, b and
c. Define the semiperimeter of the triangle to be half of its perimeter, i.e.

a+b+c

S = 9

Then the area of the triangle is

A= \/s(s —a)(s—b)(s—c).
WHY 1S HERON’S FORMULA TRUE?
First, from rearranging the Law of Cosines, we get
a? 4+ b* —
2ab
Second, from the Pythagorean Identity cos® C' + sin® C' = 1, we get

sinC =41 —cos?2C.

Take the area formula Area = {absin C, plug in the formula above for sin C' to get

1
Area = iab\/ 1 —cos2C.

Then replace cos C' with the top formula above to get

1 a2 + b2 —2\?
A = — 1—(—FF] .
rea 2ab$ ( 5ab )

Do two pages of algebra on the right-hand side; eventually this simplifies to Heron’s
formula.

cosC =

EXAMPLE 30
Compute the area of the following triangle:

28 cm

21 cm

13 cm
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4.5. Area formulas for triangles

EXAMPLE 29
Compute the area of triangle PQRifp=9,¢=10and r = 17.

Solution: First, find the semiperimeter s:

p+q+r 9+10+17 36
S = = :7:18
2 2 2

Next, use Heron’s formula to find the area:

A=\/s(s=p)s—a)s—7)
= /18(18 — 9)(18 — 10)(18 — 17)

EXAMPLE 31
A wealthy rancher owns a triangular plot of land in Wyoming. He measures the
lengths of the sides of his property as 19.5 mi, 22.0 mi and 25.7 mi. How many
square miles of land does he own?

Solution: First, find the semiperimeter s:

p+q+r 195+220+257 67.2
S = = =

2 5 5 = 33.6.

Next, use Heron’s formula to find the area:

A=\fsGs—p)s—a)s —7)
= \/33.6(33.6 —19.5)(33.6 — 22.0)(33.6 — 25.7)

= 1/33.6(14.1)(11.6)(7.9)

= V43415.37
=[208.36 sq mi |
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Chapter 5

Oscillations and trig graphs

5.1 Review: what is a graph?

The graph of a function f is a picture of the points (z, y) in the zy-plane for which
y = f(@).

MOTIVATING EXAMPLE
Sketch the graph of y = 2 (also known as f(z) = z?)

| y=f(x)=2a? 10r
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5.1. Review: what is a graph?

A crude picture of the graph of y = z*

A crude picture like this one is usually enough in the context of application prob-
lems, because the crude picture contains all the “essential” properties of the graph:

e itis a curve that is symmetric about the y-axis,
e it turns at (0,0),

e itis a parabola,

e efc.

OUR GOAL
We want to quickly sketch crude graphs of (relatively simple) functions involving
sine and cosine (and to a lesser extent, tangent). We want to be able to do this
without using a calculator, and in general, more quickly than we could if we used
a calculator.

If the function isn’t “relatively simple”, then it isn’t terribly useful to learn how
to graph it, given that calculators and computers draw accurate graphs of compli-
cated functions.
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5.2. Graphs of sinx and cos z

5.2 Graphs of sinz and cos x

Let’s start with the graph of y = sinz.

NOTE: in the context of graphing, x is always assumed to be in radians.

r | y=sinx

e}

o1 (ol (a3 oo

3

21

Plot these points and connect them with a curve:

|
|

This is the graph of y = sinz for x between 0 and 27. What happens for other z?

N =

3T

= 277
2

oy
Sy
w5 b
NN
=
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5.2. Graphs of sinx and cos z

-4 2 L 2 4 6.7 8. 10 7t
—1

Definition 5.1 The period of a function is the distance in the x-direction it takes
for the graph of the function to start repeating itself. Algebraically, the period is the
smallest positive number T such that f(x +T) = f(x) for all x.

EXAMPLES

¢ The period of y = sin x is 27.
* The period of y = cos z is 27 (because cos(x + 27) = cos ).

e There is no period of y = z* (because the graph doesn’t repeat itself).

To summarize, here is a picture of the graph of y = sin«:

\ /\.V\

_3 _an i ;T
2 2

The crude picture you need to be able to draw is this:

This crude picture shows the following important information about y = sin a:
e the graph goes through (0, 0);
* one complete period of the graph is 27;
¢ the graph goes as far up as 1 and as far down as —1;
* the general shape of the graph is a wave;
e the graph is smooth (no sharp corners);
* from the point (0, 0), the graph heads upward as you move to the right.
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5.2. Graphs of sinx and cos z

Now let’s do y = cosz. As with sinz, the graph has period 27 so we only need to
know what the shape looks like from z = 0 to z = 27:

x | y=-cosx

ol A

N

wl

| X

27 1

Here is the graph of y = cos z for x between 0 and 2

N—
T T

m._
=1

27

oI5
I
R
NN
=
~ |

1t

and here is the entire graph of y = cos z:

2 2 1 2 2
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5.3. Transformations on sine and cosine

The crude picture you need to be able to draw is this:

This crude picture shows the following important information about y = cos z:
e the graph goes through (0, 1);
* one complete period of the graph is 27;
* the graph goes as far up as 1 and as far down as —1;
* the general shape of the graph is a wave;
¢ the graph is smooth;
* from the point (0, 1), the graph heads downward as you move to the right.

5.3 Transformations on sine and cosine

IDEA
Start with a function that has some formula. A transformation of that function
refers to a function whose formula comes from the first function by including some
extra constant(s) somewhere.

EXAMPLES

¢ Transformations of the function y = 22 include

y=2°+2 y:%xz y=(z—2) y=(37)* -1 etc.

¢ Transformations of the function y = sin z include
2
y = 2sinx y = sin(z + 3) y =sinbr — 5 y:§sin2a¢—1 etc.

e Transformations of the function y = cos z include

3
y = cosT y = —cos(x —m) y=cos7r —3 y = —8cosdx etc.
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5.3. Transformations on sine and cosine

Definition 5.2 Any function which is a transformation of y = sinx or y = cosx is
called a sinusoidal function (its graph is called a sinusoidal graph).

This section is about how to (quickly and crudely) graph sinusoidal functions.

Sinusoidal graphs are important because they model oscillations (quantities that
go back and forth or up and down with regularity over time). Real-world oscil-
lations include ocean waves, light and sound waves, harmonics, alternating cur-
rents, pulses, radiation, etc.

We also want to be able to go from a picture of a graph to a formula for a function

that has that graph, so that we can appropriately model oscillating behavior.

How to graph y =sinx + Dand y = cosx + D

MOTIVATING EXAMPLE

Graphy =sinz + 3.

point on point on
x sin x y=sinz || sinz+3 | y=sinx+ 3
0 0 (0,0)
s 1 s
— —=.5 —,.5
6 2 <6’ )
™ | V2
— — ~ 707 | (%,.707
4 2 (% )
T s
— 1 — 1
. 5.1
T 0 (7, 0)
3
o -1
2
27 0 (27, 0)
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5.3. Transformations on sine and cosine

* -
b 1 i 0

T, 38 O 377
"dme?®

o

Theorem 5.3 (Vertical shift) The graph of y = sinx + D is the graph of y = sin z,
shifted upward/downward by D units:

* The graph is shifted up if D > 0.

* The graph is shifted down if D < 0.
Similarly, the graph of y = cosx + D is the graph of y = cos x, shifted vertically by
D units (up if D > 0 and down if D < 0).

EXAMPLE 1

a) Graphy =sinz — 2.

b) Graph f(z) = cosz + 1.
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5.3. Transformations on sine and cosine

c) What equation has the graph given below?

d) What equation has the graph given below?

2
1

> 1 \_/

-2
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5.3. Transformations on sine and cosine

How to graph y = Asinz and y = Acosz

MOTIVATING EXAMPLE

Graph y = 3sinz.

T pointonsinz | y =sinz || 3sinz | pointony = 3sinx
0 0 (0,0)
s 1 s
— —=.5 —,.5
6 2 &%
s \/5 T
- —— =~ .707 —,.707
4 2 <4 )
s T
= 1 —1
2 (27 )
T 0 (7,0)
3T 1
2
27 0 (27, 0)
5
4
3
2
L E R e
.n """ ﬁ ........ i """"""""""""""
g ~ 4 5 T e e 271 37T
-2
-3
-4
-5
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5.3. Transformations on sine and cosine

Theorem 5.4 (Vertical stretch) The graph of y = Asinx is the graph of y = sin ,
stretched upward/downward by a factor of A.

o If|A| > 1, the graph is stretched vertically.

o If|A| < 1, the graph is compressed vertically.

o If A <0, the graph is flipped upside down.
|A| is called the amplitude of y = Asin .

Similarly, the graph of y = Acosx is the graph of y = cos x, stretched/compressed
vertically in the same way. |A| is called the amplitude of y = A cos x.

EXAMPLE 2

a) Graphy = —4sinz.

b) Graph f(z) = 5cosz.

c) Graphy= ; cos .

d) What equation has the graph given below at left?

e) What equation has the graph given above at right?

146



5.3. Transformations on sine and cosine

How to graph y = sin(x — C') and y = cos(z — C)

Theorem 5.5 (Horizontal shift) The graph of y = sin(z — C) is the graph of y =
sin x, shifted leftward/rightward by C' units.

* The graph is shifted rightward if C > 0.

* The graph is shifted leftward if C' < 0.
Similarly, the graph of y = cos(z — C) is the graph of y = cosz, shifted left-
ward/rightward by C' units in the same way (right if C' > 0 and left if C' < 0).

EXAMPLE 3

a) Graph y = sin(z — g)

b) Graph y = cos(z + 2).

c) Graph f(z) = sin(z + 32)
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5.3. Transformations on sine and cosine

d) Write an equation with sin in it that has the graph given below.

)
Dz I T

-2

e) Write an equation with cos in it that has the graph given above.

f) What identity can you conclude from your answers to (d) and (e)?

Graphing y = sin Bx and y = cos Bz

Theorem 5.6 (Horizontal stretch) The graph of y = sin Bx is the graph of y =

sin x, stretched/compressed horizontally so that its period is Eﬂ

Similarly, the graph of y = cos Bx is the graph of y = cos x, stretched/compressed
horizontally so that its period is fﬂ

EXAMPLE 4

a) Graph f(x) = sin4z.
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5.3. Transformations on sine and cosine

b) Graph f(x) = cosmz.

c) Graphy = sin %

d) Write an equation that has the graph given below.

NIANVANVAN
\V/ ARV

e) Write an equation that has the graph given below.

N PN
ol \\/ 60  \
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5.3. Transformations on sine and cosine

Putting all this together

What if you have a function with more than one kind of transformation?

Procedure to draw a sinusoidal graph

1. Write the function in the standard form:
y=Asin(B(x—C))+D or y=Acos(B(x—C))+D

Once in this form:

A is the vertical stretch (a.k.a. the amplitude),
B is the horizontal stretch,

C is the horizontal shift, and

D is the vertical shift.

2. Draw dashed “crosshairs” at the point (C, D). (This accounts for the hor-
izontal and vertical shift.)

3. From the vertical crosshair, go up and down A units and mark the y-
coordinates of those heights. (This tells you how far up and down the
graph should go.)

4. Starting in the appropriate place, draw one period of the graph.

5. Then, mark where the period finished. This should be at = = C' + %”,

since the period is T = 27).

6. If your picture is too messy, erase any crosshairs and the horizontal and /or
vertical lines you drew (but not the numbers you marked on the z- and
y-axes).
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5.3. Transformations on sine and cosine

If you carry out these steps, you'll get a graph like one of these:

The rest of the graph just repeats itself periodically, but you generally don’t have
to draw that.

EXAMPLE 5
Sketch a graph of each function:

a) y=4cos2zr

™

b) f(z)=sin (z—Q) -3

Solution: This graph has a horizontal shift of Z units to the right, and a verti-

cal shift of 3 units down. The amplitude is 1 and the period is 27 (no stretch-
ing in either direction). So the graph looks like this:
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5.3. Transformations on sine and cosine

EXAMPLE 6
For each graph, write an equation that has that graph:

10
8
6
a) 4
f b1 3 T
2 T 2 27 7
b) 3 2m 3 4t O
-6
-9
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5.3. Transformations on sine and cosine

EXAMPLE 7

For each sinusoidal function graphed below, compute the (exact) value of y when
x = 20.

6
a) g
! 3
b /’1{
-1 } 1 2 3 4

EXAMPLE 8 (FROM CHAPTER 2)
From the graph below, write an equation which gives the water depth in terms of
the position, and use your equation to predict the water depth at position 300:

water depth
6 -

TN N

0 5 10 15 20 25 30 35 40 45 5o position
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5.4. The graphof y = tanx

EXAMPLE 9
The graph below describes the amount of current flowing through a circuit at time
t. Write an equation giving the current in the circuit as a function of the time, and
use your equation to determine the current at time 8.25.

current /(7)

—04 —02 02 04 06 08 1 12 ume!

5.4 The graph of y =tanx

sin x

We can write y = tanz = . This means:

COS T

e whensinz =0, tanx

The values of + where this happens are

e whencosx =0, tanx

The values of + where this happens are
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5.4. The graphof y = tanx

We can fill in the rest of the graph of y = tan z by making a table of values:

T Yy =tanx
0 0

T 1

— — &~ .D7T
6 | V3

z 1

4

g V3~ 1.73
2
g V3~ —1.73
3
il -1

4
o —1
— | —= &~ =077
6 | V3

Putting this together, we get the graph of y = tan x shown below:

e
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Chapter 6

Secant, cosecant and
cotangent

6.1 Definitions

So far in this course, we have extensively studied three trigonometric functions:
cosine, sine and tangent.

There are three other trig functions, which are the reciprocals of the functions we
have already defined:

Definition 6.1 Let 6 be a number or an angle. Define the secant, cosecant and
cotangent of 6 to be, respectively,

1 t 0
cot =
cosf sin 6 tan 6

secl =

REMARK
You can solve any trig problem with only sine, cosine and tangent.

Examples:

solving triangles needs only the Law of Sines and the Law of Cosines;
the SAS area formula uses only sine;

e vector conversion formulas use sin, cos and arctan;

* etc.

These three new trig functions are here mainly to streamline computations in fu-
ture settings (especially calculus applications).
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6.1. Definitions

The most important thing to know about sec, csc and cot is that they are reciprocals
of the trig functions we have already studied:

Theorem 6.2 (Reciprocal identities)

1 1
9 — 0 —=
sec cos o secd
1 1
6 = inf =
os¢ sin St csc o
t 0 ! tan 6 1
CO = ant =
tan 0 cot 0

EXAMPLE 1

1. Suppose tan 6 = 3. What is cot §?

1
. Suppose sinf = T What trig function of # must equal 4?

. Suppose sec ) = 2.587. Compute cos 0.

1 1
Solution: 0= :72-3865.
OHHOTE €S0 = ec 0 — 2587
4
. Suppose cot § = = Compute tan 6.
1 1 7
Solution: tan § = =—F=|-|
olution: tan v ; 1

. Suppose csc = 5.35 and cos ¢ < 0. Compute cos 6.
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6.1. Definitions

Evaluating trig functions on a calculator

Your calculator (probably) has | COS

SIN| and | TAN | buttons, but probably does

4

not have |SEC|,|CSC| or | COT| buttons. To evaluate secants, cosecants and/or
cotangents, we use the reciprocal identities given on the previous page:

EXAMPLE 2

Evaluate (a decimal approximation of) each quantity using a calculator:

a)

b)

d)

f)

g)

csc117°

tan 219°
Solution: From a calculator, tan 219° = | .8098 |.

cot 76.5°

Solution: From a calculator, tan 76.5° = 4.1653.
1 1

_ _[24]
tan76.5°  4.1653

Therefore cot 76.5° =

sec 283°
Solution: From a calculator, cos 283° = .224951.
1 1

283° = = =14.44541 |
Therefore sec 283 05 283° — 994051

csc(44° 4 87°)

sec?(—73.5°)

cot 118° — 2sin 36°
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6.1. Definitions

Unit circle definitions

Theorem 6.3 (Unit circle definition of the trig functions) If (z,y) is the point
on the unit circle at angle 0, then:

cscl = csc(f) =

< |

0
sinf =sin(f) =y
- ; cos =cos(f) =x w0l =asel(d) = 1
Y tanf = tan(f) =
cotf = cot(f) =

Angle definitions

8

Theorem 6.4 (Angle definition of the trig funtions) If (x,y) any point on the ter-
minal side of angle 6 when drawn in standard position, and if r = \/x? + y?, then:

. : Y
sinf = sin(f) = - csch = csc(f) =

0
N cosf) = cos(f) = x sec =sec(f) =

r
\
& cot = cot(f) =

tanf = tan(f) =

AN

EXAMPLE 3

Suppose that the point (—2, 7) is on the terminal side of an angle # when drawn in
standard position. Determine the values of all six trig functions of .
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6.1. Definitions

Theorem 6.5 (Quotient Identities)

sin 6 cos
tan @ = cotf = —
cos sin
EXAMPLE 4
a) Suppose cot® = i+ and cos = L Compute sin
PP 3 V10 p .

b) Suppose sinf = a and cos § = b. Compute cot 6, in terms of a and /or b.

SOHCAHTOA definitions

Theorem 6.6 (Right triangle definition of the trig functions) Let 0 < 6 < 90°.
Then, thinking of 6 as an angle in a right triangle like this,

hypotenuse
opposite
0
adjacent
we have:

SOH CAH TOA: sinf — 7 cosf = adj tanf = %
hyp hyp adj
Reciprocals: csc = hyp secf = hﬁ cot§ = adj
opp adj opp
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6.1. Definitions

EXAMPLE 5
Compute the values of all six trig functions of ¢:

91

35 84

Solving diagrams with trig expressions

GOAL
Given a picture, we want to write an equation which gives some quantity (like a
length, an angle, area, volume, or something else) in terms of other given informa-
tion in the picture.

Often, the given information in the picture is either changing as time passes, or
consists of unknown quantities you have to somehow solve for. That means you
have to write equations/formulas for variables in terms of other variables.

In calculus, writing formulas with division in them is often bad (it makes the calcu-
lus harder), so we want to write formulas that do not contain division, whenever
possible.

EXAMPLE 6
In each picture, write a formula for the quantity marked with a in terms of the
other numbers and/or variables in the problem. Your formula should not contain
division by anything other than a constant.

II’?I’

) )

133°
N
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6.1. Definitions

) et d) o
19 2
?
e)
2
a
EXAMPLE 7

a) Let z be the distance from A to 5. Write an equation for z in terms of 6. Your
equation should not contain division in it.

3

"

b) Write an equation for the area of this triangle, in terms of ¢ (as usual, no
division is allowed in your formula):

17.5 ft
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6.2. More on secant, cosecant and cotangent

c) A 12 foot ladder leans up against a house. Write a formula for the distance
from the bottom of the ladder to the house, in terms of the angle the ladder
makes with the ground (no division allowed).

6.2 More on secant, cosecant and cotangent

Solving for angles, if given the value of a trig function

RECALL
Earlier in the course, we saw that to solve an equation like

sinfd = .386

youcomputethe  of .386 by executing .386 on a calculator to ob-

tain one answer
0 = arcsin .386 = |22.7° |

This isn’t the only answer between 0° and 360°!
Another answer is

180° — arcsin .386 = 180° — 22.7° =|157.3°|.

QUESTION
Your calculator has ’ Ccos™
[SEC!

How then, do you solve equations like

,ISIN! ‘ and ’ TAN"! ‘ buttons, but it likely doesn’t have
csc! ‘ and ’ coT! ‘buttons.

4

secld = 2.3 cot = .678 cscld =5 etc.?
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6.2. More on secant, cosecant and cotangent

Theorem 6.7 Let q be a number.
Equation Solutions
sinf = q = arcsing, 6 = 180° — arcsingq
cost =q 0 = arccos q, 0 = 360° — arccos ¢
tanf = q 0 = arctan g, # = arctan ¢ + 180°
csclh =q recroetl i @ = c11 0 = arcsin ;, 0 =180° — arcs.in1
sech = q Miplfal cosf = i 0 = arccos 1, 0 = 360° — arccos;
cotd =q redp—>mml tanf = ; 0 = arctan ;, 0= arctan; + 180°

EXAMPLE 8

For each equation, find an angle between 0° and 90° that solves the given equation.
Then find all angles between 0° and 360° that solve the equation.

a) sect =2.3

O
NN

b) cotf = .678

1IN

Angle between 0° and 90°:

All angles between 0° and 360°:

Angle between 0° and 90°:

All angles between 0° and 360°:
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6.2. More on secant, cosecant and cotangent

c) csc =5

Angle between 0° and 90°:

All angles between 0° and 360°:

™
NI

Signs of the trig functions

Earlier in the course, we learned the pneumonic device
“All Scholars Take Calculus”

which governs the signs of the trig functions. Since a quantity always has the same
sign as its reciprocal, we can extend this rule to all six trig functions:

}’}
Quadrant II | QuadrantI

sin @, csc 6 > 0; All trig
other trig functions
functions < 0 >0

Quadrant III | Quadrant IV

tan 6, cot § > 0; cos 6, sec 6 > 0;
other trig other trig
functions < 0 functions < 0

EXAMPLE 9
Determine (without a calculator) whether the following quantities are positive or
negative:

a) csc322° c) tan204°

b) cot115° d) tanb15°
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6.2. More on secant, cosecant and cotangent

EXAMPLE 10

Determine which quadrant 6 lies in, from the given information:

a)

b)

d)

f)

g)

sinf < 0and cotf > 0

cos@ > 0and cscl < 0

cotf > 0 and cosf > 0

Solution: Since cot f < 0, 0 is in Quadrant II or IV.
Since cosf > 0, 0 is in Quadrant I or IV.
Therefore 0 is in ’ Quadrant IV ‘

cosf = —.35and tanf < 0
Solution: Since cosf < 0, 8 is in Quadrant II or III.

Since tan f < 0, 6 is in Quadrant IT or IV.

Therefore 6 is in | Quadrant II |.

csc = —4and cot < 0

Solution: Since cscf < 0, 0 is in Quadrant III or IV.
Since cot 8 < 0, 6 is in Quadrant II or IV.
Therefore 0 is in ’ Quadrant IV ‘

¢ = 258704335° (using a calculator)

¢ = 243 radians (using a calculator)
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6.3. Trig functions of special angles

6.3 Trig functions of special angles

In Chapter 3, we discussed how to evaluate the sine, cosine and tangent of any
special angle, using reference angles and the ASTC rules. The same methods can
be used to compute any trig function of any special angle, except that to get sec, csc
or cot, you first compute cos, sin or tan and then take the reciprocal (i.e. flip over
the fraction).

Procedure to compute trig functions of special angles

1.

Determine whether or not the angle 6 is quadrantal (i.e. whether or not 0 is a
multiple of 90°, or a multiple of g or 7).

If 0 is quadrantal, determine the point on the unit circle at angle ¢. This point
will be (£1,0) or (0,+1). Then:

cost) =x — flip over cosd to get secd
sinf =y — flip oversinf to get cscé
tanf = slope — flip over cot 6 to get cot 0

If 6 is not quadrantal,
a) Determine the reference angle  of 6. The ref. angle will be 30°, 45° or
60°.
b) Compute sinf or cosd with the finger-counting trick, or compute tan 6
by remembering the slopes of these angles.

c) If asked to compute sec, cscf or cotd, flip over the trig function you
found in the previous step as needed.

d) Determine the quadrant ¢ is in; this will tell you the sign of your final
answer based on the “All Scholars Take Calculus” rules.

e) Your final answer is the +/— sign from step (d) together with the num-
ber from steps (b) and (c).
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6.3. Trig functions of special angles

EXAMPLE 11
Compute each quantity:
a) sec Hn
6
? point on unit circle:
Is 0
quadrantal?
k Ref. angle:
Quadrant:
157
b t——
) co 1
y point on unit circle:
Is 0
quadrantal?
M Ref. angle:
Quadrant:
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6.3. Trig functions of special angles

C) csc —om
6
? point on unit circle:
Is 0
quadrantal?
k Ref. angle:
Quadrant:
d) cot =T
y point on unit circle:
Is 0
quadrantal?
k Ref. angle:
Quadrant:
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6.3. Trig functions of special angles

Examples from the first quadrant

EXAMPLE 12

Compute each quantity:

a)

b)

f)

g)

h)

j)

k)

sec 60°

CSC —

tan 0
cot T
3
sin 30°
tan 90°
cot 45°
csc 30°
csc 90°

sec 0°

0
sec —
6
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6.3. Trig functions of special angles

Theorem 6.8 (Values of the trig functions in Quadrant I)

9 9
(degrees) (radians) | sin6 | cos@ | tanf | cotf | sech | cscd
0° 0 0 1 0 |[DNE| 1 |DNE
s 1 V3 1 2
30° a i A 3 | — 2
6 2 | B V|
450 m V2 V2o 1| 2| 2
4 2 2 2 | 2
I V3 1 1 2
60° a Y2z 3 | = 2 =
3| 2 V3| 7 Ve
90° g 1 0 |IDNE| 0 |DNE| 1

EXAMPLE 13
Compute each quantity:

a) sec(—120°)
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6.3. Trig functions of special angles

f)

g)

h)

j)

k)

l)

sec 180°

tan 495°

117
CcOS ——
6

sin 120°
sec 225°

cot 270°
-
an —
3
cse(—150°)

; T
an —
2

cot —
6
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6.3. Trig functions of special angles

0) cscl

o117
p) sin —

q) sec(—855°)

r) tan540°

Examples with more complicated expressions

EXAMPLE 14
Compute the following;:

a) cos2-90°

b) 2cos90°

T
Isec? . —
c) 2sec 3

3 3
d) sinz7r + cos;7T
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6.3.

Trig functions of special angles

f)

g)

h)

j)

k)

D

¢ 3T 9t 5T
an — — 2tan —
4 4

t<77r+77>
cot | — + —
6 6

‘ T n T

cot — + —
6 6

sin? 135°

CSC™ —

sec* 240°

3 cot?(—315°)
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6.4. Pythagorean identities

6.4 Pythagorean identities

Theorem 6.9 (Pythagorean identities)

cos? 6 +sin?6 =1 sec’ =1+ tan26 csc?0 =1+ cot? 6

PROOFS (of the Pythagorean identities) We already learned cos? f + sin? 6 = 1.

cos? @ +sin?6 = 1 cos?f +sin?6 = 1

The purpose of these identities is that if you know the value of any one of the six
trig functions, and you know the sign of a different trig function, you can com-
pute the values of any of the other trig functions by following the arrows in this
diagram (and maybe using the quotient identities as shortcuts).

sin 6
sin? 9+cos29/'
cscd
cos 6 csc
sec QZCOS g | cos 0= Seﬁ 7 csc2 =1+cot? 0
sec 0 . cot 6
\ tan Q—V
20 2 1
sec? 0=1-+tan“ 6 cot 0 Y
tan 6
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6.4. Pythagorean identities

EXAMPLE 15
Find all possible values of tan ¢, if sec = —3.

EXAMPLE 16
Find the values of all six trig functions of ¢, from the given information:

2
a) sinf = gandcotﬁ <0

sin@—z cosf = tanf =

csc = secl = cotf =
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6.4. Pythagorean identities

b) cotf =4and csch >0
First, since cot § > 0 and cscf > 0, 0 is in Quadrant I, so all six trig functions

are positive.

1 1
Second, tanf = = —. From here, there are two ways to proceed:

coth 4

Solution # 1: Use identity cot? 6 + 1 = csc? 0

42 +1 =csc?0
17 = csc? 0
+v/17 = csc
V17 = csc 6 (since we are in Quadrant I).
Thus sin§ = ! —LN tient identity:
us sinf = b - Vi ow, use a quotie entity:
sin 6
tan = cosf
1 1Vi7
4 cosb
0 4
cosf) = —
V17
Last, sec = 1 = @ Therefore:
cos 6 4
1 4 1
sinf = —— cosf = — tanf = —
V17 V17 4
17
cscl = /17 sec@zT cotf =4

You can also do this problem by sketching the following triangle:
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6.4. Pythagorean identities

Odd-even identities

Theorem 6.10 (Odd-even identities)

sin(—f#) = —siné cos(—0) = cosf tan(—60) = — tan 6

csc(—0) = —cscd sec(—0) = sec cot(—0) = —cot 0

PROOF We already know sin(—6) = —sin#, cos(—6) = cosf and tan(—6) = —tané.
1 1 1

S0 cse(—f) = sin(—f)  —sinf  sinf —osed.
1

Al —0) = = = .

so, sec(—0) cos(—0) ~ cosd sec

1 1 1

L — — — _ — —_ — . \:\

ast, cot(—f) tan(—6) —tan6 tan 6 cot?

EXAMPLE 17

a) Suppose tanf = 3.25. Compute tan(—6).

b) Suppose secf = —1.3. Compute sec(—0).

c) Suppose cot 0 = —2. Compute cot(—0).

Solution: Since cot(—0) = — cot 0, we see that cot(—0) = — (—3> = 2 .

2
d) Supposesinf = 3 Compute csc(—6).
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6.4. Pythagorean identities

Simplifying quantities involving identities and symmetry

EXAMPLE 18
Compute each quantity (without using a calculator):

a) sin?70° + cos? 70°
b) sin40° + sin(—40°)
¢) sin80° — cos 10°

d) cot133°tan 133°

i i
9 T .9 (T
e) 3cos 19+351n 19

f) tan?808° — sec? 808°

)t o ¢ T
an — — tan —
& 5 5
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6.5. Graphs of cosecant, secant and cotangent

6.5 Graphs of cosecant, secant and cotangent

The graph of y = cscx

The function y = cscz can also be written y = . Therefore the graph of y =

sin
csc x should be related to the graph of y = sin z. But how, exactly?

Let’s try a table of values for y = csc:

T sinz | pointony = sinx scr = S point on y = cscx
0 0 (0,0)
™ 1 ™ 1 s
Z Z = ~,.5 —=2 =,2
T V2 T 1 T
T | 5 =TT (5:-707) ? =2~ 1414 (3 1:414)
™ ™ 1 s
— 1 —,1 -=1 —,1
| 1) ; (5:1)
3T 2 3T 1 3T
= || 5 =707 (=>-707) ? =2~ 1414 (> 1-414)
5m 1 5% 1 5%
— =.5 —.,.5 - =2 —,2
- (>,5) : (.2)
0 (m,0) DNE DNE
7T -1 51 1 7T
_— = —. — =2 —,—2
3 3 1 3
-1 —, -1 — =1 —,—1
: (5 -1) — (5 -1)
117 -1 117 1 117
—=-5 — =2 —
= | 3 (= —5) = (—2-2)
21 0 (2m,0) DNE DNE
OBSERVATIONS
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6.5. Graphs of cosecant, secant and cotangent

Based on the observations on the previous page, we can sketch the graph of y =

CSCx:
2 -
suma 1L sesmae o emma
" .. .- ey - ~
- . - .* -~ -~
~\4~ | Jo° I ‘NQ | Pad | ".& | e I \.LQ
*
L L Pt n L. QPO - | P
- o " - - Y “ - -*
~-9e “—np= -1+ 2 ~o=" 2
2L

The graph of y = secz

The graph of y = sec z is related to the graph of y = cos x in the same way that the
graph of y = cscz is related to y = sin a:

~
~
.

-
.
\ o]

R, | . {rr

27T _Si;~~’ —-JT ’o' -
~ - |2 -1

I

I

I

I

I

.
.
v
.

-2

~
-
~
.
.
.

I
I
I
I
I
I
4
A
)
I
I
I
I
I

- .
- JT P
. -

181



6.5. Graphs of cosecant, secant and cotangent

The graph of y = cotz

We will determine the graph of y = cotz in a similar way as how we graphed
y = tan . First, we can write y = cot z = 2. This means:

e whensinz =0, cotz

The values of z where this happens are x = 0, 7, 27, 3, ..., —7, =27, —3m, ...

e when cosx =0, cotx

31 br —m =37

The values of z where this happens are x = )G g Ty Ty

N[N

Putting this together with a table of values similar to the one we did for y = tan z,
we get this graph of y = cot z:

-3 7T —

N[y
____________:__’____________.
|w
N
pu ]
w
pu |

e e e e e = N\ e e e e e e — -
N
|
m|°’
|
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6.5. Graphs of cosecant, secant and cotangent

Summary

Y = CsCx

Y = secw

Yy =tanx

NN

w
N}
NI~

DL

o

0,
N

N |:1
|
o i‘, y

TTTNR[TTTTTTTTTTTTTTTTTT

(15

For each of these functions, there are dashed vertical lines called asymptotes which
the graph does not cross (the graph appears to “merge” into the asymptote but
never actually touches it). Here are the essential properties of these functions,

which are reflected in the crude graphs drawn above:

PLACES PIECES OF
WHERE GRAPH THE GRAPH
LOCATIONS OF CROSSES ROUGHLY
FUNCTION ASYMPTOTES x-AXIS PERIOD LOOK LIKE
Yy =cscx x=0,m, 27, ... None 2w parabolas
r=-—m,—2m,—3m,...
(where sinz = 0)
y = secw v = ﬂg, _%:, 5%577 None 21 parabolas
T="%5"2 »72 >
(where cosz = 0)
y=tanx v=17%,30%% x=0,m,2m, ... T cubics
x=F, =% =8| o= —m, 27, —3m, ... going up from
left to right
(where cosz = 0) (where sinx = 0)
y = cotx z=0,7,2m, ... z=73,38,%28 . T cubics
T =—m, =21, =3m,.. | =35, =%, =20 going down from
left to right

(where sin x = 0)

(where cosz = 0)
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Chapter /

Trigonometric algebra

7.1 Elementary trig identities

Theorem 7.1 (Reciprocal identities)

1

0 = 0 = t0 =
e sin 0 Sec cos €0 tan 6
in 6 0 ! tan @
sin @ = cosf = anf =
csc sec 0 cot 0
Theorem 7.2 (Quotient identities)
0 0
tanf = Sl cotf = Cés
cos sin 6

Theorem 7.3 (Pythagorean identities)

sin®@ + cos?0 = 1 sec’f =1+ tan46 csc?f =1+ cot’d

Theorem 7.4 (Odd-even identities)

sin(—f#) = —siné cos(—0) = cosf tan(—60) = — tan 6

csc(—0) = —cscd sec(—0) = sec cot(—0) = —cot §

It is good to know these identities is that they allow you to simplify more compli-
cated trig expressions that may arise in a problem.
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7.1. Elementary trig identities

EXAMPLE 1
Write an equation for the

“ ‘? 4

in terms of 6, and simplify your answer:

Alternate forms of the Pythagorean identities

Consider the statement “3 4+ 5 = 8”. There are several ways to restate this fact, all
of which are equivalent:

There are also some incorrect ways to restate this:

Each of the Pythagorean identities can be rewritten in similar ways:

sin? @ + cos?6 = 1 sec’f =1+ tan’60 csc?0 =1+ cot? 6
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7.1. Elementary trig identities

EXAMPLE 2

If the following expressions can be simplified, simplify them. If they cannot be

simplified, do nothing.

tan?6 + 1
tan?6 — 1
1 —sec?d
sin? 6 + cos? 0
sec? ) — tan® 6
1+ csc?d
1 + cos® 6
1+ tan?6

1 —csc?6

Simplifying trig expressions

csc? § + sin? 0
cot?0 + 1
1 —sin%@
csc?f — 1
csc? § — sec? 0
1 — cos?0
sec?f — 1
cot?0 — 1

1+ cot? 6

tions.

Procedure to simplify a trig expression

1. Use odd-even identities to remove any — signs from inside the trig func-

2. If possible, simplify (part of) the expression using a Pythagorean identity.

3. Write whatever is left in terms of sines and cosines, using the quotient
and reciprocal identities.

4. Simplify using algebra.

EXAMPLE 3

Simplify each expression as much as possible, and write your answer so that no

quotients appear in the final answer.

a) tan#®cosd
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7.1. Elementary trig identities

b) cscfcosftand

tan(—0)

secd

1 — sin?(—6)

d) 1+ cot?(—6)
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7.1. Elementary trig identities

Verifying identities

Suppose you are given a weird looking equation (or “identity”) involving trig
functions. To verify that the identity is true, work out both sides in terms of sines
and cosines, using algebra to simplify when possible, and check that both sides
work out to the same thing. Until you know the sides are equal, don’t claim they
are equal by writing a “="".

EXAMPLE 4
Verify that each equation is an identity:

tan 0
sec 6

=sind

b) sin®z(1+ cot’z) =1

0 0
9) VST fan?0 41
cot 0
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7.2. Sum and difference identities

7.2 Sum and difference identities

We have seen several times in this course that if a and /3 are two angles, then in
general,
sin(a + ) # sina + sin 3

(and similarly for cosine, tangent, secant, etc.)

QUESTION
Can you figure sin(a + ) from sin a and sin 5?

ANSWER

1. DO NOT DISTRIBUTE: sin(« + /3) # sin « + sin 3, etc.
2. Itis doable to evaluate expressions like sin(a + /), but

3. to evaluate expressions like sin(a + /), you have to use identities you should
look up. These identities will be given to you on any quiz or exam. They do
not need to be memorized.

Theorem 7.5 (Sum Identities)

sin(a + 3) = sin acos 3 + cos asin 3
cos(a + ) = cosacos 5 — sin asin

tan a + tan 3
t =
an(e + f) 1 —tanatan g

Theorem 7.6 (Difference Identities)

sin(aw — ) = sinacos f — cos asin 3
cos(aw — ) = cos acos f + sinasin 3

tan( 8) tan o — tan
an(a — §) =
1+ tanatan 8

The next few pages give some examples of how we apply these identities.
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7.2. Sum and difference identities

EXAMPLE 5

a) Find sin(a + f) if a is in Quadrant II, § is in Quadrant I, sina = g and
2

sin 3 = 3

<

dh
NI

b) Compute tan(a — ) if tana = 2, tan § = 3, sina < 0 and cos > 0.

<

Al
NI
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7.2. Sum and difference identities

c) Compute the exact value of sin 165°.

d) Compute the exact value of cos 15°.
Solution: Think of 15° as 60° — 45°. Then

cos 15° = cos (60° — cos 45°)
= cos 60° cos 45° + sin 60°sin45°  (by the difference identity)

_1 V2 V3 V2
5 2 T
ﬁ%
T T
:\/§+\/6
)

4
e) Find the exact value of sin(a + 60°), if sina = 9 and cos o > 0.

Solution:

sin(a 4 60°) = sin awcos 60° + cos asin 60°  (by the addition identity)

;l ;—l—(cos.a)\é§
4 1, /65 V3
9279 2
4 /195
"1 s
|4+ V195
B 18
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7.3. More identities

7.3  More identities

Earlier we learned that trig functions do not respect multiplication and division,

ie.
0 6
sin 26 # 2sin 0 cos — # co8
2 2
QUESTION
ol

How can you simplify /rewrite expressions like sin 26 or cos 57

ANSWER

1. DO NOT PULL THE CONSTANT OUT: sin 20 # 2sin 0, etc.
2. Itis doable to evaluate expressions like sin 20, but

3. to evaluate expressions like sin 26, you have to use identities you should look
up. These identities will be given to you on any quiz or exam. They do not
need to be memorized.

Theorem 7.7 (Double-angle Identities)

sin 260 = 2sin 6 cos 0
cos20 = 2cos’0 —1=1—2sin’6 = cos® 6 — sin’ 0
2tand

tan20 = ———
an 1 —tan?4

Theorem 7.8 (Half-angle Identities)

singzi /1 — cos 6
2 2
0 1+ cosé
R bl Bttt
C082 \/ 5

6 1—-cost
tan—- = ——
2 sin 0
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7.3. More identities

EXAMPLE 6

a) Compute sin 26, if sinf = 2 and cosf < 0.

b) Compute the exact value of sin 22.5°.

Solution:

sin 22.5° = sin

e[S

45° B 1 — cos45° B
2\ 2 N

c) Express cos 36 in terms of trig functions of angle 6.
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7.3. More identities

Last, here are some more identities that allow you to convert between sums of
trig expressions and products of trig expressions. They are occasionally used in
acoustics and the study of waves (light waves, sound waves, radio waves, etc.),
but if you ever needed one of these identities, you’d just look it up (in fact, your
professor doesn’t even know these off the top of his head... that said, he is aware
of their existence and you should be too).

Theorem 7.9 (Sum-to-Product Identities)

sina—l—sinﬁ’:QSina;—Bcosa;ﬂ
: : at+f . a—f
sina — sin § = 2 cos 5 sin 5
cosa+cosﬁ—2cosagﬁcosagﬁ
. a+fB  a-=p
cosa — cos f = —2sin 5 sin 5

Theorem 7.10 (Product-to-Sum Identities)

sinasin § = ; [cos(aw — B) — cos(a + )]

cosa cos 3 = ; [cos(a — 3) + cos(a + ()]

sin o cos B = ; [sin(a — 8) + sin(a + B)]
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Chapter 8

Homework exercises

Here are a couple of codes that I use to label homework exercises throughout
these notes:

[NC]: you should be able to do this problem without a calculator.

|OPT|: this exercise is essentially a repeat of a previous exercise, so you can
skip it if you haven’t had difficulty with the previous question(s)

8.1 Chapter 1 Homework

§1.1: What is allowed? What isn’t allowed?
In Exercises[I}8] perform the indicated operation, and simplify if possible.

a T 180
1. 1+ - o
b 6
9 T
P 6. —
2.1 ( 7) 3 "
1 2
7. L
3.3 g
. . 5
4. 20 — Y
0 180 2
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8.1. Chapter 1 Homework

In Exercises 920, classify each statement as TRUE or FALSE (remember that in
math, for a statement to be true means that it must be true no matter what you
plug in for the variables):

9. (x—2)*=a*-22 13. (42)* = 4a? 17. 5+ 2* =5+ (2?)
10. 3%2® = (32)?  [2_Y5 18. 62 =12
3 V3
8§ 11
1.3+ -=— 15. 6z = V6 /T 19. 22 = (V)
3 3
12 Ve—T1=ya-v1 16 5 == 20. (24) = 22

Answers

IMPORTANT: I did the answers to all my homework problems by hand; so it is
possible that they contain errors. Extra credit can be earned by bringing mistakes
to my attention.

4

1. 1+Z: 6. gﬂrz ?ﬂ 12. FALSE
13. FALSE
(2 7 2 |6 14. TRUE

2.17—?:_5 7_§_35
3 15. TRUE

1 T

3. & =~ g & _|1 16. TRUE

2 9 z 3
¢ 2 17. TRUE
420 1% _ g 9. FALSE 18. FALSE
10. TRUE 19. TRUE

180

5. %7 = 11. FALSE 20. TRUE

§1.2: Solving basic equations

1. Solve each equation for z:
a) Sx =54 Q) Tz —5=23x+17
8
b) bx —3=4(x + 1) d) z+ .63 =3(z—.35)+.1
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8.1. Chapter 1 Homework

N

. Solve each equation for /z:

a) 5T +2 =37

W

. Solve each equation for “cos z”:

a) 182 =52+ 172 — 2(5)(17) cos =

W

. Solve each equation for z:

a) 22 =64
b) 22 + 5z = 36

4. a) x =48
b) x=-9,z=4

35
= — = 3.18182

11

o7
b =—=4.0714
) x 11 07143

5. a) x

6. a) sinz = .325447

b) sinz = .4268

b) 7(yT —5) = 11(3 — 2/7)

b) 352 = 18% + 15% — 2(18)(15) cos =

Q) 22+ (3)2=1
d) (8.25)2 + (7.5)% = 2

5. Solve each equation for z:
x z 4
V5 1 995 %
T 19 3 8
b = — d =
) 20 —3 24 ) x+2 7
6. Solve each equation for “sin z”:
2) sinz  .745 b 22 45 458  sinz
83 19 sinz  .873 186  25.3
Answers
11
1. a) r=144 b) =7 c)x:?:5.5 d) z=.79
2 &) E=T b) vi=oo
-1 —169
3. a) cosx = 7 = —.0588235 b) cosz = T = —1.25185

) z = =+.953939
d) z=+11.1496

c) x = =6
5
d = - =
) x 3 675

¢) sinz = .622978
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8.1. Chapter 1 Homework

§1.3: Functions

1. Determine which one or ones of the following graphs represent func-
tions:

d) ( e)
A

2. Let h be the function which takes input z, multiplies the input by 10,
then subtracts 15. Write the formula for , and compute h(6).

3. Let f(z) = 3z — 1 and let g(z) = 2% + 1. Compute each of the following

quantities:
a) f(2) o) 4f (3) e) 3+ ¢(6) 8) f(5) +g(5)
b) g(—3) d) g(t) f) f(2z) h) f(3) —g(4)

4. Let f be the function defined by f(z) = 22 — 3. Compute each of the
following quantities:

a) f(1) g 1-/(2)

b) f(=3) h) 2f(4)

o f(1-2) i) f(2)4

d) f(1) - f(2) j) 41(2)

e) f(1)+ f(=2) k) f(2-4)

f) f(1) -2 D) 27(3) =5f(1)

5. Let g be the function defined by g(z) = z? — z. Compute each of the
following quantities:

a) g(3) c) 29(3) e) g(—2) +4
b) g(2-3) d) g(—=2+4) f) g(=2-5)—20
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8.1. Chapter 1 Homework

6. Let dog be the function defined by the following procedure: if the input
x is odd, then dog x = x + 1. If the input z is even, then dog = = =z — 1.
Compute each of the following quantities:

a) dog 3 g) dog 7 + dog 3 m) dog (5) -3
b) dog 4 h) dog (7) + dog 3 n) 3 dog5

c) dog (7+ 3) i) dog (7) + dog (3) o) dog 4*

d) dog7+3 ) 7+3 p) dog?*4

e) dog (7) +3 k) dog5 -3 q) dog (4?)
f) 3+dog7 1) dog (5-3) r) (dog 4)?

7. Let boat x = 42 — 1. Compute each quantity:

a) boat 2 d) 2boat 31
b) 3 boat 4 e) 4 boat 5 + boat?2
c) boat?3 f) boat?3?

8. a) If you know tag v = 4, does the expression tag x — 3 simplify? If so,
how?

b) If you know x = 4, does the expression tag « — 3 simplify? If so, how?

c) If you know tag x = 4, does the expression tag (z — 3) simplify? If so,
how?

d) If you know z = 4, does the expression tag (x — 3) simplify? If so, how?
9. a) If you know = = 2, does the expression pop = — 3 pop (z + 1) simplify?
If so, how?

b) If you know pop =z = 2, does the expression pop = — 3 pop (z + 1)
simplify? If so, how?

¢) If you know pop z = 2 and pop (z + 1) = 5, does the expression pop
x — 3 pop (z + 1) simplify? If so, how?

d) If you know z = 2, does the expression pop ?z + 1 simplify? If so, how?

e) If you know pop = = 2, does the expression pop %z + 1 simplify? If so,
how?

f) If you know pop 2z = 2, does the expression pop %z + 1 simplify? If so,
how?

g) If you know pop %z = 2, does the expression pop ?(z + 1) simplify? If
so, how?
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8.1. Chapter 1 Homework

2
10. a) Substitute z = 3 into the equation in z+ out z = 2.

) ) 2, ..
b) Substitute in x = 3 into the equation in 2+ out z = 2, and solve for out

x.

: . 2. L
¢) Substitute in z = 3 into the equation in 2z+ out %z = 2, and solve for

out z.

2
d) Substitute in 2z = = into the equation in 22+ out 22 = 2, and solve for
3 q

out z.

Answers

1. (a), (c) and (e) are functions.

2. h(z) =10z — 15;

h(6) = 45.
3. a) f(2)=[5]
b) g(-3) =[10]

4. a) f(1)=[-1]
b) f(=3)=[-9]
0 f(1-2)=f(-1)=
d) f(1) - f(2)=-1-1=[-2]
e) f(1)+ f(=2)=—1+(-7)=
f) f(1)—2=-1-2=[-3]
5 a) g(3)=[6]

6. a) dog3:
b) dog4:
¢) dog (7 +3) = dog 10 =[9]
d) dog7+3=8+3=[11]
e) dog (7) +3=8+3=|11]
f) 3+dog7=3+8=[11]

e) 3+ g(6) =3+37=[40]

f) f(2z) =6z —1]

g) f(5)+g(5) =14+26 =[40]
h) f(3) -~ g(4) =817 =[-9]
g 1-f(2)=1-1=[0]

h) 2f(4) = 2(5) =[10]

i) f(2)4=1-4=[4]

) 4f(2)=4-1=[4]

k) f(2-4) = f(8) =[13]

) 2£(3) = 5f(1) = 2(3) = 5(~1) =

d) g(-2+4) = g(2) =[2]
e) g(—2)+4=6+4=[10]

f) g(—2-5)—20 = g(—10)—20 = 110—20 =

g) dog7+dog3:8—|—4:

h) dog (7) + dog 3 = 8 +4 =[12]
i) dog(7)+dog(3)=8+4:
i) 7+3=[10]

k) dog5-3=dog15=16]

1) dog (5-3) =dog 15 =16]
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8.1. Chapter 1 Homework

m) dog (5)-3=6-3=|18]

n) 3dog5=3-6=|18]

0) dog4? =dog4-4 =dog16 =[15]
a) boat2 =4(2) —1=[7]

b) 3boat4 = 3[4(4) — 1] = 3[15] = [ 45|
c) boat?3 = (boat 3)% = (11)? =| 121

p) dog?4 = (dog4)? =32 = @
q) dog (4?) = dog 16 =
1) (dog4)? =3%=[9]

d) 2boat 31 = 2(boat 1) = 2(3)3 = 2(27) =

e) 4boat 5+ boat?2 = 4[4(5) — 1] + (boat 2)? = 4[19] + 7% = 76 + 49 =
f) boat?3? = boat?9 = (boat 9)? = (35)% =

a) tagw—3:4—3= e) 22—1—1:

2 9 2+1=[3

c) Doesn’t simplify

d) 10.

a) ‘pop2—3pop3‘

b) ‘273pop(x+1)‘

) 2-3(5) =
d) |pop?2 + 1

g) Doesn’t simplify
2 2 _

a) 1n§+0ut§ =2

b) 2+outz=2;

4

0utx=§

9) (%)2 +out 2z = 2;
outx = :I:g
d) %—i— out 2z = 2;

— 12
ou’f:Jc—j:\/g

201



8.2. Chapter 2 Homework

8.2 Chapter 2 Homework

§2.2: Linear measurements

1. A ball begins at position 5 in on a number line, rolls forward and back-
ward for a while, and ends up at position 2 in. What is the displacement of
the ball?

2. Suppose the displacement of a projectile shot upwards is 72.35 ft.
a) If the projectile was launched at a height of 5.88 feet, what is its height
after it is shot upwards?
b) If the projectile ends up at a height of 105.22 feet, what was its initial
height?
3. A skier skis downhill at 95 feet per second.

a) How far does the skier ski in 35 seconds?
b) How long would it take the skier to ski 3000 feet?

4. A cheetah runs at a constant speed; in 5.5 seconds the cheetah runs 293.7 feet.

a) What is the velocity of the cheetah, in feet per second?
b) What is the velocity of the cheetah, in miles per hour?
¢) How far will the cheetah run in 15 seconds?

d) How long will it take the cheetah to run one-tenth of a mile?

5. a) Convert 12 m to centimeters.

b) Convert 17 miles per minute to feet per second.

6. a) Convert 18 feet to meters, assuming 2.54 cm equals one inch.
b) Convert 42.5 Ib ft to Newton meters, assuming 1 1b is 4.4482 Newtons
and 2.54 cm is one inch.

7. A LEGO drawing unit (LDU) is used to measure the dimensions of LEGO
creations in terms of the sizes of standard LEGO pieces. Other LEGO units
of measurements are bricks, plates and snots. One brick equals 15 LDU, one
plate equals 5 LDU, and one snot (yes, that’s a thing) equals 3 LDU.

a) How many bricks equal 18 LDU?
b) How many snots equal 90 bricks?
¢) How many plates equal 10 snots?

d) How many bricks per plate are there in 72 snots per brick?
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8.2. Chapter 2 Homework

8. An alien race measures distances in two units: jorts and korts; they measure
time in two units: peas and queues. 270 jorts equals 19 korts, and 532 peas
equals 37 queues.

a) The distance between two alien homes is 12 korts. How many jorts is
this distance?

b) If an alien spaceship travels at a speed of 2640 jorts per pea, what is its
speed in jorts per queue?

c) If an alien crawls along its planet at a speed of 15 jorts per queue, what
is its speed in korts per pea?

Answers
1. —3in b) 1496 ft/sec
2. a) 78.23ft 6. a) 5.486m
b) 32.87 ft b) 57.622 Nm
3. a) 3325t 7. a) 1.2bricks
b) 31.58 sec
b) 450 snots
4. a) 53.4ft/sec
c) 6 plates
b) 36.41 mi/hr
o) 801 ft d) 4.8 bricks per plate
(a.k.a. 9.887 sec) b) 37958.9 jorts/queue
5. a) 1200 cm c) .0734 korts/pea

§2.3: The coordinate plane
1. Graph the of the following points on the same coordinate plane:
(0,5) (=3,-2) (4,2) (=3,0) (1,-6) (=25 (0,-2)

2. [NC]

a) What quadrant is the point (2, —7) in?
b) What quadrant is the point (—v/2, —/5) in?
c) If a point is located below the z-axis, what quadrant(s) might it be in?

d) If a point is located to the left of the y-axis, what quadrant(s) might it be
in?

e) If a point has negative z-coordinate but positive y-coordinate, what quad-
rant(s) might it be in?
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8.2. Chapter 2 Homework

f) Suppose (z,y) is a point, not on the z- or y—axes, such that % is positive.
What quadrant(s) might (z, y) be in?
g) Which coordinate axis is the point (0, —2) on?

3. [NC]

a) What is the distance from (—3, 5) to the z-axis?
b) What is the distance from (6, 3) to the y-axis?

4. [NC]

a) If you start at (2, 7) and go left six units, where are you?
b) If you start at (4, —7) and go up five units, where are you?

c) If you start at (5, —3), go up six units, right three units and then down
two units, where are you?

d) If you start at (—3,1), go down four units and left two units, where are
you?

5. Sketch a crude graph of each line:

a) y==x ) y=—2z e) r =2
1 T
bly=3e d) y=-3 fy=7-2

6. Sketch each of these vectors in standard position:

a) The vector v shown in the picture below:

-2 2\4 6 8
L2
-4

b) The vector w which can be drawn so that it starts at (1, —3) and
ends at (—4,0).

C) The vector u = (3, —2).

7. Determine the components of vector w, if w has terminal point (2, —6)
and initial point (2, 2).
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8. Determine the components of vector a, if a can be drawn so that it begins
at (3,7) and ends at (8, 9).

9. Use the picture of vector v given in the figure below to answer the ques-
tions that follow.

4
3
2
1

,57%1
vV

-3
-4

12345

a) What is the initial point of v, as drawn above?

b) What is the terminal point of v, as drawn above?

c) What are the components of v?

d) If v were drawn so that it started at (3, 5), where would v end?

e) If v were drawn so that its terminal point was (—4, 0), where would its
initial point be?

Answers

’ d) (~5,-3)
(-29) 6 (0,5)

6 units b)
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2
<) -4 -2 2 4
-2
-4
4
2
d) -4 -2 2 4
-2
-4
4
2
e) -4 -2 4
-2
-4
4
2
f) -4 @ 2 2 4

-4

§2.4: Vector operations

a) \4
-9
w 3
b) -
Q) 3
-2
u
7. w=(0,-8)
2
a) (3,2)
b) (—4,-2)
c) (—7,—4)
d) (—4,1)
e) (3,4)

1. A leaf is blown around on a concrete pad; at first, it is blown by the vector
v = (2.65,4.92) and then by the vector w = (9.33,5.04).

a) What is the total displacement of the leaf?

b) Sketch a picture that represents the motion of the leaf in terms of vectors
(assuming the leaf started out at the origin).
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2. A caterpillar crawls around on an (z, y)-plane, starting at the point (3, 8).
The caterpillar moves first by the vector (2, —5), then by the vector (1,4), and
then by the vector (—6, 3).

a) Sketch a picture that represents the caterpillar’s motion.
b) Where does the caterpillar end up?
c) What is the total displacement of the caterpillar?

d) If the caterpillar started at the origin and moved the same way, where
would it end up?

e) If the caterpillar started at the point (—5, —4) and moved the same way,
where would it end up?

f) If the caterpillar moved in this way and ended up at the point (7,0),
where would it have to have started?

3. Compute each indicated quantity. Then, draw a picture to illustrate
what you have just computed:

a) (7,3) + (2,9) d) — (=3,5)
b) §<4, _3) e) 3(1,2) —4(0,2)
Q) 2(—5,—6) f) —3(10,-3) + (9, 5)

4. Throughout this problem, let x = (2,—-7), let y = (5,1) and let z =
(—3,—2). Compute each indicated quantity:

a) 4x C) X+z e)y—l—%z
b) —y d) 3x —2y f) x — 2y +z

5. Throughout this problem, let i = (5.35, —2.18), let j = (11.31,14.59) and let
k = (—9.82,17.78). Compute each indicated quantity:

a) 3.42j ¢) 2i+5j— 7k
b) —.8k + 3.2i d) 1.6(i+j) — 5.7k

6. In this problem, consider the vectors u, v and w pictured below, at left.
Copy that picture of u, v and w, and then sketch each of these vectors on that
picture:

a) 2u ) iw e) 3u—v

b) —3v d) u+w f) 2u+v-—w

207



8.2. Chapter 2 Homework

7. In this problem, consider the vectors a, b and c pictured above, at right.
Copy that picture of a, b and c, and then sketch each of these vectors on that

picture:
a) %b c)a+c e) —2c
b) c—a d) a+2b f) 3b —2c

8. In this problem, consider the vectors j and k shown on the next
page. Copy that picture of j and k, and then sketch each of these vectors on
that picture:

a) j+k e) 0k

b) k —j f 1

Q) j—k 4
2

d) 3j g) 2J—§k

9. Compute each indicated dot product:

Y

a) (2,-5)-(3,—1) c) (0,8)-(—3,—4)
b) (=1,7)-(4,2) d) (3,4)-(8,1)

10. Throughout this problem, let u = (1.3, —1.5), let v = (2.5,.7) and let w =
(3.1, —.2). Compute each indicated quantity:
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a) u-w
b) 3u-v

<)

d)

(u—w)  (u+v)

v (3u+ 5w)

11. Suppose (a,5) - (—3,6) = 0. What must a be?

12. A box is moved so that its displacement is (17.25,28.5) meters. If the force
applied to the box is (50, 10) Newtons, compute the work done by moving
the box in this way.

13. Two people push a stone. The first person applies a force of (87, 62) Newtons
and the second person applies a force of (53,71) Newtons. If the stone is

moved from (15, —35) to

(183, 127), with the distance measured in meters,

compute the work done in moving the stone.

Answers
1. a)

b)

2 a)

b)

(11.98,9.96)

12
10

VAW

N A O @©

-2 2.4 6 8 10:12

=2 2.4.6.8.10:12

11,—11)
38.68, 49.898)
24.976, —21.2)
135.99, —55.87)

(=
(
(
(=
(
(=
(—
(-~
(
(=
(
(
(
(82.63, —81.49)
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10.

11.

"'_‘_2‘u+v—w
e
N
A

~..

“l".“—2c

3b72c',f"/ \"‘._

\

Note: in part (d) of # 7, a + 2b is the zero vector, so there’s nothing to draw there except the
point at the origin.

.
k-j S~

j+k
/4

Note: in part (e) of # 8, Ok is the zero vector, so there’s nothing to draw there except the point
at the origin.

a) 11 b) 10 c) —32 d) 28
a) 4.33 b) 6.6 ) —5.8 d) 44.65
a=10 12. 1147.5] 13. 45066 ]
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§2.5: Angles

1. a) Convert 3.8275 revolutions to degrees.
b) Convert 1055° to revolutions.
¢) Convert —157° to revolutions.
2. A grad is another unit of angle measure, defined so that there are 100 grads
in a right angle.
a) How many grads are there in one revolution?
b) Convert 295.3° to grads.
c) Convert 735.8 grads to revolutions.
3. Suppose you rotate clockwise by 35°, then counterclockwise by 20°. What is
the total measure of your rotation (in degrees)?
4. a) Compute the measure of angle o, in the picture below at left.
b) If ais as in part (a), what is the measure of —a?
¢) Compute the measure of angle ¢, in the middle picture below.
d) If 6 is as in part (c), what is the measure of 36?

e) Compute the measure of angle v, in the picture below at right.
5
f) If v is as in part (e), what is the measure of 37~ 75°7?

g) If v is as in part (e) and v + 6 makes one revolution, what is §?

5. Angles § and  are supplementary. If a = 26°, what is the measure of /?

6. Angles ¢, and 6, are complementary. If §; = 53°, what is the measure of
0, — 05?

7. What is the measure of the complement of a 90° angle?

8. What is the measure of the complement of 120° angle? How about the sup-
plement of a 324° angle?
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9. In the picture below at left, compute z.

4x°
(7x-24)° / (3x+36)° (3x+15)° (2x+10)°

10. In the picture above at right, compute the measures of the three angles shown.
11. Angles (4x — 19)° and (2z — 23)° are supplementary. Compute z.

12. This figure shows a slanted walkway with a handrail. ¢ is the angle between
the walkway and the horizontal, and ¢ (“phi”) is the angle between the walk-
way and a beam that holds up the handrail.

)

a) Are 0 and ¢ complementary?
b) Are 6 and ¢ supplementary?

c) If § = 16°, what is the measure of ¢?
13. Suppose that a gear rotates at 12 rpm (revolutions per minute).

a) What is its angular velocity in degrees per second?
b) Through what angle does the gear rotate in .325 seconds?
c) How long does it take the gear to rotate through an 116° angle?

14. A flywheel rotates through an angle of 850° every 3 seconds.

a) What is its angular velocity, in degrees per second?
b) Through what degree does the flywheel rotate in 40 seconds?
c) How long does it take the flywheel to rotate through 45°?

d) How many revolutions does the flywheel make in 2 minutes?

15. Determine whether the given angle is acute, obtuse, right or reflex:
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a) b7°
b) 128°

c) 90° e) 259°
d) 35° + 28° + 44° f) 36°

16. Determine which one or ones of the following angles is quadrantal:

a) 60°
b) 0°

Answers

W

¥ % N o @

1377.9°
2.93 rev
—.436 rev

a)
)
)
a) 400 grads
)
)

b

C

b) 328.111 grads
c) 1.8395 rev

—15°

—30°; —144°
r = 16.8°

c) 450° e) 240°
d) 330° f) 270°

10. 66.666°, 68.888° and 44.444°
11. z =37°
12. a) Yes
b) No
c) ¢ =T74°
13. a) 72°/sec
b) 23.4°
c) 1.611 sec
14. a) 283.333°/sec
b) 11333.3°
¢) .1588 sec
d) 94.44 rev

15. a) acute
b) obtuse
c) right
d) obtuse
e) reflex
f) acute

16. (b), (c), and (f) are quadrantal.
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§2.6: Solving angle pictures

1. In the picture below at left, find the value of z, and find the measure of the
angle marked 6.

hS

2. In the picture above at right, assume the two lines that look vertical are ac-
tually vertical, and assume that the distance from A to C is the same as the
distance from A to B. Find the measures of the angles marked 6, 3 (this is
“beta”) and ¢ (this is “phi”):

3. In the picture below at left, assume lines [ and m are parallel. Find the mea-
sures of the angles marked «,  and 0 (these are “alpha”, “beta” and “delta”):

14.5

63°
74 R

B

4. In the picture above at right, assume lines AC and BC are perpendicular.

a) Find the measure of the angle marked ¢.

b) Find the measure of angle B.

5. In each picture, find the measure of the angle marked A:

x+42°

b)

2x+24°
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6. One angle of a triangle measures 125°. The other two angles differ in measure
by 17°. What is the measure of the smallest angle of this triangle?

7. Two angles of a triangle are of equal measure. The third angle is one-third
the measure of each of the other two. What are the measures of the angles of
this triangle?

8. In each part of this problem, you are given the side lengths of the three sides
in a triangle. Classify the triangle as equilateral, isosceles (meaning isosceles
but not equilateral), or scalene:

a) a=14,b=12,c=11 b) a=9,b=7,¢c=9

9. In each part of this problem, you are given the angle measures of two of
the three angles in a triangle. Classify the triangle as equilateral, isosceles
(meaning isosceles but not equilateral), or scalene:

a) A=72°, B =36 b) A= 44°, B = 82°
Answers

1. z =24°; 0 = 137.75°; 6. 19°

0 =102° p=42.25° 7. 77.14°,77.14° and 25.72°
2. =28 4. a) ¢=63° 8. a) isosceles

0 = 24°; b) 4B =27° b) scalene

¢ = 64° 5. a) 62° 9. a) isosceles
3. a=137.75°; b) 62° (xis 19°) b) scalene

§2.7: Pythagorean Theorem

1. In each part of this problem, you are given the angle measures of two of the
three angles in a triangle. Classify the triangle as acute, right or obtuse:

a) A=105°,C = 18° c) A=44°, B =37°
b) B =82°,C = 30° d) Q =28°, R =62°

2. In each triangle shown below, determine the distance marked with a “?”:

? 61

48 ?
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W

. In each triangle shown below, determine the distance marked with a

“uQ,

2 3 : V7 ?

2 ? 4

4. In the figure from Exercise |4f from the homework exercises from Section 2.6,
find AC (this is the distance from A to C).

5. a) The two legs of a right triangle measure 12.5 and 19.3 inches. Compute
the length of the hypotenuse.

b) A right triangle has one leg of length 80 ft and a hypotenuse of 92 ft.
Compute the length of the other leg.

6. In each part of this problem, you are given the lengths of the three sides of a
triangle. Classify the triangle as acute, right or obtuse.

a) a=19.3,b=40.7, c = 45.8 ) z =133,y = 205, z = 241
b) p=16.5,q =22, r = 27.5 d) g=.31,h=.43i=.55

7. Compute the magnitude of (—6,11). Then, draw a picture to illustrate what
you have just computed.

8. Letw = (8,5.5). Compute |[w|, and then draw a picture to illustrate what you
have just computed.

9. Compute the magnitude of the vector v = (6.35, —2.84).
10. Let v = (—13.75, —19.2). Compute |v|.

11. If |v| = 3, what is [4v|? What about | — 6v|? What about |5v|?
Answers
1. a) obtuse b) right ¢) acute d) obtuse
2. 50;56.5 5 V32 V106 . 4. 16.279

3 37
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5. a) 22.994 in

6. a) acute b) right

7. VIBT=1253 |54,

\O

. |v| = 6.956

11. |4v| =12;| - 6v| = 18;

5"

1
-V
2

§2.8: Standard position of an angle

1. Sketch each of these angles in standard position:

a) 70° c) 152°
b) —105° d) 402°

b) 45.431 ft
c) obtuse d) acute
55
8. |w| =9.708 9708
X~ 8
10. |v| = 23.616
e) —750° g) —5°
f) 270° h) 280°

2. Estimate the measure (in degrees) of each of these angles:

a) 77—

b)

Q) — b=

0~
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3.

8.

Here is a picture of some unknown angle ¢, drawn in standard position:

Use this picture to sketch each of these angles in standard position:
a) 20 c) 64 25°
b) 6 —90° d) —36

Suppose (2,5) is a point on the terminal side of #, when 6 is drawn in
standard position.

a) Estimate the coordinates of some point on the terminal side of 26.

b) Estimate the coordinates of some point on the terminal side of § — 90°.

: Suppose (—7,—1) is a point on the terminal side of 6, when 6 is drawn

in standard position.

a) Estimate the coordinates of some point on the terminal side of 6 + 45°.

b) Estimate the coordinates of some point on the terminal side of 360° — 6.

1
c) Estimate the coordinates of some point on the terminal side of 59.

d) Estimate the coordinates of some point on the terminal side of —6.

For each given angle, you are to find another angle that is coterminal with
the given one, where your angle is between 0° and 360°:

a) 1053° b) —115° c) 604°
For each given angle, you are to find three angles that are coterminal with

that angle. There is a catch: at least one of your angles must be positive, and
at least one must be negative.

a) 777° b) 45° c) —420° d) —20000°
a) Find an angle in Quadrant I that is symmetric with 190°.
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b) Find an angle in Quadrant II that is symmetric with —63°.
¢) Find an angle in Quadrant III that is symmetric with 105°.
d) Find an angle in Quadrant I that is symmetric with 299°.

9. For each given angle, find four angles, one in each quadrant, that are sym-
metric with the given angle:

a) 152° b) 299° c) —123° d) 16°

10. Suppose (4, —5) is a point on the terminal side of §, when 6 is drawn in
standard position.

a) What are the coordinates of a point on the terminal side of 180° — 6?
b) What quadrant is —6 in?

c) What are the coordinates of a point on the terminal side of § + 180°?
d) What quadrant is § — 180° in?

e) What are the coordinates of a point on the terminal side of 360° — 6?
f) What quadrant is ¢ + 720° in?

g) What are the coordinates of a point on the terminal side of 360° + 6?
h) What angle, in terms of 6, is the point (4, 5) on the terminal side of?

11. Suppose (z,y) is a point on the terminal side of angle §, when 6 is drawn
in standard position. For each angle given below, give the coordinates (in
terms of x and/or y) of a point on the terminal side of that angle:

a) —0 c) 360° — 0 e) 180° + ¢ g) 540° 40
b) 180° — 0 d) 540° — 6 f) 360° + 0 h) 720° + 6

12. For each given angle, compute its reference angle.

a) 152° b) 202° c) 251°
13. Suppose (—8, 3) is on the terminal side of 3, when 6 is drawn in standard
position.

a) What quadrant is 3 in?
b) What are the coordinates of a point on the terminal side of 90° — 3?
¢) What quadrant is 90° — 3 in?

d) What are the coordinates of a point on the terminal side of 180° — 3?
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e) What are the coordinates of a point on the terminal side of 270° — 3?

14. Suppose that (3,4) is on the terminal side of a 53.1° angle, when that
angle is drawn in standard position.
a) For what angle 6 is (3, —4) on the terminal side of 6?
b) For what angle # is (—3,4) on the terminal side of 6?
c) For what angle ¢ is (4, 3) on the terminal side of 6?
(=

3
d) For what angle 6 is (—4, —3) on the terminal side of §?

Answers

b) ; e)
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g)
2. a) —135° b) 80°
3. ) 20}\

b) ! 0—n/2

h) C\
c) 345° d) 530°
o ‘\9+25°
d \
) —0)2

4. Answers can vary here; anything close to any multiple of what I wrote is fine.

a) (—9.5,9)

b)

(5, _2)

5. Answers can vary here; anything close to any multiple of what I wrote is fine.

a) (_37 _4) b) (_771)
6. a) 333° 8.
b) 245°
Q) 244°
7. Answers may vary here:
9.
a) 777°,57°, -303°
b) 45°,405°, —315°
) —420°, 300°, 660°
d) —20000°, 160°, —200° 10.

0)

a)
b)
c)
d)
a)
b)
0)
d)

a)

(—.7,10) d) (-7,1)

10°

117°

255°

61°
28°,152°, 208°, 332°
61°,119°, 241°, 299°
57°,123°, 237°, 303°
16°, 164°, 196°, 344°
(—4,-5)
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11.

b) I h) (z,y)
) (—4,5) 12.  a) 28°
d) I b) 68°
9 (45) o e
f) IV

13. a) I
g) (47*5) b) (3 —8)
h) —60 (360° — 6 is also OK) ’

c) IV

a) (z,—y)
b) (—z,y) 9 63)
) (z,~y) e (=3,8)
d) (-z,y) 14. a) —53.1° (306.9° is also OK)
e) (—z,—y) b) 126.9°
f) (z,y) ) 36.9°
g) (—z,—y) d) 216.9°

§2.9: Radian measure

1.

Suppose (178’ y) is a point on the unit circle. Find all possible values of y (in

this question, no decimals are allowed: give exact answers).

. Suppose (x,—.396) is a point on the unit circle. Find all possible values of =

(here, decimal approximations based on correct algebra are OK).

. Find the coordinates of all the points where the line y = x intersects the unit

circle.

Find the coordinates of all the points where the line y = —2z intersects the
unit circle.

. For each given angle, find the coordinates of a point on the unit circle at that

angle:
a) 90° c) 135° e) 225° g) —45°
b) —450° d) —180° f) 360° h) 270°

Compute the circumference of a circle of radius 3.8 cm.

In each picture below, you are given an angle, drawn in standard posi-
tion, together with a circle of radius 1. Use the picture to estimate the radian
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measure of the angle (your answer should be estimated to the nearest 1 ra-
dian):

(a) (b) ()

(d) ()
8. Convert each given angle to radians (a decimal approximation is fine):

a) 238.55° b) 23° c) —127.75° d) 80°

9. Convert each given angle to degrees (a decimal approximation is fine):

a) 2.784 b) —5.182 ¢) 1.65 d) 14.3

10. For each angle, draw the angle in standard position. Then convert the
angle to radians, giving an exact answer:

a) 300° ) —90° e) —120° g) 1080°
b) 60° d) 225° f) 135° h) 210°

11. For each given angle, draw the angle in standard position. Then convert
the angle to degrees, giving an exact answer:

5T —br —27
o7 e) —17w
2 9 8
T 197 T 137
b1 4 =5 b5 ) =5~

12. An angle measures exactly four and one-eighth revolutions and is measured
counterclockwise. Convert this angle to degrees and radians (decimal ap-
proximations are fine here).

13. An angle measures two and one-fifth revolutions and is measured clockwise.
Compute the exact number of degrees in this angle.
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14. Convert 26.405 radians to revolutions.

15. For each given angle, compute the reference angle. The answer should
be 30°, 45° or 60°.

a) 135° c) 210° e) 300°
5T 177w 8
or - ) — 20

b) 6 d) 4 ) 3

16. For each given angle, compute the reference angle. The answer
should be 30°, 45° or 60°.

a) T d) —30° g) —240°
4
—13m h) 16i
b) —150° e —, 6
. 157
c) 780° f) 525° i) 5
Answers
1oy =220 0 <_\/§\/§> ) —4.5
18 22 & 3
2.~ +.91825 d) (-1,0) o 8
272 e) T 8. a) 4.163
and (—ﬁ,—ﬂ> ) (1,0) b) 4014
2 2 NoaNG) ) —2.2297
4. (1,1> 8 (2’2) d) 1.396
51\/5 1 h) (0,-1) 9. a) 159.511
and <\/57—5) 6. 23.87 cm b) —296.907
5. a) (0,1) 7. a1 c) 94.538
b) (0,-1) b) —2 d) 819.33

10. I'm leaving off the pictures here (they are similar to # 1 from Section 2.8) and just giving the
conversions to radians:

Y 2
300° = =— —120° = — 2%
a) 3 e) 3
6o T 3
b) 60" =3 f 1350 = =
° Vs
c) —90° = —3 g) 1080° = 67
5m 7T
d) 225° = — h) 210° = —
) 4 ) 3
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11

12.
13.

14

15.

. I'm leaving off the pictures here (after converting to degrees, they are similar to # 1 from
Section 2.8) and just giving the conversions to degrees:

S5t

a) 5 = 300° e) —17m = —3060°
b T -5 f < =30
o9~ = 150 g =120
d) 197” =1710° h) 137” = 1170°
1485°; 25.91 radians 16. a) 45°
—~792° b) 30°
. 4.2025 rev c) 60°
a) 45° d) 30°
b) 30° e) 45°
) 30° f) 45°
d) 45° g) 60°
e) 60° h) 60°
f) 60° i) 60°

§2.10: Applications of radian measure

1.

Suppose the area of a circle is 15.85 square feet. Compute the radius of the
circle.

. Compute the length of a circular arc taken from a circle of radius 18 in, where

the central angle of the arc is 132.5°.

. Compute the length of a circular arc taken from a circle of radius 19.2 mm,

where the central angle of the arc is 1.85 radians.

Compute the area of a circular sector taken from a circle of diameter 225 m,
where the central angle of the sector is 18.25°.

. Suppose a circular sector has radius 14.8 inches and has area 115.7 square

inches. What is the measure of the central angle of this sector?

A rope is being wound around a spool with a radius of 9 inches. How much
rope will be wound around the spool if the spool is rotated through an angle
of 262°7?

The minute hand on a clock is 3.2 inches long. Assuming the clock works
properly, what is the distance travelled by the tip of the minute hand between
noon and 4 : 45 PM?
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8.

10.

11.

12.

13.

14.

15.

Dr. McClendon’s siblings are corn farmers who irrigate their land with a
center-pivot irrigation system (Google this if you don’t know what it is). If
one of their sprinklers has length 800 feet, and swings through an angle of
205°, what is the area of the land that this sprinkler irrigates?

. The video game character Pac-Man looks like this (when his mouth is open):

If the radius of Pac-Man is 3.5 cm and if Pac-Man’s mouth opens at a 70°
angle, find the perimeter and the area of Pac-Man.

A lighthouse has a rotating light that makes two full rotations per second.
What is the angular velocity of the light beam, in radians per second?

Compute the angular velocity of a bird flying around in a circle, if the bird
flies at 40 miles per hour and the radius of the bird’s flight path is .003 mi.

Suppose that a point on a rotating circle of radius 173 mm travels 2158 mm in
3 seconds. What is the angular velocity of the circle, in radians per second?

A bug is sitting on the edge of a wheel that has diameter 18 in. If the wheel is
rotating at 3.5 revolutions per minute, what is the linear velocity of the bug?
How far does the bug travel in 12 minutes?

Two gears are interlocked like the picture in Example 46 of Chapter 2 of my
lecture notes; in this problem, the smaller gear has radius 3.5 in and the larger
gear has radius 7.25 in. Suppose that the smaller gear is rotated at 75 rpm
(revolutions per minute).

a) What is the angular velocity of the smaller gear, in radians per minute?

b) What is the linear velocity of the smaller gear?

c) What is the linear velocity of the larger gear?

d) What is the angular velocity of the larger gear, in radians per minute?

e) Whatis the angular velocity of the larger gear, in revolutions per minute?
A bicycle works because of a chain that attaches a gear that is pedaled to a
gear that turns a wheel of the bicycle. Suppose the radius of the gear attached

to the pedal is 1.4 in, and the radius of the gear attached to the wheel is 5.2
in, and that the radius of the bicycle wheel is 20 in.
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8.2. Chapter 2 Homework

a) If you pedal the bicycle at 1 revolution per second, how fast will the
bicycle go (i.e. what will the linear velocity of the bike be)?

b) If you rotate the pedals of the bicycle by 1000°, how far will the bicycle

go?

Answers

—_
e

Y ® N o W N =

2.25 ft

41.63 in
35.52 mm
17.9169 m?
60.53°
41.155 in
95.504 in
1144936 sq ft

perimeter = 24.71 cm;

area = 31 cm?

41 ~ 12.566 rad/sec

11.
12.
13.

14.

15.

13333.3 rad/hr

4.16 rad/sec

v = 197.92 in/min;

the bug travels 2375.04 in in 12 min
a) 471.239 rad/min
b) 1649.34 in/min

¢) 1649.34 in/min
(same as the smaller gear)

d) 227.5 rad/min
e) 4.994 rpm
a) 33.8325in/sec
b) 29.5245 in
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8.3. Chapter 3 Homework

8.3 Chapter 3 Homework

§3.1: Unit circle definitions

1. Compute the exact value of each quantity:

a) Sjng f) tan90° k) tan0 p) cos 327T
b) sin 90° g) tan —o7 1) cos —97 q) cos —180°
¢) cos = h) cos900° m) tanm r) sin450°
2 . . —13r7 =97
d) cos2n i) sin n) sin —127 s) tan 5
e) cos720° j) cos270° 0) tan —270° t) cos 630°
2. Compute the exact value of each quantity:
a)3_281n5j f) sin7m + 7w
2
b) cos 180° — 4sin0 g) sin 180° — 4 cos 90°
4 5 )
¢) tan <7T + 2) h) cos <Z + Z)
d) sin —27 + tan _7” i) 1+ 3tan?1440°
e) 3sin®270° j) cos360°tan 180°
3. Compute the exact value of each quantity:
a) cos 3w e) cos4rm i) cos450° m) sin — 197
) ™ . °
b) tan ;)W f) tan 5 j) tan 540 n) cos —450°
c) sin 9 g) sin —90° k) sin _TW 0) cos 15m
T 3m 2
d) cos 5 h) tan 5 1) cos—270° p) sinbm
4. Compute the exact value of each quantity:
a) tan 107 sin 630° 5 Lim

e) —cosm — sin
b) 3sin2g— 5

f) 7tan —90°
_ —14r .
¢) cos0 — tan 277T g) cos sin
3
d) COS—5'% h) tan (;—g

8

2

)-n
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5. In each part of this problem, you are given a picture of an angle, drawn
in standard position. Use that picture to estimate the sine, cosine and tangent
of that angle.

' P | 1

N
BN

b)

L
i
\_‘/
B R
t
\:_/

L‘/ N // NG

6. Estimate each quantity by drawing a picture of the angle in standard
position.

a) sin 160° / | \ \
\ /

/E/ L TN

c) cos —20° / f) cos 760° / \
T | e
e i

7. In each part of this problem, you are given a trig equation. If the equa-
tion has a solution, estimate the degree measure of two different angles be-
tween 0° and 360° that solve the equation. If the equation is not possible to
solve, say so.
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a) sinf = —.1 d) sinf = —.85 g) cosf = .8 j) cost =20
b) tanf = —5 e) sinf = —1.3 h) tan6 = 20 k) tanf = .3
c) cosf =0 f) sinf =.9 i) cosf = .6 1) sinf = .3

8. In each part of this problem, you are given a picture with a quantity
marked with a “?”. Write a formula for the “?” in terms of the angle(s)
marked in the picture.

mgs?

»

9. For each given quantity, determine which letter A-F best describes each
quantity:

A.Dbetween —1 and —1/2 D. between 0 and 1/2

B. between —1/2 and 0 E. between 1/2 and 1

C. exactly zero F. not between —1 and 1
a) sin110° d) cos90° g) sin0°
b) cos —5° e) sin 257° h) sin 700°
¢) tan10° f) cos77° i) tan40°

10. For each given quantity, determine which letter A-F best describes each
quantity:
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A. a very negative number
B. a slightly negative number
C. exactly zero

a) tan 110°
b) tan —5°

c) tan 265°
d) tan —80°

D. a slightly positive number
E. a very positive number
E. the quantity doesn’t exist

e) tan270°
f) tan 180°

11. Suppose cost) = —i. What is cos(f + 360°)?

12. Suppose sin § = .525. What is sin(f + 8)?

13. tan 76° is very close to 4. Assuming this, give three other angles ¢ for

which tan 0 is very close to 4.

2
14. cos 113.6° is very close to —% Assuming this, give three other angles 6,

1 . . 2
at least one of which is negative, so that cos  is very close to —E

Answers

h) cos900° =

j) cos270° =
k) tan0 = @

¢) cos _79” =[0]
d) cos2m =
e) cosT720° =
f) tan90°| DNE]
g) tan —5m =[0]
2. a) 3—2sin5§ =[1]
b) cos180° — 4sin0 =
o) tan (7 + 7 )
d) sin—27 + tan _7”
e) 3sin?270° =

m) tanw :@

b) sin90° = i) sin *123” -

1) cos—97 =

n) sin —127 =[0]
f) sin7r +7 =
g) sin180° — 4 cos90° = @
om  om
h _ _ =
) cos ( 1 + 1 ) @
i) 1+ 3tan?1440° =
j) cos360° tan 180° = @

0) tan —270°
p) cos 37” = @

@ q) cos—180° =

r) sin450° =
s) tan _T%
t) cos630° = @
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8.3. Chapter 3 Homework

3. a) cos3m =

b) tanOoz@
C) sin%r:
d) COS%T:@

e) cosdm =

4. a) tan10msin630° =[0]

b) 3sin2g—5:
) cosO—tamiT77r

d) COS—S-g:@

tan g 1) cos —270° = @

sin —90° = m) sin — o _
37

tan 2 n) cos —450° = @

cos 450° = @

tan 540° = @ 0) cos 157” =[0]
sin - =[~1] p) sinsr =[0]
e) —cosm —sin® ”J =[2]
f) 7tan —90° DNE |
g) cos —lT 0 8T —@

37w
h) tan<2—2)—7r:

5. These are just estimates, so answers can vary a little bit here:

a) sinf =~ —.9;cosf ~ —.42; tan 5 ~ 2
b) sinf ~.9;cosf ~ .4;tanf ~ 2
c) siny ~ —.3; cosp ~ .95; tan ) ~ — %

6. These are just estimates, so answers can vary a little bit here:

a) sin 160° ~

SN

i

L

S~
b) tan 140°z
T
e
Ehna
~

c) cos —20° = m

d) sin70° =

s

B
~_1

e) tan —45° ~
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f) cos760° ~

LN

1

'
i

S EBEEEERL
SR

[
\

7. These are just estimates, so answers can vary somewhat.

10.

11.

13

14

a) 6~ 190°,60 =~ 350°
b) 6 =~ 95°, 0 ~ 275°
) 6=90°60 = 270°
d) 6= 260°, 0 ~ 280°
e) no solution

f) 6~ 85° 0~ 95°

g) 0~ 15°, 0 ~ 345°
h) 6 =~ 89°, 6 ~ 269°
i) 6 ~ 50°, 0 ~ 310°
j) no solution

k) 0 ~30° 0 ~ 330°
1) 6~20° 60~ 160°

a) cosf d) cosb8° g) tan(6 — 90°)

b) siné e) sina h) cos(20 + 43°)

c) tand f) cos321° i) —tané

a) E ¢ D e) A g) C i) E

b) E d) C f) D h) B

a) A b) B ¢ E d) A e) F f) C
cos(f + 360°) = —Z 12. sin(6 + 8m) =[.525]

. \9 = 436°,0 = 796°,0 = 1156°
these).

|0 =473.6°,0 =833.6°,0 = —246.4°
180° to these).

§3.2: Angle definitions

(other answers are possible by adding or subtracting 360° to

(other answers are possible by adding or subtracting

1. In each part of this problem, you are given a point on the terminal side
of some angle, when that angle is drawn in standard position. Compute the
sine and cosine and tangent of that angle.

a) (3,-5) b) (2,3)

c) (—4,-1) d) (—5,4)

2. In each problem, determine whether the quantity is positive or negative:

233
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a) sin675° d) tan —125° g) cos 305°
b) cos 100° e) tan241° h) cos434°
¢) sin115° f) sin —205° i) sin 282°

3. Determine whether each quantity is positive, negative or zero:

a) —2sin119° e) 3cos 100°sin 150°
b) sin? 18691845° f) sin 130° cos 90°
¢) 4 cos 206° sin 206° g) le tan 2 - 59° cos 316°
2 [¢] o
d) —g tan3 40° tan 281.5 h) _Sin(_16o) COS2(—16O)

4. Determine whether each quantity is positive, negative or zero:

a) cos1572° e) cos®214.5°

b) 8sin 208° tan 25° f) 2tan?1000° cos 93°
¢) — tan207.2° cos 144° g) 4sin2-73°

d) sin 356.5° cos 125.8° h) —3sin®78° tan?(—5°)

5. In each part of this problem, you are given a picture with a quantity
marked with a “?”. Write a formula for the “?” in terms of the other quantities
given in the picture.

a) , 23;‘\J ) N \ e) A

II?/I

b) A d)

Answers

1. a) cosf =
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2 3 3
b) cosf = —;sinf = —; tanf = —
) V13 V13 2
—4 -1 1
c) cos = ——;sinfl = —; tanf = —
) V17 V17 4
— 4
d) cos@z%;sin@zﬁ;tanQZ 5

a) negative d) positive g) positive

b) negative e) positive h) positive

c) positive f) positive i) negative

3. a) negative
b) positive
c) positive

4. a) negative
b) negative
c) positive

5. a) 17sin234°
b) 93 cosd

d) positive
e) negative
f) zero

d) positive
e) negative
f) negative

¢) rsin153°
d) 17.5cos(6 + 90°)

g) negative

h) positive

g) positive

h) negative

e) 8sin65° — .35
f) 2bsin¢

§3.3: Computing sines and cosines with a calculator

1. Compute each quantity using a calculator:

a) cosb2°

b) sin 43.2°

¢) tan206.75°

d) sin17° + cos 2°

e) 3tan80° cos 92.5°

f) sin (%) ’

2. A pulley wheel of diameter 6 in is rotated 15° counterclockwise. How far to
the left has a point a the top of the wheel rotated?

g) sin i
h) 2tan53° — tan 241°
i) cos1 + sinH3°

2
)] R tan® 64.6°
k) cos(22.7° + 37.4°)

3. A chalk mark is made on the right edge of a tire of radius 33 inches. The tire
is then rotated 3.385 revolutions counterclockwise. How far left or right from
the center of the tire is the chalk mark?

4. The water wheel of an old mill has a radius of 27 feet (from the center of the
wheel out to its buckets). If the wheel is rotated clockwise through an angle
of 117.5°, how high above the bottom of the wheel will a bucket be, if it the
bucket started at the bottom of the wheel?
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10.

11.

12.

13.

14.

15.

. A centrifuge spins at 5000 rpm. If a test tube is put in the top of the centrifuge

3 cm from the center of the centrifuge, and the centrifuge is allowed to spin
(counterclockwise) for % seconds, how far above or below the center of the
centrifuge is the test tube?

In each part of this problem, you are given the magnitude and direction angle
of a vector. Sketch that vector in standard position.

a) |v| =15;6, = 73° b) |w| = 143.65; 6, = 194.5°

A vector has magnitude 60 and direction angle 143.75°. Compute the compo-
nents of the vector, and then draw the vector in standard position.

. If |v| = 44.35 and v has direction angle 81.25°, find the components of v.

. Determine the vertical component of a vector that has magnitude 17 and di-

rection angle 215°.

Determine the components of the vector pictured below:

)

2932

28.3

A vector has direction angle 30° and magnitude 20. Find the components
of the vector.

Vector a has magnitude |a| = 14 and direction angle § = 45°. Find the
components of a.

Compute the components of a vector whose direction angle is 180° and
whose magnitude is 9.

Suppose that vector v has direction angle 270° and magnitude 6. Find
the components of v.

A ship leaves a port, traveling on a bearing of 28° east of north. The ship
travels for 82 miles, then turns due east and travels 43 miles. How far away
from the port is the ship?
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16. A BMX bike rider drives 3 miles on a bearing 10° south of west, then turns
and rides 2 miles on a bearing 5° east of north, then turns again and rides 1
mile on a bearing 45° west of north. At this point, how far is the bike rider

from where he started?

17. A jetski is ridden 650 feet on a bearing 35° east of north, and then ridden 425
feet on a bearing 28° south of east. At this point, how far is the jetski from

where it started?
Answers

.615661
.684547
.504041

)
)
)

d) 1.29176
) —.742134
) 00872654
) 479426

h) .850042
i) 1.33804
i) 3.73622

k) .498488

2. 0.776457 in

3. 24.7537 inches left of the center.

4. 39.4672 ft
5. 2.70291 cm below the center.

6. a) v = (438558, 14.3446)

b) w = (—139.074, —35.9671)

194.5°

143.65

7. (—48.3867,35.4786)

35.47

36

-48.3

8. v = (6.74667,43.8338)
9. —9.7508

10. (11.0577,—26.0503)
11. (10v/3,10)

12. a=(7v2,7v3)
13. (=9,0)
14. v = (0, —6)

15. 109.012 miles
16. 4.11179 miles
17. 818.815 ft
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§3.4: Basic identities

2
1. Suppose cos ¢ = 3 and sin 6 > 0. Compute each quantity:

a) cos(f + 360°)

b)
<)

—cos
cos(f — 720°)

d) sinf@ g) 3sin(f + 720°)
e) 2sinf + 3cosf h) tan@
f) sin(0 + 27) i) tan(f — 4m)

5 12
2. Suppose sina = 3 and cos o = I3 Compute tan a.

W

I

a1

V85

9
. Suppose cosy = —= and tany = 5 Compute sin 7.

. Suppose cos = 3 Compute all possible values of sin 6.

-1
. Suppose sin = 3 If cos f > 0, compute the exact value of cos .

6. Suppose 0 is in Quadrant III and sin # = —.614. Compute cos 6.

7. Suppose cos f = .552 and sin § < 0. Compute sin ¢ and tan 6.

108
8. Suppose sin ) = ~957 and cos 6 < 0. Compute cosf and tan 6.
Answers
1. a) cos(f+360°) = 2 3. siny = —i.
2 V5
b) —cosf = —%
c) cos(f —720°) = 2 4 sinf — :I:@
) —
d) sinf = %
8
2sin9+30059:2‘[% 5. COSBZ\[

sin(6 + 27) = %

3sin(f + 720°) = /5
tan § = @
tan(f — 4m) = @
_ 2
12

3
6. cosf = —.789306.

7. sinf = —.833844;
tanf = —.6661994.

8. cosf = —.907416;
tan@ = —.46311.
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§3.5: Reflection properties

1. Suppose sin § = .44. Compute each quantity:

a) sin(6 — 360°)
b) sin(—6)

c) cos(90° —
d) sin(f + 1080°)

6) e) sin(360° — )
f) —2sin(360° + 6)

2. Suppose tan a = 3 and « is not in Quadrant I. Compute each quantity:

a) tan(a + 180°)
b) tan(360° — «)
) tan(—a)

d) tan(a + 720°)

e) tan(180° — «)
f) —tan? o

g) 2tan®(180° —
h) tan(900° — «)

a)+4

3. Suppose cos @ = £ and sin § < 0. Compute each quantity:

a) cos(180° — 0)
b) tan(6 + 540°)
¢) sin(720° —0)
d) tan(—6)

e) 4cos(f + 180°)

f) sin?(90° — 0)

g) 2tan#sin(360° — 0)
h) cos? §sin?(180° — 0)

4. Suppose 0 is angle whose terminal side lies in Quadrant III when 0 is

drawn in standard position.

a) Is sin @ positive or negative?
b) Is cos(—
c) Is tan # positive or negative?
d) What quadrant is § — 90° in?

0) positive or negative?

e) What quadrant is —6 in?

f) What is the sign of cos(180° —6)?
g) What is the sign of tan(f+ 180°)?
h) What is the sign of sin(360° — §)?

5. Suppose 6 is in Quadrant IV (meaning that the terminal side of ¢
lies in Quadrant IV when 6 is drawn in standard position).

a) Is sin 6 positive or negative?
b) Is cos  positive or negative?
¢) Is cos(—0) positive or negative?
d) Is tan 0 positive or negative?
e) Is tan(—6) positive or negative?
f) What quadrant is 6 4- 90° in?

g) What quadrant is 180° — ¢ in?
h) What is the sign of sin(180° — §)?
i) What is the sign of cos(360° +6)?
j) What is the sign of tan(180° —#)?
k) What is the sign of tan(6+540°)?

0)?
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24 7
6. Suppose <25, 25) is the point on the unit circle at angle §. Compute

each quantity:
a) sinf d) cos(—0) g) cos(180° — 0)
b) cosf e) 3tan(—0) h) sin(6 4 720°)
c) tand £) cos(90° — 0) i) tan(90° —

7. Suppose (z,y) is the point on the unit circle at angle 6.

a) What is sin 6?

b) What is cos 6?

¢) What is cos(f — 180°)?

d) What is tan(360° — 0)?

e) What is sin(90° — 6)?

f) What is tan(90° — 6)?

g) What is sin(180° — 6)?

h) What is cos( + 720°)?

i) What angle o has sina = —y, cosa = 2?
(Here, a is meant to be in terms of 6.)

j) What angle 3 has sina = —y, cos § = —x?
(Here, « is meant to be in terms of 6.)

k) What two angles v have tany = —%?

(Here, the angles ~ are meant to be in terms of 6.)

8. Suppose sina = .8 and cosa > 0. Compute each quantity:

a) cosa e) sin(a + 360°)
b) cos(—a) f) cos(360° — )
¢) sin(—a) g) sin(a — 1440°)
d) cos(90° — «) h) cos(450° — «)
Answers
1. a) sin(f — 360°) = d) sin(6 + 1080°)
b) sin(—0) = e) sin(360° —
c) cos(90° —0) = f) —2sin(360° + 6)
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tan(a 4 180°) =
n(360° Q) =
2 i~
d) tan(a 4+ 720°) =
2
a) cos(180° —0) = ~E
b) tan(6 + 540°) = —g
c) sin(720° —6) = g
d) tan(—0) = @
a) negative c) positive
b) negative d) I
a) negative d) negative
b) positive e) positive
c) positive f) I
7
a) sinf = %
24
50 = | ==
b) cos 5%
7
c) tanf = 2
d) cos(—0) = ;—:
e) 3tan(—0) = T
8
a) sinf =
b) cosf =[z]

c) cos(f —180°) =

d) tan(360° — ) =

]

e) sin(90° —0) =

f) tan(90° —6) =

ae|o

e) tan(180° —a) =
f) —tan?a = -9
g) 2tan®(180° — ) + 4 =| —50

h) tan(900° — ) =

e) 4cos(6+180°) =| —

o] oo

f) sin?(90° — 0) = %

21
g) 2tanfdsin(360° —0) = 5

84

h) cos? §sin?(180° — 0) = I

e II g) positive

f) positive h) positive

g) 1II j) positive
h) negative

i) positive k) negative

f) cos(90° —0) = %

g) cos(180° — 6) = —%

h) sin(6 +720°) = |
25

i) tan(90° —0) = 2—74

g) sin(180° — ) =
h) cos(f + 720°) =

) a=[-0]
(or a =[360° — 6 )
j) 8=[0+180°]
(or 8 =[6—180° )
k) fy:andfy:
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§3.6: Sines, cosines and tangents of special angles

e) sin(a + 360°) =

f) cos(360° — a) =

(
g) sin(a — 1440°) =

h) cos(450° — o) =

1. Compute the exact value of each expression:

a) sin45° d) tan30°

b) cos0°

o)t il e) T
an - cos o

2. Compute the exact value of each expression:

a) tan0 d) sjng
b) sin 90° -
C) cos4b° e) Sing

3. Evaluate each expression:

a) Sm?’; d) cos =5
. —om
b) tan_—?m e) sin
4
— 5
C) Sin?ﬂ— f) tanTﬂ_

4. Evaluate each expression:

a) sin 180° d) tan480°
b) sin 330° e) sin 360°
c) cos210° f) tan315°

5. Evaluate each expression:

a) cos 197 d) cos —7
6 )t -7

—137 e) tan ——

b) cos 6
4 —T

117 f) cos —

C) smT 3

f) sin 60°

g) cos T
6

f) tan60°

™
g) cos 1

g) cos —

h) cosw

i) cos 3

g) sin 540°
h) sin 225°
i) cos —90°

h) tan90°

, T
i) cos 3

h) sin 30°

N
1 J—
) sm3

. —T
j) tan e
K) tan ——

11
1) sin il
3

j) tan120°
k) cos150°
1) cos570°

j) sin —67
157
k) tan —
) tan 1
1
1) sm&

4
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6. Evaluate each expression:

a) cosb-0 f) 3tan25—7r
b) sin? g -
o & g) cos (2m — ) sin <2 — 4)
c) tan < — )
?r 3 h sin 45°
d) 4cos? 1 ) cos 45°
: —1
e) 2sin <7r+7T) i) 3+ 2tan o
2 4
7. Evaluate each expression:
a) sin(17° 4 42° — 29°) e) sin270° + 3
b) 5 cos? 60° f) sin 135° tan 240°
c) 3tan?120° g) sin®9 - 70°
d) 12sin270° — 8 cos 180° h) sin (cos270°)
8. Evaluate each expression:
3 7 &
a) 3cos’ ZW d) —4sin? % g) Hcos3- 6
2m 4m 1 om 5 5
b) tang—l—tan? e) §tanz h) Qtangcos%
5 4 3
c) 2sin g cos ?ﬂ f) 2cos7m + 3sin 771' i) — cos(3m — 2n)
9. Evaluate each expression:
5 5 13 T..T
a) sin (g + g) d) 3cos® Tﬂ g) cos 5 St 5
b) sin5g+567r e) tanﬂ—l—g h) tan (73T — Cos g)
7 5 - 3
) tang—l—cosw f) 2008%4—33111% i) —sin—z7T

The rest of these problems are just more practice exercises covering special angles.

10. Evaluate each expression:

T 3 -5 2
a) cos 6 c) tan Zﬂ d) cos o e) sin il

3 3
b) cos2m
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—13 33
T h) cos 77?

f) tan
—Tm

. i
i) cos 5

g) sin

11. Evaluate each expression:

a) Sin%ﬂ d) tan_TW
. =TT _
b) sin 5 e) —
2
8T
c) €os - f) tan —27

12. Evaluate each expression:

m 29
a) tan d) sin =28
6
. —3m :
b) sin e) sin —m
9 11
C) COSZ7T f) cos?7T

13. Evaluate each expression:

a) Cosgi d) sindr
—Tm
b) sin EZT e) cos 9
17 -5
C) cos % f) tan Tﬂ

14. Evaluate each expression:

m 21
a) cos 1 d) cos Tﬁ
-3
b) tanTﬂ e) tan0
4
C) cos 727T f) tan %

15. Evaluate each expression:

a) sin480° d) tan —450°
b) cos 60° e) cos —120°
c) cos270° f) sin —180°

) s 117
S1n ——
& 6

h) tan —
om

i) sin 3

) 237
08 —
g) ¢ 9

h) tanm
—11r

i) sin

oT
g) cos —

h) tan —
6

, T
i) cos —

g) tan930°
h) cos225°
i) tan270°

—T
D) sin —
) sin 5

) si 27T
mnm—:-
j) sin—
1
K) sin L7
6

—117

1) cos

) 117
cos ——
] 2
k) sin 3w

2
1) cos Sl
6

j) tan —240°
k) sin —135°
1) cos135°
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a) sin 150°
b) tan —225°

¢) cos —30°

a) sin315°
b) cos 240°
¢) cos 1080°

Answers

d) cos —120°
e) tan —30°
f) sin —1440°

17. Evaluate each expression:

d) cos —45°
e) sin 135°
f) cos120°

a) sin4b5° =| —

b) cos0° :
Q) tan% :

1
d) tan30° =| —
: V3
e) cosI:@
2
f) sin60° = @
2
) cos~ = V3
B %% 1
h) tan90O
) cost =1
cos 3 =| 3
a) tan():@
b) sin90°=
C) cos4b® = Q
2
T
d) sin§:
) sin~ = 1
e) sing =3

16. Evaluate each expression:

f) tan60°:
) cos~ = V2
8 oSy
1
h) sin30° =| =
) sin
i) sin & = @
312
37
I
a) sin 5 -
-3
b) tanT”:
c) sin = fﬁ
3 2
d) cos—57r=
e) sin_STr:
—57 1
f) tan — =| —
) tan " =| 2
g) cosg:@
h) cos7r:
) 27
i) cos — =|—=
3 2

i) tan%:

g) cos 300°
h) sin —225°
i) cos —720°

g) tan 330°
h) sin 270°
i) sin —300°

4.

j) sin210°
k) cos180°
1) tan —150°

j) tan240°
k) sin45°
1) cos600°

0 tan =" =[]

11w V3

) sin— =——
3 2
a) sin180° =[0]
b) sin330° = l
2

¢) cos210° = 7?

d) tan480° = m

e) sin360° =[0]
f) tan315° =

g) sin540° = (0]

hy sin295° — | V2
2
i) cos —90° = @
j) tan120° :m
k) cos150° = —?
1) 570° = !
cos =|"3
3 cos 107 _[1
cos —= =|—3
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—137 V2 f T _ 1 ) L% V3
R RN R ey
117 oo .
¢) sin —— =|[1] o j) sin—6m =[0]
2 8) tanT: 157
d) cosf7r: k) tanT:

- 1 ks V3 197 V2
e) tan — =| ——— G B b A )
6 /3 h) cos 6 5 ) sin 1 5

V2
2

ol

g) cos (2m — 7)sin (g - %) = COS’]TSin% =(-1)

sin45° /22
h = —_—— ]_
) cos 45° \/5/2

—15
i) 34+ 2tan 4”=3+2(1)=

1
a) sin(17° 4 42° —29°) =sin 30° =
2
1 5
b 2 o _ - |2
) 5cos” 60 5 (2>

¢) 3tan?120° = 3(v/3)! =
d) 12sin270° — 8cos180° = 12(—1) — 8(—1) =

e) sin270° +3=—1+3=|2]

2
f) sin 135° tan 240° = g V3= _g
g) sin?9-70° = sin?630° = (-1)* =

h) sin (cos270°) =sin0 = @
2

o 37 (\/§> 3

a) 3cos® — = 5

4
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10.

27 47
tan?—l—tan?:\/g—kx/g:
Y 4 1
231n7cos? = 2(1) (—2> =
Vs 1\?
_4'27:—4 _— =| =1
sin® — < 2) -
1 57 1 1
_ (1) =2
2tan 1 2()
2cos7m + 3sin3—7r =2(-1)+3(-1) =
5 = =
5cos3-%:@
2tan57rcos57r—2<_l>_\@— Q

6 4 V3 2 V3
—cos(37r—27r):
sin 51+5—7T —sin 2T — V3

6 6 /) 3| 2
g0 om [T

6 6 |2 6

7
tang—l—comr:DNE—l:

137 1\° 1 3

37: —_— frnd —_ — | — =
3 cos 3 3( 2> 3<8) S
tan —|—z—0+z— T

T VTS T,

5 — 2 2 5v/2
200s2+3sin47r—2<—\2f) +3<—\2f) = _7\2[
cos%sin%z()sin%:@
tan(gfcosg)ftang:

.3 V2
—Sm—-—— = —
4 2
T _| V3 . V3 ) cos ™ —| L
COSEZ > e) sin — = 5 i) 0053
—137 1 T V2
cos2m =|1 f) tan =|—-—— AR I S
: 6 V3 ) cos =13
3T
tan — =| -1 _ D) T

e 9wl |2 K sin =[]

—571'_ 1 3371 . —7T_ 1
cos —— =3 h) COST:@ 1) sin —= =3
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4 2
. *7’/T 1 4 \/g
b =13 in = |- Y2 11
) sin 5 D sin —- = 5 i COSTW:@
8r_| 1 3t _ k) sin37 =
) cos 3 =3 13.  a) cos —- =[0] 0]
237w V3
T 1 2r | V3
d) tan—: b) sin%: _g ) cos 5 5
-
e) sin — = -71 3
2 Q) cos T |1 15.  a) sind80° = g
f) tan—27r:@ 3 2
_ 1
3T | V2 d) sindr = 0] b) cos60° :
g) sin = = | =~ o cos x B
7 2 ¢) cos270° :@
s 3
h) sin —==|-—- f) tan 0% — \L[ d) tan —450° [ DNE]
6 3
1
i 1 ) cos—120° =| —=
i) tan — =| — 23m e 5
V3 g) cos 5 _@
f) sin —180° =
. - V2 h) tanﬂ':@ ) sin @
j) cos — =|—— 1
4 2 b sin L7 |1 g) tan930° =| —
13w 6 2 V3
k) sin —— : o7
L 2Tm o — . V2
1) cosO=]1] j) sin 2 _ h) cos225° = -5
17 1
12.  a) tan = k) sinT7T : i) tan270°| DNE |
b) sin —— =[1] Clx N j) tan —240° =|—V/3
1) cos =|-——
4 2
O cos T | V2 K) sin—135° = _g
! 2 14 a) co T V2
. S — —= | —
4 2 2
d) SIHQQJ = 3 ) cos135° = —g
o U b) tan —" [DNE]
) sin—r =[0] ) cos 7T =[] 16.  a) sin150° :
5 e [1 ¢) cos o =
R o1 7 b) tan—225° =[—1]
d) cos— =|——
. 1nw 1 4 2 V3
g) SIHTZ —5 C) COS—3OO: v
5 e) tan( = 2
T
h) tan — | DNE 4 1
) tan 2 f) tangz d) cos—120° = ~3
N . oT 1 5
i) sin— =|= o _ .
S an =2 | V3 h) tanﬁ-:L
) sin == =1 =5 6 | V3 f) sin—1440° = [0]
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Homework

1
g) cos300° =

h) sin —225° = g
i) cos —720° :
j) sin210° = f%
k) cos180° :
1) tan —150° = %

a) sin315° =

b) cos240° =

c) cos 1080°

d) cos —45°

e) sin135° =

f) cos120° =

§3.7: Arcsine, arccosine and arctangent

V2 ) tan 330° = 1
el & V3
1 h) sin 270° :

2

=[-1] i) sin —300° = ?

V2
o j) tan240° =
Q k) sin45° = Q
2 2

1 1
—5 1) cos600° = —5

1. Compute each quantity with a calculator, giving your answer in degrees:

a) arcsin.275

b) arccos.481

c) arctan.7825

d) arcsin — il

19

e) arctan —3.404
f) arctan2.262

2. Compute the exact value of each quantity by hand, giving your answer

in radians:

a) arcsin 5
b) arccos1

¢) arctan1

d) arctan —v/3

e) arcsin v3
2

f) arcsin0

) 1
arccos ——
& 2

1
h in ——
) arcsin 5

i) arcsin —1

) 1
j) arctan ——=

V3

3. Ineach question, find all values of  between 0° and 360° that satisfy the given
equation. (If there are no such values, say so.)

a) sinf = H
15
b) cosf = —1

c) tanf = 2.164

d) sinf = —.623 g) sinf =

€) tan9:—§ h) tanf =
4

f) COS@ZE 1) cosf =

14
—5.3

0

4. Compute the direction angle of the vector v = (—18, 14). Then, draw a pic-
ture to illustrate what you have just computed.
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5. Compute the direction angle of the vector u = (9, 2). Then, draw a picture to
illustrate what you have just computed.

6. Compute the magnitude and direction angle of the vector v = (6.35, —2.84).

7. If v has direction angle 40°, what is the direction angle of 3v? What
about the direction angle of —2v?

8. Three people push on a large crate. One pushes with a force of 300 Newtons
due east; one pushes with a force of 220 Newtons at an angle 33° north of east,
and one pushes with a force of 405 Newtons at an angle 71° south of east. In
what direction (measured north or south of east) does the crate move?

9. Recall in Exercise 15 from the homework from §3.3 that there was a ship that
left a port, traveling on a bearing of 28° east of north. The ship traveled
for 82 miles, then turned due east and traveled 43 miles. At what bearing
(measured south of west) would the ship have to travel to return to the port?

10. Recall the setup of Exercise 16 from the homework of §3.3, where a BMX bike
rider drives 3 miles on a bearing 10° south of west, then turns and rides 2
miles on a bearing 5° east of north, then turns again and rides 1 mile on a
bearing 45° west of north. If a second BMX rider, who is still at the location
where the first one started, wanted to ride toward the first rider, at what angle
would he have to ride?

Answers

1. a) arcsin.275 = e) arcsin ﬁ —
b) arccos.481 = H arcsin02: @
c) arctan.7825 = 1 -
S g) arccos —- =|—
d) arcsin 9= 2 3
e) arctan —3.404 = h) arcsin _% = _%
f) arctan2.262 = ) aresin—1 =

T
3

- 2
1
2. a) arcsin — = T 1 P
2 6] )] arctan—%: ~%
b) arccos1 = @
— 3. a) 0=47.17° 0 = 132.833°
c) arctanl = Z b) 6 = 180°

c) 0 =065.2°0=245.2°
d) 6 = 218.54°; 6 = 321.46°

d) arctan —/3 =|—

w|
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e) 0 =146.31°; 0 = 326.31°

f) 0 =72.08°% 0 = 287.92°

g) no solution

h) 6 =100.685°; 0 = 280.685°
i) 0 =190°60=270°

4. 0, = 142.125°; 42.125°
N

v *® N o

10.

0, =12.53°;, 2 u

2.53°

Iv| = 6.956; 6, = —24.1°
O3y = 40°; 0_o, = 220°.
43.8° south of east
41.62° south of west

32° north of east
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§4.1: Law of Sines

Remember that to “solve” a triangle means to find all missing side lengths and
angle measures. You are responsible for identifying when no such triangle is pos-
sible, and for solving both triangles in the ambiguous case.

—_

15.

If P=42.5° Q = 71.4° and p = 215, solve A PQR.
If B=57°,C =31°and a = 7.3, solve A ABC.

If J =46°, K =95°and [ = 6.8, solve A JK L.

If B=13.4°,C =24.8° and a = 315, solve A ABC.
If A=105° B = 45° and ¢ = 630, solve A ABC.

If A=71°and ¢ = 46, solve right A ABC.

If A=27.8°and b= 13.5, solve right A ABC.

If R=29.7°,s =41.5and r = 27.2, solve A RST.
If B="74.3°,a =859 and b = 783, solve A ABC.

. IfQ =39.68°, p = 29.81 and ¢ = 23.76, solve A PQR.
. IfA=96.8°0=3.589 and a = 5.818, solve A ABC.
. If C =68.5° ¢ =258 and b = 386, solve A ABC.

. The angle of elevation of the sun is 75° when a building casts a shadow of 45

teet. How tall is the building?

. A surveyor determines the height of a pole by starting at the base of the pole

and walking 50 feet along flat ground. She turns around and observes that
the angle of elevation from her eyes to the top of the pole is 52.6°. If her eyes
are 5 feet above the ground, how tall is the pole?

A man is flying in a hot-air balloon in a straight line, parallel to the ground,
at a constant rate of 5 feet per second. While flying towards a tree, he notices
the angle of depression from his position to the base of the tree is 35°, and
then one second later, he notices the angle of depression to the same spot is
36°. What is the distance between the man in the balloon and the base of the
tree (at the instant the angle of depression is 36°)?
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16. A woman wants to measure the height of an antenna in the distance. She
observes that the angle of elevation from the ground to the top of the antenna
is 46°. She then walks 100 feet toward the antenna, and at that point observes
that the angle of elevation from the ground to the top of the antenna is now
64°. What is the height of the antenna?

Answers
1. R =66.1° 3. L =239 5. C = 30°; b= 14.98.
q = 302; j=18; a = 1200; .
r = 291. k= 11. b = 890. 7. 20 =907
2. A =092 4 A= 1418 6. /C = 90°; 4B = 62.2%
b=6.1; b=118; £B = 19°% a=712
c=3.8. c = 214. a = 43.49; c = 15.26.

8. There are two triangles. In the first triangle, S = 49.1°, T' = 101.2°, and ¢ = 53.853. In the
second triangle, S’ = 130.9°, T" = 19.4° and ¢ = 18.235.

9. No such triangle exists.

10. There are two triangles. In the first triangle, P = 53.23°, R = 87.09° and = 37.16. In the
second triangle, P’ = 126.77°, R’ = 13.55° and ' = 8.719.

11. B=37.77°,C = 45.43°, c = 4.174. 14. 70.4 ft
12. No such triangle exists. 15. 273 ft
13. 167.94 ft 16. 209 ft

§4.2: Law of Cosines
1. Ifa =42.9,b=37.6 and ¢ = 62.7, solve A ABC.

If Q =74.8°,p=2_8.92and r = 6.43, solve A PQR.
If J=41.4°k=2."78and ! = 3.92,solve A JK L.
Ifa=17,b=38and ¢ = 15, solve A ABC.

If b =22 and a = 7, solve right A ABC.

AN L

Two ships leave a harbor together, travelling on courses that have an angle
of 135.6° between them. If the first ship travels 300 mi and the second ship
travels 350 mi, what is the distance between them?
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Answers
1. A=42° R = 40.6°. 5. ¢=23.09;
B =35.9% 3. j =26 LA =17.65°;
C =102.1°. K =45.1°; /4B =172.35°%
2. q=1953; L =935°. L0 = 90°.
P = 64.6° 4. No such triangle exists. 6. 602.112 mi

§4.3: SOHCAHTOA

1. Compute the sine and cosine of angle 6, as given in the picture below.

e
22.5

94.3

2. Compute the sine and cosine of angle 3, as given in the picture above.

3. Suppose APQR is a right triangle (with right angle at R) with side
lengths p = 10 and r = 26. Compute the sine and cosine of angle P.

In each of Exercises assume A ABC'is a right triangle with the right angle at
C.

If A =40°and ¢ = 135, find b.
If A=18.5°and b = 12.3, find c.
If A =83°and a = 20, find c.

If B =35.8°and ¢ = 4 ft, find b.
If a = 19 and ¢ = 135, find A.
Ifa=19and b = 13 in, find B.

o O® N e

10. An escalator will carry people a vertical distance of 15 feet between floors.
If the escalator makes an angle of 37.5° with the floor, how long should the
escalator be?

11. A 80 foot rope from the top of a pole is anchored to the ground, 45 feet from
the bottom of the pole. What angle does the rope make with the ground?

12. A person standing 2 m from a mirror observes that the angle of depression
from his eyes to the bottom of the mirror is 15°, whereas the angle of elevation
from his eyes to the top of the mirror is 5°. What is the height of the mirror?
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Answers
1. sinf = .9727; 3. sin P — 133; 5. ¢=12.97 9. /B =34.38°
cosf = .2321. 2 6. ¢=20.15 10. 24.64 ft
2. sin 8 = .2321; 13 7. b=234 11. 55.7°
cos B = .9727. 4. b=103.42 8. LA =8.09° 12. .711m

§4.4: Interpreting dot products

1. Suppose w is a vector with magnitude 10. What is w - w? What about 5w - w?
What about 3w - 2w?

. Compute the angle between the vectors (—4,7) and (—3,—5). Then, draw a
picture to illustrate what you have computed.

. In each part of this problem, compute the angle between the two given vec-
tors.

a) v=(3,7);w=(11,5) Q) a=(—15,—17); b = (—20, —13)
b) u=(-2,-5); v=(1,8) d) v=(1,2), w=(5—-2)

. Determine whether or not each pair of given vectors a and b are orthogonal:

a) a= (—15,—-27); b = (18, 10) c) a=(12,15); b = (—32,40)
b) a=(8,3); b= (24, -9) d)a=(1,—-1);,b=(-7-7)

. Suppose (5, —3) L (2,y). What must y be?

. In each part of this problem, you are given two vectors. Determine whether
the angle between the two vectors is acute, obtuse or right:

a) V= <87 5)/ W = <_27 9>
b) a = (—3.72,—5.91); b = (4.86, —4.32)

¢) uand v have unknown components, but u - v = 13

Answers

d) a and b have unknown components, buta-b = —1.35
1. w-w =100; 2. 119.29° b) 165.324°
5w - w = 500;
3w - 2w = 600. 3. a) 42.36° c) 15.55°
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d) 85.236° d) alb.
4. a) aand b arenot L. 54— 10

b) aand b are not L. Y

c¢) aand b arenot L. 6. a) acute

§4.5: Area formulas for triangles

b) acute
¢) acute

d) obtuse

In each of Problems 1-6, a triangle ABC' is described. Find the area of that triangle.

1. A=90°,a=5and b="1. 4.
2. A=425°b=13.6 and ¢ = 10.1. 5.
3. A=56.8,b=32.67and ¢ = 52.89. 6.

a=22,b=45and c = 31.
a="76.3,b=109 and ¢ = 98.8.
a = 26,b =28 and ¢ = 30.

7. A real estate agent wants to find the area of a triangular lot. A surveyor takes
measurements and finds that two sides of the lot measure 52.1 yds and 21.3
yds, and that the angle between those two sides is 42.2°. What is the area of

the lot?
Answers
1. 17.5 3. 722.9
2. 464 4. 310

5. 3650 7. 373 sqyds
6. 336
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§5.3: Transformations on sine and cosine

Note: Every question in this section is|[NC].
In Exercises sketch a graph of each indicated function.

1. y =sinz + 2 10. y = sin4x 20. y = gcosf
3 4
x
2. y=coszr—1 11. y = -
y Y=oy 21. y = —6sin 5z
3. y=sinzx —7 12. y = cos 2z P
22. y =2cos (m—)
4. y =sin(x — ) 13 y—sing—x Y 4
T
3T 23. y=3sin2x + 1
5. y = cos (x—4) 14. y = cosmx
. T 24. y = —cosdx + 2
6. y = cos(x + ) 15,y = S~
W : 25. = Scost 1
7. y=sin(v-7)+3 16 y=3sins AT
- 17. y = —2cosx . s
8.y:cos<x+)—1 1 26.y:—381n(:c+2>+
2 18. y:gsinx 4
. 3
9. y=2+sin (x+2> 19. y = 4cos 2z 27. y = —2sin(3z+m)—1

In each of Exercises 2833 below, you are given a function. Give the period of the
function, and the highest and lowest y-values achieved by the graph of the function
(you don’t have to sketch a graph unless you think that would be helpful). For
example, if you were given y = sinz, the answer would be “the period is 27, the
highest y-value is 1 and the lowest y-value is —1”.

28. y = 3sin2x 30. y = —5sin§—2 32. y:cos3<x—1)—l—5
1
29. y =cosxz — 6 31. y:Zcos(x—W)—i-l 33. y=msinm(z—7)+7

34. Suppose that the graph of some function is obtained by taking y = cosz,
reflecting it across the z-axis, and shifting up 6 units.

a) Sketch the graph of this function.

b) What is the formula for this function?

35. Suppose that the graph of some function is obtained by taking y = sinz,
shifting it left 3 units and shifting it down 2 units.
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a) Sketch the graph of this function.
b) What is the formula for this function?

36. Suppose that the graph a sinusoidal function has period 67, goes up as far as
y = 3 and down as far as y = 1. The graph passes through the point (5, 2),
and is going up from left to right as it passes through (5, 2).

a) Sketch the graph of this function.

b) What is the formula for this function?

In Exercises you are given the graph of some function. Your task is to write
the equation of a function that has that graph. (In the solutions, I give the “easiest”
solution, but be advised-there are many correct answers to each of these prob-
lems.)

38. i T 37T 4NN : /
-1
_1_L % T %T/ 27

43. Suppose that the current (in amps) flowing through an electrical circuit at
time z (in seconds) is modeled by a sinusoidal function. That function is
shown here:

current y

9 N A NN NN

sV VUV UV VVVY

time x

i
a) Write an equation which gives the current in the circuit at time z.

. : . o .22
b) Use your equation to determine the current in the circuit at time 3 sec-

onds.
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44. Over time (measured in hours), the size of a bacteria colony changes accord-
ing to a sinusoidal function. A portion of the graph of that function is shown
below:

size y

4.2

2.8

time x

| 2 4 6 810121416182022
a) What is the period of the function giving the size of the bacteria colony
at time 27

b) What is the amplitude of the function giving the size of the bacteria
colony at time x?

c) Write an equation which gives the size of the bacteria colony at time .

d) Use your equation to determine the size of the bacteria colony at time
46.

45. A boat captain looks out at the water and sees waves that are modeled by the
function graphed here:

depth y

5.

0.6

position x

R
a) Write an equation which gives the depth of the water at position . (As-
sume the water depth is measured in feet.)

b) Use your equation to determine the water depth when x = 15.

¢) Use your equation to determine the water depth when =z = T

46. The power output (in kilowatts) of an electrical station at time z is given by
a sinusoidal function. That function is graphed here:
power y

29800~—~%~7L~ {**J ~f}~—~f
25200/ V. VM NV NV NV V N/ N/

time x

20 40 60 80 100
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a) What is the period of the function giving the power output of the sta-
tion?

b) Write an equation which gives the power output of the station at time x.

c) Use your equation to determine the power output at time 24r.

47. a) Sketch the graphs of y = sin (x + ;T) and y = cos x on the same axes.
b) What do you notice about these two graphs?
c) What trig identity can be deduced based on your answer to part (b)?

48. a) Sketch the graphs of y = cos (a: + g) and y = sin x on the same axes.

b) What do you notice about these two graphs?
c) What trig identity can be deduced based on your answer to part (b)?

49. Sketch the graph of y = 2sinx cos z.
Hint: Use a trig identity to rewrite the formula for y before graphing.

In Problems you are given a function and an alleged “graph” of that func-
tion. There is something very wrong with that graph; your task is to describe
what’s wrong.

50. y = 2sinx + 3: }V\ /
‘ 27

2
-2
-3
-4

51. y =cosxz — 3:

52. y = —cos(z — m): -
Y ( ) _1} %VT Py

53. y = —sinz — 1:
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54. y = cos 3z:

55. y = sin(

Answers

N

s
— 2:
:t:—|—4>+

s 3
3 T o 2
s 3
5 T > 27

4.
3n Sn
T 2 2” T
-1.
IVANA
5. TN Tx fr TE
1 4 4 4 4 4

10.

olsh

&~

)

=g

=

b

o
S

=[g

NS

e

[g

N

L
N

.
)

|
-
NI~
~
TN
D
S
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16.

17.

18.

19.

20.

21.

22.

23.

3. /
3
NG
-3:
2.
g 3
\2_ k) T 5 27
1
5
S
/ N2 AT \
-4,
2
3

oo

o
]

™)

o)

a1

~ I

)

™

24.

28.

29.

30.

31.

32.

33.

oy
&~
NS

period 7;

highest y-value 3;
lowest y-value —3
period 2;

highest y-value —5;
lowest y-value —7
period 8;

highest y-value 3;

lowest y-value —7

period 27;

highest y-value Z ;

3
lowest y-value 1

period 2% ;
highest y-value 8;
lowest y-value 2
period 2;

highest y-value 27;
lowest y-value 0

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

Z:
6.
a)
‘ % T 37" 27T
b) y =sin(z +3) —2
3.
2
a
) 1
‘ 5 5+43m  5+67T
o1
b) y:sm(g(z—5))—|—
2
Yy =3cosx
L
= —sin —
Y 2
y = cos(xz — /4)

y=4sinz + 3
y=—2cosx — 2
y = cosdx

a) y=24cos8mx+7
b) 5.8 A

a) T =48 hrs
b) .7
K

¢c) y=—.7sin 54

4)+3.5
d) 3.5+ .35v2

(z -
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45.

46.

48.

49.

50.

51.
52.
53.

54.

55.

2

a) y=—2.2cos g(x—Q) +2.8 A\

b) 3.9 ft 7. a) / f

c) 2.8 ft 2 1 N T2

a) T = %TF

5

b) y = 2300sin %(m — 4) + 27500 b) They are the same graph.

Q) 27500 + 11501/3 kW ¢) sin (x n g) — cost.

a) Thesolid graphisy = cos (a: + E); the dashed graphis y = sin : C \‘/M\’l
2 -2 NCE TN

Ny o
b) Each one is a reflection across the z-axis of the other.
7T .
C) cos (x + 5) = —sinz.
1 }
This is the same as y = sin 2x: .- 5 /

This graph goes beneath the z-axis, but the lowest y-value the function is supposed to hit is
y=1.

This cosine graph isn’t flat at the beginning and end of its period.

This graph has a sharp corner in the middle.

This graph doesn’t touch the z-axis, but the largest y-value the function hits is y = 0, so the
. . 3m

graph should just touch the z-axis at = 5

2
This graph finishes one period before it gets to « = % see how it starts to go back down
2
at the far right before z = %? It is supposed to hit its peak exactly at the end of its period,
which is z = 2%

The ends of this graph are wrong, because they start flat, like a parabola or cosine graph.
Sine graphs should start with a positive slope (unless they are flipped over, in which case
they should start with a negative slope); sine graphs should not start out and end flat (cosine
graphs start and end flat, but not sine graphs).

263



8.5. Chapter 5 Homework

§5.4: The graph of y = tanx
Sketch a graph of each indicated function:

1. y=tanzx 2. y=—tanx 3. y:tan(x—ﬁ>

Answers

//U/ NK\ S0
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8.6 Chapter 6 Homework

§6.1: Definitions

1. a) Suppose cot = 2.315. Compute tan 6.
b) Suppose cosf = .7. Compute sec 6.
¢) Suppose csc ) = —3. Compute sin 6.
2. In each problem, you are given the value of one trig function of 6. One of

the reciprocal identities will immediately tell you the value of a second trig
function of that 0. Write down what that trig function is, and what that trig

function is equal to. (As an example, the solution to (a) would be “csc ¢ = %”.)
14
a) sin@:; C) CSCG:_? e) cosf = .3
271 3
b) t&nezﬁ d) Cot0:_4 f) tané’:—g

3. Evaluate each expression, using a calculator:

a) tan242° c) csc—106° e) cot 15.65
b) sec72.5° d) tan42° f) sec —2

4. Evaluate each expression, using a calculator:

a) tan?105° e) 4+tan3 —1

b) 3csc23° f) cosd-2+sec3-5
c) sec40° — csc215° g) cosltanl

d) 3cot?37°sin 99° h) costan1

4
5. Suppose ( 491, —4?) is the point on the unit circle at angle 6.
a) What is sec6? c¢) What is tan 6?
b) What is csc? d) What is cot 6?

6. Suppose (—5, 12) is on the terminal side of # when 6 is drawn in standard
position. Determine the values of all six trig functions of 0.

7. Suppose (—14.25,8.73) is on the terminal side of # when 6 is drawn in stan-
dard position. Compute the values of all six trig functions of 6.

8. Suppose (—8, —3) is on the terminal side of # when 6 is drawn in stan-
dard position. Compute tan § and csc 6.
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9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Suppose (4,5) is on the terminal side of § when ¢ is drawn in

standard position. Determine cot § and sec 6.

Suppose (2, —1) is on the terminal side of § when 6 is drawn in

standard position. Compute tan § and sin 6.
Compute the six trig functions of angle 6, if 0 is the acute angle from the
positive z-axis to the line that passes through the origin and has slope 4.

. 7 24
Suppose sin = % and cosf = ~35-

a) What is tan 6?
b) What is cot 6?

4
Suppose cot § = —3 and sinf = —2. What is cos 6?

Suppose 0 is some unknown angle so that cos = a and sin ¢ = b.

a) In terms of a and/or b, what is tan 6?
b) In terms of a and/or b, what is cot 6?

¢) In terms of a and/or b, what is sec 6?
Suppose 0 is some unknown angle so that cos = p and cot 0 = q.

a) In terms of p and/or ¢, what is tan 6?
b) In terms of p and/or ¢, what is sin §?

¢) In terms of p and/or ¢, what is csc 6?

Right triangle ABC' (with right angle at C' has hypotenuse ¢ = 18 and leg
a = 10.5. Find the values of all six trig functions of angle A.

Determine the values of all six trig functions of 6, where 0 is as pictured

below:
J 130
9

354

II?II

In each picture, write an equation for the quantity marked with a in
terms of the other given numbers and/or variables. Your equation should
not contain division by anything other than a constant.
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a) b
b) 246
85 9
17!
Q) i \’8

d)

g) 609
............... ~2/5
196°
h) S0 |
............... |
?
i) y

19. Suppose 6§ is an angle in a right triangle, and that two sides of this triangle
are given. Write an equation for x in terms of ¢ and the other given quantity

(your equation should not contain division).

a) opposite side is 14, adjacent side is
b) adjacent side is ¢, hypotenuse is
c) hypotenuse is 10, adjacent side is =

d) adjacent side is 3v, opposite side is =

20. Same directions as the previous problem:

a) hypotenuse is a + 4, opposite side is x
b) opposite side is 20, hypotenuse is =
c) hypotenuse is 30, adjacent side is = — 2

d) adjacent side is 2w, opposite side is £

21. In each picture, write an equation for x in terms of the other given numbers
and/or variables. Your equation should not contain division.
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9

3.2

b) 0

22. A 16-foot long ladder leans up against a building.

a) Write an equation for the distance from the bottom of the ladder to the
building, in terms of the angle the ladder makes with the ground.

b) Write an equation for the distance from the bottom of the ladder to the
building, in terms of the angle the ladder makes with the side of the
building.

c) Write an equation for the distance from the top of the ladder straight
down to the ground, in terms of the angle the ladder makes with the
ground.

d) Write an equation for the distance from the top of the ladder straight
down to the ground, in terms of the angle the ladder makes with the
side of the building.

23. A deer is 150 feet east of a hunter. The deer takes off running, at 40 feet per
second, due north.

a) How far north has the deer run ¢ seconds after it starts running? Your
answer should be in terms of ¢. (Hint: distance = rate - time.)

b) Find the distance from the hunter to the deer ¢ seconds after the deer
starts running. Your answer should be in terms of ¢. (Hint: Pythagorean
theorem.)

c) Suppose the angle at which the hunter views the deer is 6, measured
north of east. How far north (in terms of #) has the deer run?
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d) Suppose the angle at which the hunter views the deer is 6, measured
north of east. How long (in terms of ¢) has the deer been running?

24. Let x be the distance from A to B in the picture below. Write an equation for
z, in terms of the other numbers and/or variables. (your equation should not
contain division).

25. There is a 5 foot high wall 2 feet away from a house, running parallel to the
house. Find the length of a ladder that leans up against the house, in terms
of the angle the ladder makes with the side of the house, assuming that the
ladder just brushes up against the top of the wall.

26. A person is on a road that runs due north-south through a desert. He
can drive a four-wheeler along the road at a speed of 50 mph, and can drive
the four-wheeler off the road (in the desert) at 30 mph. He wants to get to a
point that is 170 miles north and 100 miles east of his current location. To get
there, he will drive some number of miles north on the road, then turn at an-
gle § (measured east of north) and drive directly toward his final destination.
In terms of 6, compute these quantities:

a) What distance will he drive on the road?
b) What distance will he drive off the road?
c) What amount of time will he spend driving on the road?
d) What amount of time will he spend driving off the road?

e) What is the total amount of time he will spend reaching his destination?

269



8.6. Chapter 6 Homework

Answers
1. a) tanf = .432 b) secd = 1.4286 ) sinf = _1
8 9 e - L
2. a) cs007? ) sm&f—ﬂ e) secl = 3
135 1 5
b) cot@fQ—71 d) taneffz f) cotﬁffg
3. a) tan242° = 1.88073 ¢) csc—106° = —1.0403 e) cot15.65 = —17.233
b) sec72.5° = 3.32551 d) tan42° = .900404 f) sec—2 = —-2.403
4, a) tan?105° = 13.9282 e) 4+ tan3 —1 = 2.85745
b) 3csc23° =7.67791 f) cos4-2+sec3-5=—1.46183
c) sec40° — csc215° = 3.04885 g) cosltanl = .841741
d) 3cot337°sin99° = 6.92465 h) costan1 = .0133882
41 41 40 9
5. a) sece—g b) CSCQ——E Q) tan9——§ d) cot9——4—0
. ) 5 12 5 13 13
6. st—ﬁ,cose— 13,tan9— 5,cot9— 12,8609— 5,(38(30—12.
7. sinf = .522394; cosf = —.852704; tanf = —.612632; cotd = —1.6323; secl = —1.17274;
cscf = 1.91427
8. tanf = §;csc@ = —j
8 3
4 41
9. cotl = g;secﬁ = %
1 1
10. tanf = ——;sinf = ——
2 75
11. tanf = 4; cotd = 1; sinf = i; cosf = L,'cscﬁ = @;secﬁ =17
4 V17 V17 4
7 24
12. a) tan9_72—4 b) cot0_77
4
13. cosf = —
cos 3
a 1
14. a) tand = 0 b) cotd = - c) sec = —
a a
15. a) tan@z1 b) sinf = £ Q) csch =1
q q p
16. sin A = .58333; cos A = .812233; tan A = .718185; cot A = 1.3924; sec A = 1.23117;

17.

csc A =1.71429

sin @ = .344722; cos§ = .938705; tan 0 = .367232; cot § = 2.72308; sec 8 = 1.0653;
cscd = 2.90089
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18.

19.

20.

21.

22.

23.

24.
25.

26.

a) 29cosé
b) —8.5csc246°
c) 17cotf

a) x =14cotf b) x = ¢gsech

a) = (a+4)sind
(parentheses are important)
b) x =20csch

a) © =40sec?d

b) x =3.2cschtand

d) rtan
e) 7tan66°
f) —35secl126°

2
g) —x csc(f + 60°)
h) 50sin196° — 50
i) wcesc(f 4 180°)

¢) z=10cosf d) x =3vtanf

¢) £ =2+30sin6
(or x = 30sin 6 + 2)
d) = 10wtan

(this simplifies to 3.2 sec §, but you don’t need to know that yet).

¢) © =wvcsclsecHsinb

(this simplifies to = v sec §, but you don’t need to know that yet).

d) z = wcschtanbcos26.

Throughout this problem, I called x the distance from the bottom of the ladder to the build-
ing, I called y the distance from the top of the ladder straight down to the ground, I called 6
the angle between the bottom of the ladder and the ground, and I called ¢ the angle between
the top of the ladder and the side of the building. But it doesn’t matter what letters you

choose.
a) x = 16cos0 ft b) = 16sin¢ ft

a) 40t ft

b) /1502 + (40t)2 = /1600¢ + 22500 ft

xz = 23secl + 5secl = 28secd
L =5cscO + 2sech ft

a) 170 — 100 cot 6 mi

b) 100 cscd mi

170 — 100 cot @
) TCO =3.2—2cotf hrs

¢) y=16sin6 d) y=16cos¢

) 150tan 6 ft

150
d) 10 tan § = 3.5 tan 6 sec

100 csc 6

D 5

= 3.333 csc O hrs

e) 3.2—2cotf + 3.333csch hrs

§6.2: More on secant, cosecant and cotangent

1. For each equation, find all angles between 0° and 360° that solve the equation:

a) cosf = .56 d) cotf = .635 g) cscl = 4
b) cotf = 3 9 ’
ORI €) sec = —— h) tanf = —2.3
3
0) tan@z? f) cscd =—1 i) sinf = —.43
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2. For each equation, find all angles between 0° and 360° that solve the equation:

a) tané = 3.65 c) secl =1.8 e) cscl = 17
11
3
b) cotd = 2.31 d) tand = 5 f) tanf = 1.482

3. For each equation, find all angles between 0° and 360° that solve the
equation:

a) cscl = 11 c) csch =1 e) cscd =0
8

1
b) cot 6 = 4.35 d) secf =1.1 f) taLnQ:—g

4. Classify each quantity as positive or negative:

a) cos193° d) tan282° g) sec 350°
b) sec —200° e) cot 243° h) sin 740°
c) csc115° f) tan161.25° i) tan —33°

5. Classify each quantity as positive or negative:

a) cos385° tan 100° C) —sin 128° csc 222°
—3 cos 100° csc —190°
4tan 95°sec 2 - 150°

b) 4sec? 200° d)

6. In each part of this exercise, use the given information to determine what
quadrant (or quadrants) ¢ could be in:

a) sec <0 f) cotfd > 0and csch <0
b) tané > 0 g) cotf <Oandtanf <0
¢) sinf <0 h) secf > 0 and cosf < 0
d) cscd >0 i) sinf < 0 and secf > 0
e) cosf > 0and tanf < 0 j) tanf < 0and cscd <0

7. Suppose 6 is in Quadrant II. Determine whether each of these quantities
is positive or negative:

a) tand b) secd c) cot(—0) d) sec(90° + 0)

8. Suppose 0 is in Quadrant IV. Determine whether each of these quantities
is positive or negative:
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a) cscd

b) sin(180° + )

c) tan(180° —0)

d) cot(360° + )

9. Suppose 6§ is in Quadrant I. Determine whether each of these quantities

is positive or negative:

a) cos(180° + 0)
Answers
1. a) 6 =55.94°; 0 = 304.06°

b) 6 = 110.56°;
6 = 290.56°
) 6 =23.2°0=203.2°

a) 0 = 74.68%; 0 = 254.68°
b) 6 = 23.41° 0 = 203.41°

a) 0 =46.65°;0 = 133.35°
b) 0 =12.99°; 0 = 192.99°
c) 6=090°

a) negative
b) negative

c) positive

b) csc(—0)

c) csc(f —90°)

d) 6 =57.58°; 0 = 237.58°

e) no solution

f) 0 =270°

g) no solution

) 6 =56.25° 0 = 303.75°
d) 6=13%0=193°

d) negative
e) positive

f) negative

a) negative

a) IlorlIll
b) Torlll
¢) IlorIV

a) negative
a) negative

a) negative

b) positive

d) Torll
e) IV
f) III

b) negative
b) positive

b) negative

§6.3: Trig functions of special angles

d) csc(f + 180°)

h) 6 = 113.5°
0 = 293.5°

i) 0= 205.47°;
0 = 334.53°

e) 6 =40.32°; 0 = 139.68°
f) 0 =55.99°; 0 = 235.99°

d) 6=24.62° 60 = 335.38°

e) no solution

f) 0 =172.88°;

c) positive

g) HorlIV
h) this is not
possible

c) positive
c) positive

c) negative

0 = 352.88°

g) positive
h) positive

i) negative

d) negative
i) IV
) IV
d) negative
d) negative

d) negative

For each given angle, compute the values of all six trig functions of that ang]le:
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1. 270° 3.0 5 O
2
T
2. —180° 4. 5 6. 45°

For each given angle, compute the values of all six trig functions of that angle:

5%

7 2= 9. 120° 11. —270° 13.
4
om
8. 300° 10. —— 12. 1110° 14.
In each of Problems compute the given quantity.
15. tan T 18. tan —7 1. sip 1T 24
4 19. cot — 5 25
™ . -
16. cot — 9 22. cos &
3 4
2
17. sec 7w 20. sec?7r 23. tan—% 26.

In each of Problems compute the given quantity.

27. tan —30° 30. cos —45° 33. cos —120° 36.
28. csc150° 31. sec60° 34. tan45° 37
29. sin —210° 32. tan 90° 35. tan450° 38.
In each of Problems compute the given quantity.
39. sin o 42. tan sm 45. sin0 48.
4 4
40. cos —567T 43. cot % 46. tan —2; 49.
41. sec —g 44. cscm 47. cot0 50.
In each of Problems compute the given quantity.
51. cot 270° 54. cot 300° 57. cot —135° 60.
52. csc225° 55. sec —90° 58. sin 600° 61
53. tan 30° 56. tan —60° 59. tan480° 62.

In each of Problems compute the given quantity.

I
2
47
3

. cot 3w

. CSC —

7r
sec ——
6

cos 210°

. csc60°

sec —90°

; us
an —
2

cot —360°

. sec 180°

sin 135°
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63. sec 150° — sec 30° 67. sin’ 2 5T 70. 2 csc (K

4 2
64. sec(150° — 30°)

68 T (T
65. tan3 - 45° . coszco §+7r
5
66. cot 12 - % 69. 3tan® 540° 71. tan % cot %
In each of Problems @ compute the given quantity.

72. 3 = 2sin150° 75. tan® 1?; 78. cos 3; tan 5;

73.

74.

3r 7w secd 5T
76. csc X 4 T 6
csce 1 + 1 79. D

cos?2 - § +cos 7 - g
7r T
4 sec ( § 3) 77. 3 — 5tan (50° — 5°) 80. costansinm

Answers

1. sin270° = —1; cos 270° = 0; tan 270° DNE; cot 270° = 0; csc 270° = —1; sec 270° DNE

N

10.

11.
12.

13.

14.

AR

sin —180° = 0; cos —180° = —1; tan —180° = 0; cot —180° DNE; csc —180° DNE;
sec —180° = —

sin0 = 0; cos0 = 1; tan0 = 0; cot 0 DNE; sec0 = 1; csc 0 DNE

sin § = 1; cos § = 0; tan § DNE; cot § = 0; sec % DNE; csc § =1

sin%’”r = —1; cos =2 2 = 0; tan =2 DNE; cot =2% = 0; csc _S = —1;sec === DNE

sin 45° = ‘[ ; cos4b° = ‘[ ;tan45° = 1; cot 45° = 1; sec45° =

o_ 2 _
7 \/§csc45 ﬁ—\/i

2.
\/g/

5 2 ) 2 5 5 5 5
sinI7r = —g;cosg = —g;tan% = l;cot% = 1;seczﬂ- = —\/ﬁ;csczﬂ- =2
sin300° = —*2; cos 300° = 1; tan 300° = —/3; cot 300° = — 755 8ec300° = 2;
°o— _ 2
csc 300° = 7
sin120° = ¥3; cos 120° = —1; tan 120° = —/3; cot 120° = —J5i8ec120° = —2;
o _ 2
csc 120 =5
sinf—7T = 71; cosz—7r = fﬁ; tsz5—7r = L; Cotf—ﬂ = V3 secf5—7r = -
6 2 6 2 6 V3 6 6
o
csCc—— = —2.
6
sin —270° = 1; cos —270° = 0; tan —270° DNE; cot —270° = 0; sec —270° DNE; csc —270° = 1.

sin1110° = 2,cos 1110° = ‘/g;tan 1110° = —=; cot 1110° = v/3; sec 1110° =

1.
e

f/
csc1110° = 2.
LT s s s s Vs
sin 5 = —1; cos 5 = 0; tan - DNE; cot 5 = 0; sec -5 DNE; 0307 = —1.
4 3 4 1 4 4 1 4 4 2
sin gz—g;cosgz—?tang:\/g;cot% = %;sec?ﬂ:—chcg:—%.

275



8.6. Chapter 6 Homework

15.

16.

17.
18.
19.

20.

21. s

22.

23.

24.
25.

26.

27.

28.
29.

30.

31.
32.

33.
34.
35.

36.

¢ ™ 1
an — = —
6 V3
ot _ 1
3 V3
sec7m = —1
tan—7 =0
T
t— =20
co 2
2
29
sec 3
1l 1
in— — =
T T2
5 V2
cos — = ——
4 2
T
tan —— = —1
an 1
cot 3m DNE
T
9
c506
s 2
sec—— = —
6 3
1
tan —30° = ——
3
csc150° =2
sin —210° = —1
2
cos —45° = i
2
sec60° = 2
tan 90° DNE
1
—-120° = —=
cos 0 5

tan4b5° =1
tan 450° DNE

cos 210° = —

[ %

37.

38.

39.

40.

41.

42.

43.

44.
45.

46.

47.
48.

49.

50.

51.
52.

53.

54.

55.
56.
57.

58.

o 2
csc60” = —

V3
sec —90° DNE

2
tan —% = \/§
cot 0 DNE
tan g DNE

47 1
Cos — = ——

3 2

T 2
csC— = —

3 V3
cot 270° =0

csc225° = —/2

1
tan 30° = —
V3
1
V3
sec —90° DNE
tan —60° = —v/3

cot —135° = —1

cot 300° = —

sin 600° =

|G

§6.4: Pythagorean identities

59.
60.
61.

62.

63.

64.
65.
66.

67.

68.

69.
70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

tan480° = —v/3
cot —360° DNE

sec 180° = —1
sin 135° = g

sec 150° — sec 30° = —

Sl

sec(150° — 30°) = —2
tan3 - 45° =
cot 12 - Z DNE

3tan® 540° = 0
T

2cs¢ - = —2
CbC2

5 s 1
tan E cot — = ———

4 V3
3 — 25in150° = 2

s T —-1-+3
2.2 7=~ Ve
cos 3—|—COS 5 5

T T 0w
4s (f T f)=—4
sec 3+3+3

6 3

L
CATLIT A
3 — 5tan (50° — 5°

_|_

I

)= -2
3

cosgtan7 =0
3 5w

sec” - 2

12 93

costansinm =1

1. Suppose tan ) = 2 and cos§ < 0. Find the values of all six trig functions

of 0.

2. Suppose csc ) = 4 and sec @ < 0. Find the values of all six trig functions
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of 0.

3. Suppose cos = .7 and cot § < 0. Find the values of all six trig functions of 6.

4. Suppose cot = —2.35 and sin 6 > 0. Find cos ¢ and sec 6.

5. Suppose (z,y) is the point on the unit circle at angle 6.
a) What is tan(—6)? e) What is csc(180° — 0)?
b) What is sec(—0)? f) What is tan(6 + 90°)?
c) What is cot(f — 180°)? g) What is sec(6 — 90°)?
d) What is sec(180° — 6)? h) What is cot (0 + 720°)?

6. a) If tand = 4, what is tan(—6)?
b) If cot § = —.54, what is cot(—0)?
c) If sec§ = 3, what is sec(—6)? What about cos(—6)?
d) If cos@ = z, what is cos(—6)?
e) If cscd = 6w, what is csc(—6)? What about sin(—6)?

7. Compute each quantity:

a) tan’ 3; — sec? 2 31 d) cos70° — sin 20°

7
b) csc 18° + cse(—18°) e) cos?200° + sin? 200°
) sec48° — sec408° f) 3sin?5° + 3cos? 5°
8. Compute each quantity:
a) cos 100° — cos 260° d) sec? 8m _ tan2 8w
9 9
b) cot?800° — csc? 800° e) sin? % 1+ cog? %
) cos 130° — cos(—230°) f) tan40° — tan 220°
Answers
1. sinf = —\/%; cosf = —\/%; tan @ = %;cot@ = g,‘ secl = —@;CSC@ = —@.
6= Locoso= Y18 g Lo VTE secf = —— s cscl —
2. sm9—4,0059— 1 ;tanf = \/ﬁ,cote— V15; sec = \/E,CSCG—ZL

3. sinf = —.714143; cos 8 = .7; tan 6 = —1.0202; cot 8 = —.980196; sec 8 = 1.42857;
csc = —1.40028.

4. cosf = —.920155; sec = —1.08677.

277



8.6. Chapter 6 Homework

5 a) tan(—0) = —%
b) sec(—0) = 7”302;_‘%

c) cot(d —180°) = —

/22 1 2
d) sec(180° —6) = —xT—i_y
6 a) tan(—0) = —4
b) cot(—0) = .54
7. a) tan® 3771- — sec? 377T =-1

b) csc18° + csc(—18°) =0
c) sec48° —sec408° =0

8. a) cos100° — cos260° =0

b) cot?800° — csc? 800° = —1

c) cos130° — cos(—230°)

=0

/22 1 02
e) csc(180° —0) = xT—i_y
f) tan(6 +90°) = 3
Y
g) sec(d —90°) = VY
Y
h) cot(f + 720°) = g
c) sec(—0) = %; e) csc(—0) = —6w;
cos(—0) = 3. .
d) cos(—0) ==z sin(—0) = e
d) cos70° —sin20° =0

e) cos?200° + sin? 200° = 1
f) 3sin%5° 4 3cos?5° =3

8
d 22 ¢ — =1
) sec 9 an 9
.27 27
e -+ —=1
) sin 5 cos 5

f) tan40° — tan 220° =0

§6.5: Graphs of cosecant, secant and cotangent

Sketch a graph of each indicated function:

1. y=cscx 3. y=tanx 5. y = csc2x 7. y=cscx+3
2. y=cotx 4. y=secx 6. y=4secx
Answers

RV Y5
A

AL
ARAR

)
[

PEEVEENY

AU

COCr

A




8.7. Chapter 7 Homework

8.7 Chapter 7 Homework

§7.1: Elementary trig identities
Note: Every question in this section is .

1. a) Rewrite the expression tan? § in terms of only the trig function sec 6.
b) Rewrite the expression csc? § in terms of only the trig function cot 6.

c) Rewrite the expression 2 cos? § in terms of only the trig function sin 6.

2. a) Rewrite the expression 2 sec” §+3 in terms of only the trig function tan 6.

b) Rewrite the expression 2 csc? § — 4 cot? § in terms of only the trig function
csc .

c) Rewrite the expression 2 sin? 6+ 3 cos? § in terms of only the trig function
sin 6.

d) Rewrite the expression 2sin? 6+ 3 cos? § in terms of only the trig function
cos 0.

In each part of Exercises determine if each given expression can be simplified
into a single term. If so, simplify it; otherwise, do nothing.

3. a)sin?0—cos’0 b) tan?6 +1 c) cot?f +1 d) 1 —sec?6

4. a) 1—tan?0 b) csc?f —1 ) cos?f+cot?d  d) sec?d —csc? 6
5. a) sin?0 -1 b) cot?f—csc?0  c) cos?O+cot?0  d) sec?d—csc?o
6. a) 1—cos’d b) 1 +sin%0 c) cot?f —1 d) sec?—tan?0

In each of Exercises [7{19, simplify each expression as much as possible, and write
your answer so that no quotients appear in the final answer, and no — signs are
inside trig functions:
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8.7. Chapter 7 Homework

7. secfcot f 1. tan(—0) . 1 —csc?6

cot(—0) sec2 6 — 1

8. csc(—0) cosd 13. sinftanf — secf

9. cscltant 14. sinf(csc — sin 0) 18 1 + tan(—#)
10 sin ¢ 5 csc(—6) tan(—0)
" cscl " ot
sec(—0) 1 + tan?(—0) 1 — cos?6
—_— 16. ——— 19, ———
Ly - + cot® 0 ] + tan® ¢

In each of Exercises verify that each equation is an identity:

20. sec = cscftan b 1 +cos(—0)  tand
25. . =
sin 6 secl — 1
21. sinf(secl + csch) — 1 = tand

26. sec — csch = %
22. sec(—0) cotfsinf =1 nf—co

4 20 _ 4o 4 2
23. cscf = sinf + cot O cos O 27. sec”§ —sec”§ = tan” 0 + tan” ¢

i — tan(—6 )
o1 sin ¢ _ 1 —cosé 28. (—0) _ sin(—0)
1+ cosf sin ¢ sec(—0)
Answers

1. a) tan?6 =sec?§ — 1. b) cot?d —csc? = —1.
b) csc?6 = cot? 6 + 1. ) cos? 6 + cot? § can’t be simplified.
) 2cos26 = 2 — 2sin? 6. d) sec? — csc?  can’t be simplified.

. 1 — cos? @ = sin? 4.
2. a) 2sec?f+3=2tan’f +5. 6 2) C?SQ b s’m o
) 25 2 b) 1+ sin® @ can’t be simplified.

b) 2¢cse”0 —dcot™f = —2csc™ 6 + 4. c) cot?f — 1 can’t be simplified.
) 2sin?6 + 3cos® 6 = 3 — sin? 0. d) sec?f — tan%6 = 1.
d) 2sin?6 + 3cos? 0 = 2 + cos?h. 7 secBcotd = csc

3. a) sin?6 — cos? f can’t be simplified 8. csc(—0) cosf = —cot 0
b) tan?6 + 1 = sec? 6. 9. cscOtand = secd
c) cot?6+ 1 = csc? 6. 10. o8 —in?6
d) 1—sec?d =—tan?4. 11. SCCCS(C_:) = tand

4. a) 1-—tan?6 can’t be simplified 12. tcirtl((:gg = tan? ¢
b) csc?f — 1 = cot? 6. 13. sinftanf —secd = — cosf
c) cos? 6 + cot? § can’t be simplified 14. sinf(cscf —sinf) = cos® 0
d) sec?§ — csc? 6 can’t be simplified 15. CSCC(EJ 90) = —sec

5. a) sin?f— 1= —cos?. 16, L’ (-0) _ an2yg

1+4cot? 6
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17.

18.

20.

21.

22.

23.

24.

25.

26.

27.

28.

ge—cgsgif = —cot*d 19. }_:f;’;zg = cos? 0sin? 6
712::?_(;)9 ) =1 — coth
1
LHS: secf = ;
cos
RHS: cscftanf = —— . 500 _ 1 1y
sinf cosf  cosf
1 1
LHS: sinf(sec® + cscf) — 1 = sinfsech + sinflcscd — 1 = sinf—— +sinf——— — 1 =
cos sin 0
tanf +1—1=tan6;
RHS: tan § = LHS.
1 5 6
LHS: sec(—0) cot §sin @ = secf cot fsinf = C(,)b sinf = 1;
cos @ sin 0
RHS: 1 = LHS.
LHS: csc = —;
sin 6
0 29 in’6 29 in’6 2 0
RHS: sin #+-cot 8 cos § = sin 0+ C?S cos = sin 0+ CO.S = Sl?l CO.S _ o .Jr s
) sin 6 sin 6 sinf = sin@ sin 6
= LHS.
sin 6 5
LHS: sinf _ (sinf)(1 —cosf)  sinf —sinfcos  sinf —sinfcosd  sind
"14cosf  (1+cosh)(l—sinf) 1—cos28 sin? @ ~ sin?4
sinfcos 1 _0059_ 0 — cot 0
sin?0 s sinf ¢ corwy
1-— 0 1 50
RHS: ,COS = — — C?b = csc — cot 6§ = LHS.
sin 6 sinf  sinf
LHS: 1 +C.OS(_0) _ ].-l-.COSG _ .1 c9s€ — esch 4 cot b
sin 6 sin 0 sinf = sinf
tan 0 tanf(secd + 1) tanf@secd +tand  tanfsecd +tand  tanfsecd
RHS: = = = =
sec@ —1 sech —1)(sech + 1) sec2f —1 tan? 0 tan? 0
tand _ sech L _ 1  sinf cot 0 = ! COS0+cot9— L +cot 6 = csc 0+cot 6
tanIQ_IH " tanf tan®  cosf cosé " cosf siné " siné -
1 1 sin 6 cosf sinf — cos @
LHS: 0 —csch = — = — — ;
sec o8¢ cosf sinf  cosfsinf  sinfcosf sin 6 cos 6

sin @ — cos @

RHS: = LHS.

sin 6 cos 0
LHS: sec*  — sec? § = sec? f(sec? § — 1) = sec? f tan? 6;
RHS: tan® 0 + tan? § = tan” f(tan?® 6 + 1) = tan®fsec? § = LHS.

LHS: tan(—f) —tanf  sinf = 1 sinf cosf

= —sin6;

sec(—0) ~ secl  cosf  cosf T cosf 1
RHS: sin(—0) = —sin§ = LHS.
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§7.2: Sum and difference identities

Note: Every question in this section is .

1.

10.
11.
12.

. Suppose sin o = = sinf = -.

2
. Suppose tana = 3 and tan = —

2
Suppose sina = 3 and « is in Quadrant I. Compute sin(a + 60°), and then
draw a picture to explain what you just computed.

1
Suppose cosa = ~2 and « is in Quadrant III. Compute cos(240° — «), and
then draw a picture to explain what you just computed.

1 2
. Suppose tan = 3 and 0 is in Quadrant I. Compute tan (9 + ;), and then

draw a picture to explain what you just computed.

Find a general formula for tan(f — 45°), in terms of tan 6.

1 2
3

a) If both o and g are in Quadrant I, compute sin(a + 5).
b) If a is in Quadrant I but § is in Quadrant II, compute cos(8 — «).

Suppose cosa = —i and sin 8 = i

a) If sina < 0 and cos § > 0, compute sin(a — 3).
b) If sina > 0 and cos 5 < 0, compute cos(a + [3).

2
a) Compute tan(a + ().

b) Compute tan(a — ).

c) What quadrant or quadrants could « + § belong to?
d) If cos(a + 3) > 0, compute cos(a + 3).

. Find the exact value (no decimals) of cos 15°.

. Find the exact value (no decimals) of sin —75°.

Find the exact value (no decimals) of sec 165°.
Find the exact value (no decimals) of tan 105°.

Find the exact value (no decimals) of cos 195°.

282



8.7. Chapter 7 Homework

13. Simplify each expression, by recognizing it as the complicated side of one of
the trig identities encountered in this section:

a) sin 25° cos 35° + cos 25° sin 35°

b) cos40° cos 140° — sin 140° sin 40°
0 tan 50° — tan 20°
1 + tan 50° tan 20°

Answers

As usual, the pictures are omitted - ask me about these if you have questions.

L, VI5 o 1-V3 1-33
1. sin(a +60°) = = + —. 3. tan 9+>: 3 — .
| R ( 3) 1-3(-v3) 3+3
1 V45 tan6 + 1
° _q)=--Y2 4. —45%) = —— =
2. cos(240° — ) 5 g tan(f — 45°) T tand
: 1 V6 v24 2 |VB+2y24
S Asmladf) =g mh g s T
VvV V24 1 2 | =120+ 2
b os(f-a) == 45 gt T 5|
6. a sima_g) - VI VT _3(5) _|VIB+15
7 4 4\T7) 28 i
5 V7T V24 3 |5/7T-3V24
b) cos(oz—!—ﬁ)_—?._j_?.z_ T
3+2 ¥
7. a) tan(a+f) = 5 — b5 —|_17
=33 F
3-¢2 £ |13
b) tan(a — ) = 5 5 | 2|
1+3(3) & |l
¢) a+ Bisin Quadrant II or IV, since tan(a + 3) < 0.
1
d) cos(a+ B) =] — |
) cos(a+ ) 590
—\/2 =
8. COSl5O:@. 12. 005195":#.
-V2 - 3
9. sin—75° = M, 13.  a) V3
4 2
10. sec165° = v/2 — /6. b) —11
11. tan105° = —2 — V/3. 9) 7
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§7.3: More identities
Note: Every question in this section is .

10.

2
. Suppose sinf = £ and cos 6 < 0. Compute sin 26 and cos 26.

6
Suppose tan f = g and cos f < 0. Compute tan 20 and tan 3

3 6
. Suppose cosf = T What are the possible values of cos 5?

Suppose cos 20 = i:: and ¢ is in Quadrant I. Compute cos 6.

3
. Compute the exact value of all six trig functions of g

Verity the following “power-reducing” identity, which is used in Calculus 2
to simplify trig expressions:

14 cos 26

2
9 pu—
COSs 9

Verify the following “power-reducing” identity, which is used in Calculus 2
to simplify trig expressions:

1 — cos 20
—y

sin? 6 =

. Find and verify an identity which writes sin 30 in terms of only the trig func-

tion sin 6.

. Find and verify an identity which writes cos 40 in terms of only the trig func-

tion cos 6.

Simplify each expression, by recognizing it as the complicated side of one of
the trig identities encountered in this section:

a) 2sin 22.5° cos 22.5° b) cos? 75° — sin? 75°
Answers
44/21 1- = /34—
1. sin29:—72;cos26‘:E tanQ: 34 _ 34 3‘
25 25 5 5
V34
15
2. tan20 = ——;
an 3
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cos = /7 3T (242 dm 242
2 8 8 22 8 2+2
2 e 37 23 2
V5 8 V228 2y R
3r_ V2-v2 3T  V2+4V2
8 2 o8 2
. LHS: cos? 6.
REIS: 1+ cos26 _ 1+ (2cos?6 — 1) _ 2cos? 6 ~ cos? 0 — LIS,
2 2 2
. LHS: sin? 6.
RHS: 1 — cos26 _ 1= (1 —2sin? ) _ 2sin? 0  in20 — LHS.
2 2 2
sin 30 = sin(26 + 6)
= sin 2t cos 0 + cos 2t sint
= (2sin 6 cosf) cos § + (cos® § — sin? §) sin @
= 2sin 6 cos? @ + cos? fsin  — sin® 0
=3cos?fsint —sin®§ = 3(1 — sin® ) sin § — sin® 0
= 3sinf — 3sin® 6 — sin® 0
:‘3sin074sin39‘.
cos 46 = cos 2(26)
= cos?(26) — sin’(26)
= [cos 26]* — [sin 26]*
= [cos? 0 — sin? 0] — [2sin 6 cos 6]
= [(;054 6 — 2sin® f cos” 6 4 sin* 0] — 4sin®f cos” 0
= cos § — 65sin? O cos® O + (sin? 0)?
= cos® 0 — 6(1 — cos? ) cos® O + (1 — cos? §)?
= cos’ @ — 6cos® 0+ 6cos? @ + (1 — 2cos® O + cos 0)
:‘8(:0549—8(30529—&—1‘.
2
)y b Y
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