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Chapter 1

General information about
these exams

These are the exams I have given between 2010 and 2026 in Calculus 2 courses.
Each exam is given here, followed by what I believe are the solutions (there may
be some number of computational errors or typos in these answers).

I have edited these exams to remove questions that do not match the current syl-
labus of MATH 230; so some of the older tests may contain a less than expected
number questions.

Note that this calculus course has been revised several times over the years, and
what was on “Exam 1” in past years may not match what is on “Exam 1” now.
To help give you some guidance on what questions are appropriate, each question
on each exam is followed by a section number in parenthesis (like “(3.2)”). That
means that question can be solved using material from that section (or from earlier
sections) in the 2025 edition of my Calculus 2 Lecture Notes.

Last, my exam-writing style has evolved over the years; generally speaking, the
more recent the exam, the more likely you are to see something similar on one
of your tests. In particular, the exams prior to Fall 2012 were given at a college
other than Ferris, where the Calculus 2 course content doesn’t exactly match what
is taught at FSU.


http://mcclendonmath.com/m230/m230s2023notes.pdf

Chapter 2

Recent Exam 1s

2.1 Spring 2026 Exam 1

1. Compute each integral:

b) (2.1)/(2—3175) dz e) (2.2)/(COS 3x + sin 35) dx

Q) (2.2)/(3514 n Se(?) dz

2. (2.10) For each integral, determine the best method to compute the integral
by hand.

If the best method is to just write the answer, write the answer. (This
includes use of the Linear Replacement Principle.)

If the best method is to rewrite the integrand, write “REWRITE” and
describe how the integrand should be rewritten.

If the best method is to use a u—substitution, write “U-SUB” and write
what the v would be in your u—sub.

If the best method is integration by parts, write “PARTS” and write what
you would assign to be r and ds.

If the best method is partial fractions, write “PARTIAL FRACTIONS”
and write your guessed partial fraction decomposition.

a) /1_1x2da7 C)/ﬁdm
b) /1;x2dx d)/\/ll_—xdzr



2.1. Spring 2026 Exam 1
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e) / V1—zdr g) (Bonus) / \/%dx
0

a) (3.3) Determine, with justification, whether the improper integral

© 34 2cosx

d
2 VT v

converges or diverges.
b) (3.4) Compute /  oute 2 da.
0

(2.6) Evaluate one of the following two integrals.

(@) /1020 cos b dx (b) /20xe4x dz

(2.8) Evaluate one of the following two integrals.

(a)/x2:v—|—12 (b)/—x +2x —1 Jr

—r—6 3+

(2.5) Evaluate one of the following two integrals.
(@) / 3;_:41 dx (b) / sin® x dx

(Bonus) (2.9) Evaluate this integral:

/ln(x2 +1)dx




2.1. Spring 2026 Exam 1

Solutions

2 2
1. a) FOIL, then integrate term-by-term: / (x+3)(x—1)de = / (a:2 + 2z — 3) dx =
0

0
L ]2 1 2
= —3z| =-(8)+4—-6=|=|
{3:p +z :L‘O 3()—1- 3

1
b) Integrate term-by-term with the power rule to get / (2 - 3355) dr =|2z — 53:6 +C|

c) Use the LRP on the first term (m = 1,b = 4) and just do the second term to get

1
ln(x+4)+gtan:c+0.

d) Use the LRP withm = 2,b =5 to get /3e2w+5 de — ge2m+5 el

e) Use the LRP on both terms. On the first term, m = 3,b = 0 and on the second

3 3z 1 . 4 3z
term,m—4,b-0soweget/(eos3x+5ln4) dx = gsm?m—gcosIJrC.

2. a) This integral is done with ’ partial fractions ‘ The bottom factors as (1 — z)(1 +

1 A B
z), so the guessed decomposition is 1 =

— x? 1—x+1+:):'
b)/

dm This integral needs to be by splitting the integrand as
/l—x dx:/<1_3:2> dr = /(1—33) dz |.
T xT T x
C) toget/\/ll_iﬂdw :.
d) [Just do it| (LRP with m = ~1,b = 1)toget/ Vll_ixdm =|—2V1-z+C|

e) (LRPwithm:—l,bzl)toget/\/l—mdx: —%(1—9&)3/24-0.

f) This is done with the u =22
g) This is done with the u =z

Remark: The reason this works is that du = 2z dx. Now, since z* = (22)? = u?,

1 1
/2.\/1—u2

the integral becomes du which we can “just do” to get 3 arcsin u+

1
C= 3 arcsinz® + C.

3—|—2cosa:>3+2(—1)_ 1
N, _\/:E—

© 1
/ i dx diverges (it is a p-integral with p =

3+ 2cosx
Test ———dx also | di .
es /2 N x also | diverges

3. a) Since cosx > —1, 0. We know/ —daz =

< 1), so by the Comparlson

l\.')\r—t



2.1. Spring 2026 Exam 1

b) After pulling out the constant multiple 9, this is a gamma integral with » = 3,

o 3! 27
)\:2.50/0 9x3e 2% do = 9-? = 3!

a) Use parts withr = 2 and ds = 10 cos 5z dz. That makes dr = dz and s = 2sin 5z

(LRP with m = 5) so by the parts formula,

/10xcos5xdw:/'rds:rs—/sdr:2xsin5x—/2sin5xd:p

. 2
= 2xsm5m+gcos5$+0.

b) Use parts with r = x and ds = 20¢** dx. That makes dr = dz and s = 5¢** (LRP

with m = 4) so by the parts formula,

/20xe4xda::/rds:rs—/sdr:m:e“—/5e4xdaz

5
=|5xe® — 164‘76 +C|

a) Use partial fractions. The denominator factors as (z — 3)(x + 2), so we guess

b)

and then clear denominators:

T+ 12 B A B

@—3)x+2) 2-3 z+2
r+12=A(x +2) + B(z — 3)

Pluginxz = —2to get 10 = —5B,i.e. B = —2. Pluginz = 3 to get 15 = 54, i.e.
A = 3. This makes the integral

/(:1:23_96—2%2) de =[3In(z —3) — 2In(z +2) +C|.

Use partial fractions. The denominator factors as z(z? + 1), so we guess and
then clear denominators:

—z?+ 2z -1 _é+B$+C
r(x24+1) oz 2241
—2?+ 20 —1=A@2*+1)+ (Bx +C)x
Plug in z = 0 to get —1 = A. Expanding the right-hand side therefore gives

—1(2? +1) + (Bz + C)z = (B — 1)2® + Cz — 1, so by equating powers of = we
see C =2and B — 1= —1,i.e. B = 0. This makes the integral

x 241

-1 2
/(+ )dx:‘—lnx+2arctanaz+0.



2.1. Spring 2026 Exam 1

6. a) Use the u-sub u = = + 4. That makes du = dx. Solve the u-sub for = to get
x = u — 4. Now, substitute everything into the integral to get

e [ (o 2)

=3u—13Inu+C
=[3(x+4) - 13In(z +4) + C|

2 2

b) Rewrite this as / sin® x do = /sin x sinzdr = /(1 — cos” z) sin x do and then
use the u-sub u = cos z. This makes du = —sinz dx so —du = sin x dx. Substi-

1
tuting this into the integral, we get / ~(1 - v} du = —u+ gu?’ + C. Finally,

1 .
back-substitute to get | — cos x + 3 cos’z + C|

7. Start by using parts with r = In(2? + 1) and ds = dz. That makes dr = % dx (by
T
the Chain Rule) and s = z. So by the parts formula,

2z
/n(m +1)dx rds=rs sdr=xln(z”+1) e dx

222
—al@+ 1) - [ da.
zln(z* +1) o
For the remaining integral, rewrite it as follows:
222 222 +2 — 2 222 + 2 2
/Ldm:/de:/ v dx
z2+1 z2+1 z2+1  a?+1
[2(2% + 1 2
:/ (" + )— dx
z2+1 2 +1

NP
L -+ 1

= 2¢ — 2arctanz + C.

That makes the entire answer

zln(2z? +1) — [22 — 2arctanz] + C = |z In(2® + 1) — 2z + 2arctanz + C |




2.2. Spring 2025 Exam 1

2.2 Spring 2025 Exam 1

1. Compute each integral:

a) (2.1) /1 " (24 82) da d) (2.2) / (362 + 7e~/%) da
b)aa)/<3¢‘—;2>cm e)QB)/agigdx

8 1
c)QQX/(x_3+Kx_3P>dx

2. (2.1-2.6) For each integral, determine what the best method to compute the
integral by hand.

e If the best method is to just write the answer, write the answer. (This
includes use of the Linear Replacement Principle.)

¢ If the best method is to rewrite the integrand, write “REWRITE” and
describe how the integrand should be rewritten.

¢ If the best method is to use a u—substitution, write “U-SUB” and write
what the v would be in your u—sub.

¢ If the best method is integration by parts, write “PARTS” and write what
you would assign to be r and ds.

a) / cosx dx d) / cos® & sin x dx
b) /COS2 x dx e) /cos 3xdx
) / cos® & dx f) /m cos 3z dx

4

3. a) (3.3) Determine, with justification, whether /
2

diverges.

b) (2.4) Compute / 4z sec? 2 da.

- dx converges or
x'

¢) (2.6) Compute / 24xe** da.

4. Evaluate two of the following three integrals:

a) (2.4) /cotxdm b) (2.3) /cotzzcdx c) (2.6) /arctanxdx

5. Evaluate one of the following two integrals:

10



2.2. Spring 2025 Exam 1

xr— 33 272
a) (2'8)/x2+4x—21d$ b) (2.5)/(%’—3)3(&

11



2.2. Spring 2025 Exam 1

Solutions

2 2
1. a) Integrate term-by-term using the power rule: / (24 8z) dx = [29: + 4m2] L=
1
2(2) +4(2)] - 2+ 4] = [14].

b) Integrate term-by-term using the power rule: / (B\f - }) dx = / (3z1/2 -
T

2:):_1/2)dx:3-§x3/2—2-2x1/2—|—0: 2032 — 421/ 4 C|,

c) Integrate term-by-term using the LRP, with m = 1 on each term:

/<x§3+(x—43)3> dr =|8ln(z —3) —2(z —3)*+ C|

1
d) Integrate term-by-term using the LRP, with m = 2 on the firsttermand m = —~

2
e 40 =

1
on the second term: /(3621 + 7671/2) dr = 3 - 5623: +7- 1/

3
562”3 —14e7 %2 4 O,

1
e) Use the generalized arctan integral formula: / dx = 6- - arctan g +C =

6
22 +9 3

2arctan§ + |

2 @) Justdoit: [ coszds =[sina+ O}
9 1+ cos2x

b) Rewrite with a power-reducing identity: cos”z = 5

c) Rewrite as / cos’ xcosx dr = / (1 — sin® ) cos « da: |, then use the u-sub .
d) Use the u-sub[u = cos x|

e) Just do it (with the LRP): / cos3x dx = é sin3z + C'|.

f) Use parts with ‘ r=x,ds = cos 3z dx ‘

. 224 224 2
3. a) First, 0 < 713 < — = 3

© 2
Second, / —3 dz converges (p-integral with p = 3 > 1).
2

0o 94
Therefore, /2 Ti?) dx by the Comparison Test.

b) Use the u-sub u = z2. That makes du = 2z dx so 2 du = 4z dz. Substitute into

the inteeral to get [ 2sec’? udu = 2tanu + C = |2tanz® + C|.
g g

12



2.2. Spring 2025 Exam 1

1
c) Use parts with r = 24z and ds = €** dz. That makes dr = 24 dz and s = 562”.
Now, by the parts formula,

1 2
/241:6% dr = /rds =7rs— /sdr = 24z (2€2x> — / 1 (12629”) dx

= 1222 — / 12¢%% dx

=[120e% —6e> 4 C|

COS T

a) Rewrite this integral using a quotient trig identity as / cotwxdr = / dx.

sinzx
1

Then use the u-sub © = sinx, du = cosx dx to obtain / —du = lnu+ C =
u

In(sinx) + C'|

b) Rewrite using a Pythagorean trig identity, and then just do it: / cot?zdr =

/(cchg:—l)da::‘—cota;—x—i-C.

c) Use parts with r = arctan z, ds = dx. That makes dr = dx and s = z. By

z2+1
the parts formula,

/arctanxd:p:/rds:rs—/sdr:xarctanx—/ T dzx
241

1
For the remaining integral, use the u-sub u = 22 + 1. Then du = 2x dx so §du =

1 1 1 1
x dz so this integral becomes / 3 —du = 3 Inu+C = 5111(31:2 +1)+C. All
u

1
together, the answer to the original integral is | z arctan z — B In(z®> +1)+C|

a) Use partial fractions. The denominator factors as (z + 7)(xz — 3), so we guess
and then clear denominators:

x—-33 A B

(x+7)(x—3)_$+7+x—3
x—33=Ax—3)+B(z+7)

Plug in x = 3 to get =30 = 10B,ie. B = —3. Pluginx = —7 to get —40 =
—104, i.e. A = 4. This makes the integral

x—i-?_x—?)

/( : > )dx:‘4ln($+7)—3ln(x—3)+0‘_

13



2.2. Spring 2025 Exam 1

b) You can use partial fractions, but a u-sub is easier. Let u = x — 3 so that du = dx
and = = u + 3. Substituting into the integral, we get

2 2

/2(u—|;3) du:/Q(u +2u+9)du
u u

2u? + 12u + 18

:/T

2
= / ( +12u 2 + 18u_3) du
U

=2lnu—120"'—9u 2+ C

du

=2In(z-3)—12(z-3)"' -9z -3)2+C|

14



2.3. Spring 2023 Exam 1

2.3 Spring 2023 Exam 1

1. In each part of this problem, write Mathematica code which would accomplish
the given task:

a) Define the function f(z) = 3.

b) Sketch the graph of g(z) = tan 4z, where z ranges from 0 to .

) Solve the equation z* — 322 = 10.

2. Compute each integral:

a) (2.1) / <4\1/E + 31) dz
b) (2.2) /Oﬂ/36cos;dx
Q) (2.2) / (8¢ do

3. (2.10) For each of the given integrals, determine what the best method to
compute the integral by hand.

¢ [f the best method is to just write the answer, write “JUST DO IT” and
write the answer. (This includes use of the Linear Replacement Princi-
ple.)

¢ If the best method is to rewrite the integrand, write “"REWRITE” and
describe how the integrand should be rewritten.

¢ If the best method is to use a u—substitution, write “U-SUB” and write
what the v would be in your u—sub.

¢ [If the best method is integration by parts, write “PARTS” and write what
you would assign to be r and ds.

¢ If the best method is partial fractions, write “PARTIAL FRACTIONS”
and write your ‘guessed’ form of the decomposition.

) /lx—1|—4d$ d)/$21+4dx
b)/<x+14)2dx e)/x2$_4dx
c)/x21_4dx f)/x2;4dx

4. Determine, with justification, whether each integral converges or diverges:

a) 3.3) /500 (g — 2) dz

15



2.3. Spring 2023 Exam 1

b 63 [

0 (3.1) /1 Yoy

Tx + 29

5. 2.8)C te th tial fraction d iti f——.
a) (2.8) Compute the partial fraction decomposition o T

b) (2.4) Compute / . ztsec? 25 du.

6. (2.5) Evaluate one of the following two integrals:

/x($+5> dx /COSSQZCZZE
r—8

7. (2.6) Evaluate one of the following two integrals:

/:BA‘ln:Bd:z: /43:65"’/2d$

8. (Bonus) Compute / o'/ sin 2%/ du.

16



2.3. Spring 2023 Exam 1

Solutions

1.

a) f[x_] = E"(3x)
b) Plot[Tan[4x], {x,0,Pi}]
c) Solve[x"4 - 3x72 == 10, x]

2
a) Split and then use the Power Rule on the first term: / ( 333) dx =

1 1
— [ z12 S Zde =224 2 == |
4/:c dx—i-g/xdx 1 %x —|-3n:c+0 2\/5—1—3nw+0.

w/3
b) Use the Linear Replacement Principle with m = % to get / 6 cos g dr =
0

= 1251n% — 12sin 0 = 12 (;) ~0=[6]

c) Use the Linear Replacement Principle with m = —4 to get / (861_4“’> dr =
1

a) JUSTDOIT: / !
J T —

w/3
= 12sin —

/3

0

4da:: In(z —4)+C|

b) JUST DO IT (with the Lin. Rep. Principle): / (x—14)2 de =|—(x -4 +C

1 A B
c¢) PARTIAL FRACTIONS: = + .
x2—4 r—2 x+2

1 1
d) JUST DO IT: / —~_dr=|=arctan = + C'| (see Theorem 2.7 in the notes).
22 +4 2 2
&) u-SUB: [u = a” 4
2
4dm:/<x—4> dxr = /(w—4) dx |
x oz x

a) / ( ) dr = 12 / L -8 / i3 dx. The first integral converges
x

(p-integral, p = 3 > 1) but the second does not (p-integral, p = % < 1), so this is

a convergent integral minus a divergent one, which | diverges |

3 3

1 > 1
b) Note 0 < po e < g Slid Also, /2 BE dx converges (p-integral,

. & x
p =4 > 1), so by the Comparison Test /2 po e dx | converges |

1 & 1 1 1 1
Q) / 27Ty = —— 27 —__~ 97 _~ 9l _g4
1 In2

. In 2 In 2 2In2  2In2

this integral .

2
f) REWRITE: / a

< 09, SO

17



2.3. Spring 2023 Exam 1

5.

a) Factor the denominator as (z + 3)(z + 5); then guess the decomposition as

7 29
z? f;:n 115 7+3 + r+5 Multiply through by 22 + 82 + 15 to clear

denominators; this gives the equation 7z + 29 = A(z + 5) + B(x + 3). Now,

* by letting x = —5 in this equation, we get —6 = B(—2) so B = 3.

* by letting = —3 in this equation, we get 8 = A(2) so A = 4.
Tx+29 | 4 n 3

224+8x+15 |z+3 z+4+5]

b) Use the u-sub u = 25 Then du = 52" dz so tdu = z* dz. Substituting in the

All together, we have

1 1 1
integral, we get /954 sec? 27 dr = / R sec? udu = 5tanu+C’ = gtanx5 +C|

a) For the first integral, let u = 2 — 8 so that du = dx and = = v + 8. Substituting
in, we get

/x(w+5)dx:/(u+8)(u+8+5)du

r—8 U
1
:/(u+8)(u+ 3)du
U
/u2+21u+104
=)/ ——mmdu

u

104
:/(u+21+0> du
U

1
= 5“2 +2lu+104lnu+ C

(x —8)% +21(x — 8) + 1041In(z — 8) + C'|.

N

b) For the second integral, rewrite it as
/cos3xdx = /6082 x cosxdr = /(1 — sin® x) cos x dz

and then use the u-sub v = sin z, du = cos x dx to rewrite it as

1 1
/(1—u2)du:u—§u3+6’: sinx—gsin3x+C.

a) For the first integral, use parts by setting » = Inz and ds = 2% dx. Then dr =

%d:z: and s = %xf’. Therefore

/x4lnxd:x:/rds:rs—/sdr:1;1;51n$_/1335.1d33
5) 5) z

1 1
:fxg’lnx—/fafldx
5 5
1 1
= gxg)lnx—%xg)"_c.

18



2.3. Spring 2023 Exam 1

b) For the second integral, use parts by setting r = 4z and ds = ¢*/?dz. Then
dr = 4dx and s = 2¢/2. Therefore

/4%61/2 dx = /rds :rs—/sdr =4z (263:/2) — /261/2(4)d:c

= 8ze/? — /8636/2 dx

—|8ze*/2 — 1672 + C|.

8. For the bonus question, start with the u-sub u = 2%/3. Therefore du = %xil/ 3dx,
so dv = 321/3du. Since u = 2%3, we also can compute z1/° = (2%/3)1/2 = 41/,
Substituting into our equation for dz, we get dx = %ul/ 2 du. Now, we can substitute
into the integral to get

/1‘1/3 sinz?/3 dx = /u1/2 sinu (gul/2 du> = /;usinudu.

This integral can now be done with parts. Set r = %u and ds = sinudu, which
implies dr = 3du and s = — cos u. By the parts formula,

/usinudu:/rdSZTS—/sdr:—Zucosu—/—;cosudu

3 cos +3S' +C
= ——ucosu -+ —sinu .
2 2

3 3
Finally, back-substitute to get —53@2/ Scosa?/? + 3 sinaz?/3 4+ C|

19



2.4. Spring 2016 Exam 1

2.4 Spring 2016 Exam 1

1. a) Suppose a student is trying to define the function f(z) = ze*~! in Math-
ematica, and they execute

f[x] = xE"x-1

There are three things wrong with this command.

b) Write down the Mathematica code which will find the exact solutions (i.e.
not decimal approximations) of the equation z* — 3z = 5.

c) Write down a Mathematica command (or commands) that will graph the
function f(x) = cos 2z where x ranges from 0 to 6.

2. Compute each of the following integrals:
2 3
a) /(4x+3$ —6\/5) dz

b) /(40081’—;) dx

t
C) /(W—l—sec%:—i%) dx

3. Ina previous lab assignment, we encountered two functions which you prob-
ably had never heard of: “sinh” and “cosh”. Among other things, in the lab
we discovered that

e the derivative of sinh z is cosh z; and

¢ the derivative of cosh z is sinh z.

Use those two facts to evaluate the following integrals:
a) (2.1) /COSh rdx <) (2.2) /cosh(l —x)dz

b) (2.2) /sinh(Zx) dx d) (2.6)/xcoshxda:

4. (2.8) Evaluate one of the following two integrals:

/ 327 —4x — 1 /_2I2+7x+4d:c
(x+ 1) (224 1) x(x —2)?
5. (2.6) Evaluate one of the following two integrals:

/ In® z da / 182? sin 3z dw
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6. (2.5) Evaluate one of the following two integrals:

/ ‘e dx / g dx
1T 1T +2
7. (2.3) Evaluate one of the following two integrals:
/ sin® x dx / sin® z dx
8. (3.3) Determine, with justification, whether the following integral converges

or diverges:
/00 3x p
————dv
2 xt+ Tx?

2

26 4+ 1

9. (2.10) (Bonus) Evaluate / dz.
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Solutions

1. a) i The student is missing an underscore after the x (it should be f [x_]);
ii. the student needs a space between the x and the E to multiply them;
iii. the student needs parenthesis around the x-1 to group them.
The correct command should be f[x_] = x E~(x-1).
b) Solve[x”3 - 3x == 5, x]
¢) Plot[Cos[2x], {x, 0, 6}]

2. Just “do” all these integrals.

2 2 2 4/3 2 9
a) /<4$+3$—6\3/5) d$:4%+§lnx—6%+02 2$2+§lnx—§x4/3+0.

2
b) /<4cosx—€x> dx:/4cosmdx—/2e_xdac:‘4sinx+26_I+C.

t 1
C) /(W—I—seczx—i%) dex = ?sec:c+tan$—3$+0~

3. Since sinh and cosh are derivatives of one another, they are also integrals of one
another (since integration is the inverse operation of differentiation). Therefore, we
know

/COShZL‘ dr = sinhx + C and /sinhaj dx = coshz + C.

Using these facts:

a) /coshxdfc = .

b) Use the Linear Replacement Principle with m = 2,b = 0:

/sinh(Zx) dx = %cosh(Qx) +C|

c) Use the Linear Replacement Principle with m = —1,b = 1:

/cosh(l —z)dx = ’ —sinh(l1 —z)+C ‘

d) Start with integration by parts. Let v = x and dv = coshz dz. Then du = dx
and v = [ dv = sinh z. By the parts formula,

/xcoshxda::/udv:uv—/vdu

= gsinhz — /sinhxdw

:’wsinhfc—cosh:zr+0.
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4.

a)

b)

Use partial fractions. The guess should be

322 —4x — 1 A Bx+C’.

(x4 1) (22 +1) P R N

after finding a common denominator and clearing denominators we get the
equation
302 — 4z — 1= A(2? + 1) + (Bz + C)(z + 1). (2.1)

* Letx = —1inequation above; this gives 3+4—1 = A(2)+(Bz+C)(0),
ie. 6 =2A,ie. A=3.

e Letz = 0and A = 3 in equation (2.1) above; this gives —1 = (3)(1) +
(B(0)+C)(1),ie. -1 =3+ C,ie. C = —4.

e Letz =1, A=3and C = —4in equation above; this gives 3 —4—1 =
3(2) + (B — 4)(2),ie. —2 =6+ 2B — 8, i.e. B = 0.

Therefore
322 —dx -1 3 4
= =31 1)—4 ,
/(w+1)($2+1)dx /<$+1+x2+1) dr =3In(z +1) — darctanz + C
Use partial fractions. The guess should be
2224+ T7x+4 A B C
T ar_22 o + 5
w(x_Q) x xr—2 (x—Q)

after finding a common denominator and clearing denominators we get the
equation
—222 + 7z +4 = A(x — 2)? + Bx(x — 2) + Cx. (2.2)

* Let z = 2 in equation above; this gives —2(4) + 14 + 4 = A(0) +
B(2)(0) +C(2),ie. 10 =2C,ie. C =5.

* Let x = 0 in equation above; this gives 4 = A(4) + B(0) + C(0), i.e.
4=4A4,ie A=1.

* Letx =3,A=1and C = 5inequation above; this gives —2(9) 421 +
4=1(1)+ B(3)(1) +5(3),i.e. 7= 3B + 16, i.e. B= —3.

Therefore
/—2$2+7x+4dx_/(1+ -3 5 )dx
z(z —2)? N r x—-2 (zr—2)?2

= lnx31n(m2)(52)+0.
x_

This integral requires integration by parts twice. First, let u = In®z so that
du=2Inz- % dx (this uses the Chain Rule) and let dv = dx so thatv = [ dv = .
So by the parts formula,

1
/ln2xd:c:/udv:uv—/vdu:xlrﬂx—/x(?lnx') dzx
T

:xln2x—/2lnxdx.
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b)

b)

Now do parts again on the last integral: let u = 2Inx so that du = 2dx and let
dv = dx so that v = z. Thus by the parts formula we have

2
/21nxdx:/udv:uv—/vdu:x@lnx)—/:L'-Ed:v

= 2xln:c—/2dx:2xlnx—2x

and therefore the entire answer is

rln®z — (2xlnx—2x)+C:‘xln2x—2xlnx+2x+0‘.

This integral requires integration by parts twice. First, let u = 22 so that du =
2z dz and let dv = 18sin 3z dz so that v = [dv = 18 - £(— cos 3z) = —6 cos 3z.
So by the parts formula,

/18932 sin3zdr = /udv =uv — /vdu = 2?(—6cos3z) — /2:3(—6 cos 3x) dx
= —627 cos 3z + / 12z cos 3z dzx.
Now do parts again on the last integral: let v = z so that du = dz and let

dv = 12 cos 3z so that v = 12 - § sin 3z = 4 sin 3z. Thus by the parts formula we
have

/12xcos3xdx:/udv:uv—/vdu:$(4sin3x)—/4sin3xd:c
4
:4xsin3x+§cos3w+0.

Putting this all together, we have

/ 1822 sin 3z dx = —622 cos 3x + / 12z cos 3x dx

4
=| —622 cos 3z + 4z sin 3z + §C083$—|—C.

e 1
Think of the integral as / Inz - — dx and use the u—substitution v = In . Thus
1 x

d 1 1
d—u = — 50 du = —dz. The limits need to be changed as well; when z = 1,
Xz

T T
u=Inl=0andwhenz =¢,u=Ine =1. So
1_
0 2

e] 1 2
/ﬂd:c:/udu:u—
1 T 0 2

d
Use the u-substitution ©« = = + 2. Then & so du = dz. Furthermore,

x
x = u— 2 and the limits need to be changed: whenz = —1,u = -1+2=1and
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when z = 2, u = 2+ 2 = 4. So the integral is

2, 44— 9 4
dr — d :/ 1/2 _9,-1/2) 4
/_1\/:1:—1—2 . /1 Vu Y= (u " ) "
4
:E 32 _9. 2u1/2}

( . 43/2 _ 1/2)
3
+4 =

13/2 _ 4. 11/2>

w\w

7N
ﬂww

7. a) Rewrite with a power-reducing identity:

1 — cos2x 1 1 1 1

.. 92 .

_ - R e _ - = 2 | _ = 2 i
/sm l’d.ﬁﬁ—/ d(l)—/( COS ZL‘) dr = X Sin ZL‘—|—C

b) Rewrite with a Pythagorean trig identity:

/Singxdx = /sinQ:c sinx dr = /(1 — cos? ) sin z dz.

du
Now use the u-substitution © = cos x so that piai sin xz and therefore —du =
T
sin x dz. Then the integral becomes

1 .
/(1—u2)(—1)du:/(u2—1)du:;u?’—u—FC: gcos‘sx—cosx—i—C.

. 3 3z 3 . . .
8. First, 0 < _ o < — = — since the last fraction has smaller denominator. The
xt 722 T ot 23

3
integral / —5 dx converges (it is a p-integral with p = 3 > 1), so by the Comparison
2 T
© 3
Test /2 " dv also[converges].

d
9. The trick is to use the u—substition u = z3. Then d—u = 322 so du = 3x%dz so
T

1
du = 2? dz. Then the integral becomes

2 1
/$6x+1dx_/( 113*/ +1 *farctanu—i—C— garctanx?’—i—C.
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2.5 Fall 2014 Exam 1

1. a) Suppose you want to define the function f(x) = In(z* + 1) in Mathemat-
ica. If you type f[x_] = Ln[x~4 + 1], you will get an error. Why?

b) Suppose you want to compute the integral [ sin 2z dz in Mathematica. If
you type Integrate[sin[2x], {x, 0, 3}], the command won’t work.
Why?

c) Suppose you want to define the function f(z) = €** in Mathematica.
If you type f[x_] = E"3x, your function will not be defined correctly.
Why not?

2. (2.1, 2.2) Evaluate each of the following integrals:

2

4
/72 1 dx /46‘”/2 dx /x(:z: — 2)2 dx / (se(; T + 3SiIl[L‘> dx
x

3. (2.3) Evaluate one of the following two integrals.

2
—1
/ —3cot? xdx / :EQ dx
¢ +1
4. (2.5) Evaluate one of the following two integrals.
T 12
/12305\/953 +2dx /:c2 (2 — 1) dx
5. (2.8) Evaluate one of the following two integrals.
3a3 — 322 + 22 + 2 x+1
/ dx / ——dx
z(zx+1)(z—1)(x —2) 22 (x —1)

6. (2.6) Evaluate one of the following two integrals.

/ 4z cos 2z dx / In?zdx

7. (3.3) Determine, with justification, whether the following improper integral

converges or diverges:
/00 10 d
——dx
3 22+ 3zx+1
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Solutions

1. a) In Mathematica, you need to type Log for natural log, not Ln.
b) Sinneeds a capital S.
¢) The 3x in the exponent needs parenthesis around it; as typed, the function is

f(z) = ée3x.

2. a) Justdoittoget|4arctanz + C ‘

b) By the Linear Replacement Principle, this is | 8¢” 240l

c) First, multiply out to get / (2° — 42% 4 47) dz. Then integrate term-by-term to

4
4
get %—ga}?’—l—%Z—i—C.

1
d) Just doit to get gtanx —3cosz+C'|

3. a) Rewrite the integrand:

/—3cot2xdfc:/—3(csc2x—1)dx:‘3cotx—|—3x—|—0.

b) Rewrite the integrand:

2 -1 (22 +1) -2 2
/x2+1d$:/Mdﬂf:/<1—x2+1> dI:’$—2arCtan$+C.

4. a) Letu =23 + 2 so that du = 32? dz and 23 = u — 2. Now write the integral as
/12$5\/ 3+ 2dx = /4(33:2):53\/ 23+ 2dx = /4(u - 2)Vudu
= /4(u - 2)Vudu

= /(4u3/2 —2u?) du

—4 (?) 2%/2 _ 9 (2) uw? 4O

= %(3:3 +2)5/2 323 +2)32 4 C|.

1
b) Letu = % — 1 so that du = 5dl’, ie. dr = 2du. Also, x = 2u + 2 so the integral
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5.

becomes

(2u + 2)%u'?2du

(Su +16u'3 + 8u'?) du

= / (8u? + 16u + 8)u'? du
8

16 14 8 13
=2 > 2 C
15 e Tt T

8 [z 1516 /x 14 8 [z 13
—(==1 — == — | =- .
15 (2 ) +14 (2 1) +13 (2 1) +0C

a) The partial fraction decomposition is

3¢2° =32 +22+2 A B C D
==+ + + .
zz+1)(z—-1)(xz-2) =z z+1 z—-1 x-2

Finding a common denominator and equating the numerators, we obtain

303 =32 + 20 +2 = A(z 4+ 1)(xz — 1)(z — 2) + Bz(z — 1)(z — 2)
+Cx(z+1)(z —2) + Dz(x + 1)(x — 1).
Set v = 0 to obtain 2 = 2A4,i.e. A = 1. Next, set z = 1 to obtain 4 = —-2C, i.e.

C' = —2. Next, set x = 2 to obtain 18 = 6D, i.e. D = 3. Last, setz = —1 to
obtain —6 = —6B, i.e. B = 1. So the integral is

/ 305 — 3% + 224 2 dx/[l—l— - S 28
rz+1)(z—-1)(z-2) " Jlz z+1 z-1 z-2

=z +In(z+1) - 2In(z — 1) + 3In(z — 2) + C},

b) The partial fraction decomposition is

r+1 7& E o

2?x—-1) =z 22 x-1
Finding a common denominator and equating the numerators, we obtain
x4+ 1= Ax(x — 1)+ B(z — 1) + Cz*

Now,setz = 0togetl = —B,i.e. B= —1. Next,setx = 1toget2 = C. Finally,
plug in the known values of B and C, and set + = 2 to get 3 = A(2)(1) +
(—1)(1) +(2)(4),1i.e. 3 =24+ 17,ie. A= —2. Thus the integral is

z+1 -2 -1 2 1
——dx = — + =+ ——| dx=|-21 —+21 -1 !
/acQ(fc—l) ’ /{x+x2+a}—1 v nx+x+ nz—1)+0
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6. a) Use integration by parts; set u = 4z and dv = cos 2z so that du = 4dx and
v = 1 sin 22. Now by the parts formula the integral is

1 1
/4CL‘ cos 2z dr = uv — /vdu =4z <2 sin 293) - / B sin 2z(4)dx

:2xsin2x—/2sin2:cdx

:’Z:Esin2:1:—|—cos2x+0‘.

b) Use integration by parts; set u = In? z and dv = dz so that du = 2Inz (%) dx
and v = z. So by the parts formula the integral is

1
/ln2xdx:uv—/vdu:xln2x—/x2lnm() dx::rln2x—/2lnxd:c.
T

To do the last integral, use integration by parts again (if you don’t remember
what it was from class); set u = 2Inz and dv = dx so that du = % dr and v = x.
So by the parts formula

2
/21nxd:v:uv—/vdu:2xlnm—/x—dx:lenx—/2dx:2mlna:—2x+0.
T

So the entire integral is

xanx—/21nxd33:‘mln2x—2mlnaj+2m+0‘.

10 10 °° 10

7. Notice that 0 < ——— < —.. We know from class that / — dx converges
2?2 +3x+1 — 22 x?

(it is a p-integral with p = 2 > 1 and the starting index is irrelevant), so by the
10

oo
Comparison Test / ————— dxz | converges | as well.
p 1 Js 12 + 3z + 1 x
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2.6 Spring 2014 Exam 1

1. a) Write down the Mathematica code that would be used to define the func-
tion f(z) = xcosz.
b) Suppose you type the following code into Mathematica:
Plot[x"2 + 1/x, {x, -3, 5}, PlotRange -> {-4,10}]

7

i. What function is being graphed? Write the answer in “hand-written”
notation.

ii. What is the right-most z—value that will appear on the graph?

c) Write down the Mathematica code that evaluates the integral

7
/ Inzdz.
4

2. (2.10) For each of the given integrals, determine what the best method to
compute the integral by hand (there might be more than one “best method”).

e If the best method is to just write the answer, write “JUST DO IT” and
write the answer.

e If the best method is to use a u—substitution, write “U-SUB” and write
what the u would be in your u—sub.

¢ [If the best method is integration by parts, write “PARTS” and write what
you would assign to be u and dv.

¢ If the best method is partial fractions, write “PARTIAL FRACTIONS”
and write your ‘guessed’ form of the decomposition.

You do not need to actually compute these integrals unless you can “just do

it”.
1 T
d/ d
a)/(x+1)2dx ) 241
1 x3
b)/x2+1dx e)/x2_1d:€
1
c)/xQ_ld:z:

3. (2.1) Compute each of the following integrals:

o f (o552

b) /(2sinx+63> dx
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C) / (csc x cot x — 4 csc? x) dx
4. (3.2) Determine, with justification, whether the following integral converges

or diverges:
42
/ dx
2 VT —2

5. (2.8) Compute the partial fraction decomposition of the following expression:

T2* —x+4
z(r —2)(x+1)

6. (2.5) Evaluate one of the following two integrals.

—1)2
/tan7xsec4:vdx / (@ ) dx
T+ 2

7. (2.6) Evaluate one of the following two integrals.

/ arctan z dz / 4x sec® x dx
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Solutions

1. a) f[x_] = x Cos[x]
b) i flz)=22+2
ii. 5

c) Integrate[Logl[x], {x, 4, 7}]

2. a) JUST DO IT using the LRP: the answer is

—(z+ 1)+ O

b) JUST DO IT to get the answer

c) Use PARTIAL FRACTIONS with guess -2+ + %.

d) U-SUBu =22 +1

e) U-SUB u = 22 — 1 (this will be a more complicated u-sub)

3. a) /<6x2—5\/5+;;) dr =

3

1 4
2x3——0x3/2+?ln$+0

b) /<2sin:r—|—€3) dx = —2cosx+%+C

Q) /(csc:ccot:c—4cs02x) dxz‘—cscz+4cot:1:+0‘

4. Compute the improper integral directly:

4 2 4
/ dr = lim /
2 r— 2 b—2+ Jp

2
xr—2

dx

4
= lim 2z —2)" V2 dx

b—21t Jp

= lim 4($—2)1/2b

b—2+

’ 4

= lim, [4\@ —4Vh— 2]
= 4v2 — 4/0 = 4V/2.

Therefore the integral | converges to 4v/2 |

A
5. The guessed form of the decomposition is o + —F + “

B
xr—2 r+1

denominator and clearing denominators, we obtain

A(x —2)(x + 1)+ Ba(x +1) + Cx(x — 2) = 72> —x + 4.

; finding a common

Substitute x = 2 to get 65 = 28 — 2 + 4, i.e. B = 5. Substitute x = —1 to get
3C =7+1+4,ie. C = 4. Substitute z = 0 to get —2A4 = 4,i.e. A = —2. Therefore

722 —x+4 _ ;2+
r(x—2)(x+1) | =

:1:—2+$—|—1'

5 4
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6. a) For the first integral, rewrite with a trig identity and then use a u-sub:

/ tan’ xsec* zdx = / tan’ x sec® zsec? x dx
= /tan7 z(tan? z + 1) sec® x dx

= /(tang z + tan’ x)sec® x dx
(u-sub v = tan z; du = sec? z dx)

= /(ug +u")du

ulO U8

-2 +2 40
T

. taniV x n tan® z L
10 8 ’

b) For the second integral, use a u-substitution v = z+2so du = dr and v = u—2.

Therefore

—1)2 o9 1)\2

/(m 1) dx:/(u 2-1) du
T+ 2

:%—6u+9lnu—|—0

(z +2)?
2

—6(r+2)+9In(x+2)+C|

7. a) Use parts with « = arctanz and dv = dx. Then du = x%ﬂ and v = [dv = x.
Therefore, by the parts formula

/arctanxdx:/udv:uv—/vdu:xarctanx—/ :c dx
241

Now, use a u-sub u = 22 + 1; du = 2zdz on the second integral to obtain

T
arctanz dr = xarctanxz — | —— dx
241
11
=garctanz — [ ——du
2u

1
= garctanx — ilnu—i—C

1
= |zarctanx — 5111(562 +1)+C|
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b) Use parts with u = 4z and dv = sec? zdz, so that du = 4dz and v = [dv =
tan z. Therefore, by the parts formula,

/4:cseCdea::/udv:uv—/vdu:4mtanx—/4tanxd:c.

To do the last integral, rewrite and use a u-substitution u = cos z; du = — sin x dx:

4si —4
/4tanxd1::/ Smmdx:/—du:—4lnu+C:—4ln(cosx)+C’.
cos x u

Putting all this together, we have

/4a:se(:2xdx:4mtanm—/4tanxd:c

:’4:Utanx—|—4ln(coszr) —I—C‘.
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2.7 Fall 2013 Exam 1

1. a) Suppose that a student is trying to differentiate f(z) = ¢**~3 using Math-

b)

ematica, and types in the commands you see below:

flx ] =e(x"2 - 3)

£ [x]

This won't give the right answer. What is wrong with what the student
typed in?

Write the Mathematica code that will produce a plot of the function f(z) =
In z, for x—values between 0 and 7.

Suppose you were to type in the following command into Mathematica:
Integrate[x~2/3 Sin[x], {x, 0, 3}]

This will compute some definite integral of some function. Write the
integral that is being computed in handwritten notation (i.e. with an

integral sign, upper and lower limits, integrand, etc. written as you
would write these things by hand).

2. (2.10) For each of the given integrals, determine what the first step is in the
best method to compute the integral by hand. For each integral, your choices

are:

. Just write the answer.
. Rewrite the integrand with a trig identity.

. Use integration by parts.

A
B
C. Use a u—substitution.
D
E

. Find a partial fraction decomposition.

a) /tanxdw d) /xsinzmdx
b) / csc? v dx e) / sin® z cos z dx
) /sin2 xdx

T
0

3. (2.2) Compute/ cos (Z) dx.

4. (3.3) Determine, with justification, whether the following integral converges
or diverges:

/OO (x_Q/?’ — 27> dx
4 x

5. (2.5) Evaluate one of the following two integrals.

2
/2x2\/2—xdx / * 3dx

2x +
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6. (2.6) Evaluate one of the following two integrals.

/32:2 sin x dx /x2/3 Inzdx

7. (2.8) Find the partial fraction decomposition of one of the following two ex-
pressions.
z? — 10z — 3 10 + 3z

z(z —3)(z+1) (x +2)?

8. a) (3.1) Given the following improper integral:

/ 2¢ Fdx
1

rewrite the integral as a limit, and then compute the value to which the
integral converges. (Trust me, this integral does converge.)

b) (3.3) Using part (a), determine (with appropriate justification) whether
the following improper integral converges or diverges:

o 2
/ e *sin® z dzx
1
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Solutions

1.

a) In Mathematica the number e is E, not e.

b) Plot[Logl[x], {x, 0, 7}]

3 2 o
0 / x smxdx
0 3

) s
tet
a) (write tan x as cos:c)
b) (answer is — cot x + C)
1
c) (write sin? = as 5(1 — cos 2x))
d) @ (u = z,dv = sin? z will eventually lead to the answer)

e) (u = sinx)

The integral is done either with the u—sub u = %, or by the LRP:

/0 cos (Z) dx = 4sin£ .
o0 2 >~ 1 >~ 1
-2/3 _ 2 — B -

A <af x7> dl’—/4 TE dzx 2[1 o~ dzx

Both of these integrals are p—integrals. The first integral diverges (p = 2/3 < 1);
the second integral converges (p = 7 > 1), so the whole thing, being a sum of a

divergent integral and a convergent integral, .

For the first integral, set © = 2 —  so that du = —dx and therefore —du = dz. Solving
for =, we also see that = 2 — u so the integral becomes

inx

T

5
:4sin1—4sin0:4<\2[>—4-0: 22|,

/2(2 —u)?Vu (—du) = / —2(4 — 4u + vu?)Vudu
= / (—8 + 8u — 2u2) ul’? du
= / (—8u1/2 + 8ud/? — 2u5/2) du

2 2 2
= *8-§u3/2+8'5u5/272~?u7/2+C

-1
= SRe- D0 - 2 -0 e
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For the second integral, set u = 2z 4 3 so du = 2dx and dz = %du. Also, solving for

z we get z = 3(u — 3) so the integral becomes

2
Lu-3 2 _
/[2( )] .1du:1/u 6ut9
U 2 8 U
1
—/(u—ﬁ—i—g)du

8 U
1

0
:§ ?—6u+91nu +C

1 3 9

6. For the first integral, use integration by parts twice. First, set u = 32?2, dv = sinz dx
and solve for du = 6z dx and v = — cos . Thus

/3x251n:cdx:/udv:uv—/vdu: —3x2cosm+/6xcosa:dac.

Now use integration by parts again on the remaining integral. Set v = 6z and dv =
cos x and solve for du = 6 dz and v = sin x to obtain

/63:cosa:da::/udv:uv—/vdu:6:1:sina:—/6sinxda::6:csinx+6cosa:+6'

and substitute back into the original problem to get

/3zcgsin:cd:v :‘—3x2c03x+6xsin:v+6cosx—|—0 .

For the second integral, use integration by parts with u = Inx, dv = 2%/3 dz. Then
du= 1drandv = 22°3so0

1
/xQ/glnxdx:/udv:uv—/vdu: §m5/31nx—/§x5/3xda:

3 3
= 5x5/3lnx—g/x2/3dx

3 9
= 5:35/31111‘—%3:5/3%—0.

7. For the first expression, all the factors in the denominator are distinct, so the appro-
priate guess is
?—10x-3 A B C

z(z—3)(x+1) E+x—3+$—|—1‘

Find a common denominator and clear denominators to obtain

2?2 =10z — 3= A(z —3)(z + 1) + B(z)(z + 1) + C(z)(z — 3)
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8.

Now substitute to solve for A, B, C:

r=0=>-3=A(-3)1404+0=>-3=-34=A4=1
t=3=>9-30-3=0+B3)4+0= —24=12B= B = -2
t=-1=21+10-3=04+0+C(-1)(-4) =8=4C=C=2

Thus the partial fraction decomposition is

22— 10z — 3 1 2 2

z(z—3)(x+1) ;_x—3+a3+1'

For the second expression, the appropriate guess is

10 + 3x A B

(x +2)2 _:1:+2+(ac+2)2'

Find a common denominator and clear denominators to obtain
10+3x=A(x+2)+ B

Pluginz = —2toobtain 10 -6 = 0+ B,i.e. B =4. Now pluginz =0and B =4 to
get 10 = 2A + 4, i.e. A = 3. Thus the partial fraction decomposition is

10 + 3z 3 4

(x +2)2 _x+2+(x+2)2

a) This region is horizontally unbounded since the upper limit is oo:

[e%9) b
/ 2¢ " dx = lim / 2¢ T dx
1 b—oo J1

. b
= lim —2e x’1
b—oo

= lim (—Qe_b — —26_1)

b—o0

b) Notice that0 < sin? z < 1, so multiplying through by e~ gives 0 < e % sin? x <
o

e~". From part (a) (and linearity), / e *dx converges, so / e %sin’ z dx

1
also by the Comparison Test.
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2.8 Spring 2013 Exam 1

1. (2.10) Each of the following integrals is evaluated either by a u—substitution
or by integration by parts. If the integral is to be evaluated with a u—substitution,
write “U—SUB” and say what u should be (for example, “u = 23”). If the inte-
gral should be evaluated by parts, write “PARTS” and write what you would
assign to be v and dv. You do not need to completely evaluate the integrals.

a) /31’265m dx ) /arctanxdx
T :
2
b) /4$2+3dx d) /4x Inzdx

2. Evaluate each of the following three integrals:
a) (2.1) / (5 420t — \/5) dr c) (24) /Qx cos(z? + 1) dw
3z
b) (2.2) / 2 sin 5z dz
3. (2.6) Evaluate one of the following two integrals:

/a:secQ.zL"da: /ida:
efl‘

4. (2.5) Evaluate one of the following two integrals:

8 2
/sin3xdx x €T
20+ 1

5. (2.8) Evaluate one of the following two integrals:

/4x2—3x+2d /2x+3d
————dx ——=dx

x3 — a? (x —1)3

6. Given the improper integrals below, determine whether or not they converge.

You must give sufficient reasoning or calculations to justify your answer.

o g2 4 e
43

a) (3.2) /2 4(:(;—22)4‘“” b) (3.4) /1 dx

7. (Bonus) (2.9) Evaluate the following integral:

/eﬁdx
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Solutions

1. a) |PARTS:u = 322 and dv = ¢ dz |

U-SUB: u = 42% + 3|

) ‘PARTS: u = arctan x and dv = dx ‘

PARTS: v = Inz and dv = 42 dx ‘

a) Integrate term-by-term:

/(;;—i-Qa:A‘— )

b) Use the LRP to get / 2sin bz dr = 2 / sin 5z do =

/ dx—i-Z/x dr — /ml/zda:

3

2
lnx—l— b 3/2—|—C.

55 3

-2
?COS5I+C.

c) Let u = 22 + 1 so that du = 2z dz. Then /2xcos(z2 +1)dx = /cosudu =

sinu+C =

sin(z? +1) +C|.

3. For the first integral, use parts: set u = z and dv = sec? z dz so that du = dz and

v = tan x. Then, by the parts formula,

/xseczxd:c:/udv:uv—/vdu:mtanx—/tana:dx.

The remaining integral is done with a u—substitution: set u = cos x dz so that du =

—sinxz dx and —du = sin x dz. Then

/tanxdx:/

Putting this together, we see that

sin x

dzx

COST

—1
/Tdu: —Inu+C = —In(cosz) + C.

/xsec%:dx:‘xtanaz+lncosx+0.

For the second integral, rewrite the integral as [ ze " dxz. Then use parts, setting
u =z and du = e~* dz. Then du = dxz and v = —e™*. By the parts formula,

/me_xdac:/udv:uv—/vdu:—xe_”:—/—e_mdac: —zeF—e T+ O

4. For the first integral, start by rewriting it:

/sin3xdx = /sin2xsinmda: = /(1 — cos® x) sin z dx.
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Now perform a u—substitution on this integral; set v = cos x so that du = —sinx dz
and —du = sin x dz. The integral then becomes

3

1
/—(1—u2)du:/—(1—u2)du:—u—i—%—i—C: —cosx+§cos3fc+0.

For the second integral, first think of it as

]2 1
de = [ 422 - .2d
2w +1°° /m w1 -

This suggests the u—substitution u = 2z + 1; du = 2 dz. Now we solve for 422 to get

z = 3(u—1)soz* = 3(u—1)?s0 42? = (u — 1)>. Now the integral becomes

2 . _1)2 2 _
/ 8x d:c:/(u 1) du:/u 2u+1du
2x + 1 U U

:/(u2+i)du

2

:%72u+lnu+0

2
_ (zx;l)—2(2x+1)+ln(2x+1)+0.

. The first integral uses partial fractions:

472 =3z +2 42 -3z +2 A B _C
—22 22(z—-1) oz 22 x-—1

Multiplying out, this produces the equation
4o? — 3z + 2= Azx(x — 1) + B(x — 1) + Cx?.

Substituting in = 0 to this equation, we get 2 = 0 — B 4+ 0 so B = —2. Substituting
in z = 1 to the same equation, we get4 — 3+ 2 = 0 + 0+ C so C = 3. Substituting
inz =2,B = —-2and C = 3 to this equation, we get 16 — 6 + 2 = 24 — 2 + 12, i.e.
A = 1. So the integral becomes

422 — 2 1 2 2
/de:/<—2+ 3 )dx:lnx++31n(x—1)+0.
o —x r x r—1 x

For the second integral, there are two methods of solution. The first solution is to
use partial fractions:

2x 4+ 3 A B C

@-19 z2-1 @12 @-1p

Multiplying out, this produces the equation

20 +3=A(x — 1)+ Bz — 1)+ C.
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Substituting in z = 1 to this equation gives 5 = C and substitutinginz = 0,C =5
gives3 = A — B+ 5,i.e. A— B = —2. Substituting in z = 2,C = 5 to the same
equation yields 7 = A + B + 5,i.e. A+ B = 2. Solving the two equations together
for A and B yields A =0, B = 2. Thus

2 + 3 2 5 -2 —5/2
/(x—1)3 g /((m—1)2+(x—1)3> Sl e s
An alternate solution to the second integral is to perform the u—substitution u = x—1
so du = dx. Solving for  we see x = u + 1 so altogether this substitution yields

2
/Mdazz/2(u+l)+3u3du

(z—1)3
2
:/ u—;5du
0

= / (2u_2 + 5u_3) du

-5
= —2u '+ 71@*2 +C

[ 2 5
-1 (z—-1)2

+C|

6. a) This integral is improper because the integrand has a vertical asymptote when
T =2

49 49
e =i _Z 4
/2 (x—23 " biréi/b (x—23"
. -2 1
= lim — - —

. [—2 1 =2 1 ]
=lm | — ———"-
3

b—2+ 23 3 (6—2)3
o [ 2
" oot [12 AT 2)3}
- ﬁ + ﬁ = 0

Thus the integral .

b) Apply the Comparison Test for Improper Integrals. Notice that

2 +e S x2 1 l

423 T 423 4

1 ©1 1
Now we proved in class that / — dx diverges; therefore so does / ya dx.
1 T 1 x

—d
/1 43 v

By the Comparison Test,

also | diverges |
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. Perform the ¢t—substitution (like a u—sub but I will use the letter t) t = /. Then
dt = 1 de = %d:c so dx = 2t dt. Now

2z
/e\/gda: = /etQtdt.

Now perform integration by parts on the right-hand integral: set u = 2t and dv =
e’ dt so that du = 2dt and v = ¢'. By the parts formula,

/etQtdt:/udv:uvf/vdu:2tet7/26tdt:2tet726t+0.

Finally, back-substitute for x to get

/eﬁdx: 2\/56\/5*26\/5+C.
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Chapter 3

Older Exam 1s

3.1 Selected problems from Fall 2011 Exam 1

1. (2.6) Evaluate one of the following two integrals:

1 1
/ arcsin x dx / x1n(3z) dx
Jo 1/3

2. (2.5) Evaluate one of the following two integrals:

2x
d
2 +1°°

/ cos® z dx
3. (2.8) Evaluate one of the following two integrals:

dx

/ 323 +192% 4 21z — 9 p / 222
; 4y T —\a
xt + 623 + 922 (x —1)3

4. Given the improper integrals below, determine whether or not they converge.
Explain your answer.

222 + x?sinx

1 9 o
a) (3-2)/2 mdﬁ b) (3.3)/5 4—1’6dx
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Solutions

1. For the first integral, use integration by parts with u = arcsinz and dv = dx. Then
du = ——=dx and v = x so by the integration by parts formula,
N yIeIEETHon Y P
1 . 1
arcsin x dx = /udv = uv — /Udu = zarcsinz|y — / ——dx

/0 o 0 V1—ua?
To handle the integral at the right, perform a u—substitution with u = 1 — 2?2, du =

-1
—2zdzx so Tdu = xdz (and change the limits fromz = 0tox = ltou=1-0*=1
tou =1 — 12 = 0) to obtain

1 1 0_1 1
arcsin x dr = r arcsinz|; — ——du

= (larcsin1 — Oarcsin 0) — (—v/u) ¢
T

=—=—(0+1
S 0+1)

=T 1]
2

For the second integral, use integration by parts with © = In 3z and dv = x dz. Then

1 1
du = 3—3 dr = —drandv = % so by the integration by parts formula,
€T T

2

1
1
/ xln(Sx)dx:/udv:uv—/vdu: x—ln(3x)
1/3 2

_ln3 T _1n3 <1 1)
2 4 13 2 4 36

_ In3 2

12 9

2. Rewrite the first integral as
/cosgxdx = /coszxcosxdx = /(1 — sin? x) cos x dz

and perform the u—substitution u = sin z, du = cos x dz to obtain

3

3 .
/(1—u2)du:u—%+C’: sinx—blr;‘r

+C|.
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-1
For the second integral, use the substitution v = 2z + 1, du = 2dz and x = Y 5 to
obtain
2z u—11 1 1 1 1
da = —d:/f——d:f——l C
2x—|—1x/2uu (2 2u>“ t Tyt

1 1

. Both these integrals use partial fractions. For the first integral, start by factoring the
denominator:
a4 62 4+ 927 = 22 (2® + 62 + 9) = 2% (x + 3)?

Now the “guessed” form of the decomposition is

3m3+19x2+21:p—9_14+§+ ¢c . D |
ri4 623 +922 2 22 43 (z+3)%

add the fractions on the right-hand side and clear denominators to obtain
323 + 192 + 21z — 9 = Az(x + 3)? + Bz + 3)? + Ca*(x + 3) + Da*.

Plug in = 0 to both sides to obtain —9 = 9B, i.e. B = —1. Plug in z = —3 to both
sides to obtain —81 4+ 171 — 63 —9 = 9D, i.e. 18 = 9D, i.e. D = 2. Now our equation
is

323 + 1922 + 21z — 9 = Ax(z + 3)% — (z + 3)* + Ca?(x + 3) + 22%

plugging in z = 1 to both sides yields 3 + 19 4+ 21 — 9 = 164 — 16 + 4C + 2, i.e.
48 = 16A +4C,i.e. 12 = 4A + C. Plugging in v = —1 to both sides yields —3 4 19 —
21-9=—-4A—-4+2C+2,ie. —12 = —4A+ 2C. Now solve the two equations

12=4A+C, —12=-4A+2C
for Aand C to get A = 3, C = 0. Thus the partial fraction decomposition is

323 +1922+212—-9 3 1 2

623+ 922 ﬁ+(aj+3)2

so the integral is

/3x3+19x2+21x—9d /(3 1+ 2 )dx
xTr = _—— — -
x4 + 623 4 922 z 2  (x+3)?
2

1
=3lnz+-— ——+C|
r x+3

For the second integral, the denominator is already factored. The “guessed” form of
the decomposition is
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add the fractions on the right-hand side and clear denominators to obtain
202 = A(z — 1)2 + B(z — 1) + C;

substitute in = 1 to both sides to get 2 = C'. Now the equation reduces to
202 = A(x — 1)* + B(z — 1) + 2;

pluginz = 0toget0 = A— B +2,ie. A = B —2,and pluginz = 2 to get
8 = A+ B + 2. Therefore A =2and B =450

202 2 4 2

@19 2-1 @=12 " @=1p

and the integral is therefore

/Jﬁf"dx:“fl*(x41>2+<x21>3> i

4 1

4. a) Notice that the integrand has a vertical asymptote at = = 2, the left-hand limit
of this improper integral. Rewriting this as a limit of a definite integral and
evaluating, we see that

4 4
L dr= i 2y
/2 @—23 " T ), w—2 ™

_9 4

=, (3(4_—22)3 N 3(b_—22)3)

Therefore the integral .

b) Notice that 222 + z2sinz = 22(2 + sinz) < 2%(2 + 1) = 322, Dividing through

by 42°, we see that

222 + 22 sinz < 322 3
425 = 426 4ot
We know that
T3 dr = S [L dx
5 4rd 4 )5 at
converges (it is a constant times the convergent integral [5° - dz where p =
4 > 1), so by the Comparison Test for Integrals,

/°° 222 + z?sinx
5

dx| converges |.
426
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3.2 Selected Exam 1 problems from before 2011

1. (3.3) Determine whether or not the following improper integral converges or
diverges. Justify your answer:
o0 1
/ T+ du
12 x4 + 2

2. (2.4, 2.5) Each of the following integrals can be done with an appropriate u-
substitution. Give the substitution which is most appropriate for the integral
(a sample answer might be something like “u = 2 — 5”). You do not need to
calculate the integrals.

a) / cos? & sin® x dw
b) /:1:3 sec’(xt —2) dx
et +e*
o [
er —e~
3. (2.8) Calculate one of the following two integrals:
2
/ x+4 I /3x +1dx
x(r—1)2 3+

4. (2.6) Calculate one of the following two integrals:

/x2e5w dx /x\/6 —xdx

5. (3.3) Determine whether or not the following integral converges or diverges
(explain your answer):
©24e"
/ dx
1

VT
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Solutions

1. We know / —dr = / — dz and / — dz both converge from results in class.
1z 1 a3 1z

Therefore the integrals of the same functions starting at 1/2 rather than 1 also con-
verge because starting index of an improper integral is irrelevant to convergence.
Finally, by result in class the sum of two convergent improper integrals converges,

so we now know ozl - w1
T z
/ 1 dr = — dx +/ — dx
/2 T 1/2 @ 12 T

r+1 <t 1

zt+2 7 ot
since the fractions have the same numerator but the first fraction has larger denom-
inator, so by the Comparison Test for Integrals

*© r+1
12 v% + 2

converges. But

converges |.

2. a) Since the power on the sine is odd, substitute [u = cos .

b) [u=2s" 2]

¢) Since the derivative of the denominator is the numerator, substitute © = the
denominator, i.e. .

3. a) Perform a partial fraction decomposition. First write

r+4 _é+ B n c
rz—12 =z -1 (zx—-1)2

then write all terms with a common denominator. Clearing this common de-
nominator, we obtain

z+4=Ax—1)*+ B(z)(z - 1) + C(z).

Substitute + = 0 to obtain 4 = A; substitute x = 1 to obtain C = 5, and
substitute x = 2, A =4,C = 5toobtain 6 = 4+ 2B + 10, i.e. B = —4. Therefore

T +4 4 4 ) )
——dxr = - — dr =|4lnx — 41 —-1)—
/x(w—l)Q v /(ac -1 (m—1)2) v ne a(z—1) x—1

+C|

b) The slick way to do this is with a u—substitution: let u = 2 + z, then du =
(32 + 1) dz so the integral reduces to [ 1 du. The answer is then

Inu+ C =|In(z® +z) + C|.
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Alternatively ,you can perform a partial fraction decomposition. First write

30 +1  32°+1 A Bx+C
B4z z@24+1) oz 22417

then write all terms with a common denominator. Clearing this common de-
nominator, we obtain

322+ 1= A(@*+ 1) + (Bx + O)z.

Combine the like terms on the right-hand side to obtain

322 +1=(A+ B)2® + Cz + A.
Now by equating coefficients we see A+ B = 3,C = 0, A = 1. Therefore B = 2
and )

1 1 2
/356+ dxz/(—i— :E)dx.
a3+ A |

The second integral is done with the u—substitution u = % + 1; the whole
answer is

322 +1
/ a;—i— de =|lnz+In(z? +1)+C|
x° +x

Notice that by a logarithm rule, this can be rewritten in the same form as the
earlier answer.

a) Use integration by parts with u = 2% and dv = €% du; in this case du = 2x dx
and v = +e5% so the integral becomes, by the IBP formula,

5
1 2
Y — /vdu = 51'26596 — / gxe‘r’x dx.
2

For the remaining integral, use integration by parts again with u = zz and

dv = €% dz so that du = Z dz and v = €. So by the IBP formula the integral
on the right above becomes

Y = /vdu = —xe — % dr = —ze

Finally the whole answer is

1 2 bz (2 5 2 530)
- — [ Zae® - = ol
530 e 25xe 1256 +

b) Use the elementary substitution v = 6 — z, du = —dx to obtain

/(6 —w)a(-1)dz = / (—6u1/2 + u3/2) du
= —6(2/3)u®? + (2/5)u’? + C

| —a(6— )2 4 §(6 _ap2 4|
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5. Observe that for any =, e™® > 050 2 + e™* > 2 and therefore

24e7 %

Jz

> 2
- \/E'
Now we showed in class that / 1 dx di / v dx di 11
—= dz diverges, so —= dz diverges as well.
1 VT 8 1 T 8
Therefore by the Comparison Test, the given integral as it is greater than

or equal to a divergent integral.
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Chapter 4

Recent Exam 2s

4.1 Spring 2026 Exam 2
1. Throughout this problem, let E be the region in the xy-plane enclosed by the
graphsof y = 22 + 3z — 13and y = —22 + 92 + 7.
a) (4.1) Compute the area of E.

b) (4.7) Write an expression involving one or more integrals which will
compute the moment of inertia of £ about the y-axis.

c) (4.6) Write an expression involving one or more integrals that will give
the mass of a planar region in the shape of F, where the density at point
(z,y) of the mass is p(z) = 2% + 1.

2. Let B be the region in the xy-plane pictured here:

y

AB-nenmrmnarmnnanennensy

Answer any five of the following six questions about B.
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a) (4.2) Write an expression involving one or more integrals with respect
to the variable = that, when evaluated, gives the volume of the solid
obtained by revolving B around the z-axis.

b) (4.2) Write an expression involving one or more integrals with respect
to the variable y that, when evaluated, gives the volume of the solid
obtained by revolving B around the z-axis.

c) (4.2) Write an expression involving one or more integrals with respect
to any variable you like that, when evaluated, gives the volume of the
solid obtained by revolving B around the line y = —3.

d) (4.2) Write an expression involving one or more integrals with respect
to any variable you like that, when evaluated, gives the volume of the
solid obtained by revolving B around the line z = 8.

e) (4.2) Let S be the 3-D solid described as follows: its base is B, and cross-
sections of S parallel to the x-axis are rectangles that are twice as tall as
they are wide. Write an expression involving one or more integrals with
respect to any variable you like that, when evaluated, gives the volume

of S.

f) (4.6) Write an expression involving one or more integrals with respect
to any variable you like that, when evaluated, gives the z-coordinate of
the centroid of B.

3. a) (4.3) In general, if a worker’s productivity is a constant, then his/her
output after working a set number of hours is given by multiplying their
productivity by the number of hours they work. Suppose a worker’s
productivity at time ¢ is non-constant and given by f(t) = 2sin¢. What

. . , ) ) s
is this worker’s output from time 0 to time 5?

b) (4.4) Write an expression involving one or more integrals that, when
evaluated, gives the length of the graph of f(z) = sin’z from z = 0 to
s

r = —.

4
c) (4.5) Write an expression involving one or more integrals that, when
evaluated, gives the center of mass of a metal bar of length 5 in, whose
density x cm from the left edge of the bar is e~?* kilograms per inch.

4. (4.8) Suppose that the energy, in Joules, emitted by a radioactive particle is
modeled by a continuous random variable X with density function

fx) =

Kr(z+1) if0<z<3
0 else '

where K is some constant.
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a) Compute the value of K.

1
b) Compute the probability that the particle emits exactly 5 ] of energy.

c) Write an expression involving one or more integrals that, when eval-
uated, would give the probability that the particle emits at least 1 J of
energy.

d) Write an expression involving one or more integrals that, when eval-
uated, would compute the expected amount of energy emitted by the
particle.
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Solutions
1. a) First, find the intersection points by setting the functions equal:

22 +32—-13= 22492+ 7
222 — 62 —20=0
2@ —=5)(z+2)=0

Therefore x = —2 and = = 5, so the integral goes from | = —2 to r = 5. Since
2% 4 3z — 13 is a parabola opening upward, it will be beneath the parabola that
opens downward, so the top function is —z? + 9z + 7 and the bottom function
is 22 + 3z — 13. Therefore

A= / [top(z) — bot(x)] dx
l
5
:/ {—x2+9x+7—(x2+3x—13)} dx
—2
5
= / {—2x2 + 6z + 20} dx
-2
2 3 2 °
= |—z2° + 32° + 204
L 3 )

- :_2(125) + 75+ 100] - {—3(—8) +12— 40}

[ 250 16 266 —266 4+ 609 [ 343
= -2 15— — 428 =22 4203 = 20 =
- I 8} 5 T 203 ; .

b) Thisis

I, = /lr 22 [top(x) — bot(x)] dx

5 5
= / 2 [(—:1/:2 + 924+ 7) — (2% + 3z — 13)} dx | = / (—22* 4 62 4 202?) da |.
-2 —2

¢) Thisis

M = /lr [top(z) — bot(z)] p(x) dx

5
_ /_2 (=22 + 92 +7) — (2 + 32— 13)] (2% + 1) d |

2. a) Since the direction of integration (z) and the axis of revolution (the z-axis) are
both horizontal, use washers:

V= /lr [TFRQ —777“2} dx

— /04 [77 <f+8>2—ﬂ(4x)2] dx |.
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b)

d)

e)

To use integrals with respect to y, we have to solve each function for z; the

top/left function is x = /2y — 16 and the bottom/right function is z = %

Next, since the direction of integration (y) and the axis of revolution (the x-
axis) are perpendicular, use shells. Since the left function changes at y = 8, we
will need two integrals, added together:

t 8 16
V:/ 2nrhdy = / 2my <Z) dy—l—/ 2y (‘Z—\/Qy—16> dy|.
b 0 8

If we use z-integration, the direction of integration (z) and the axis of revolu-
tion (y = —3) are both horizontal, so we use washers, similar to (a):

T 4 2 2
V:/ [TrRQ—ﬂ'rﬂ dr = / 7r<2—|—8+3) — w(4z + 3)*
l 0

If we use y-integration, the the direction of integration (x) and the axis of revo-
lution (y = —3) are perpendicular, so we use shells, similar to part (b), with the
only difference that r = y — (—=3) = y + 3 as opposed to r = y:

dz |.

t
V:/ 2nrh dy
b

= /0827T(y+3) <Z) dy—l—/81627r(y+3) <Z—\/m) dy |

If we use z-integration, the the direction of integration (z) is horizontal but the
axis of revolution (x = 8) is vertical, so we need shells. As in (a), since the
bottom function changes at = 2, we will need two integrals, added together:

r 4 35‘2
V:/ 2rrhdr = / 27(8 — x) ?—1—8 —4z| dz|.
l 0

If we use y-integration, the direction of integration and axis of revolution are
both vertical, so we use washers, similar to (b):

V= /bt [ﬂ'R2 —7r7"2} dy

_ /08 [W(S)Q—w@—fl)?

dy+/816 lﬂ(S—m)Q—W(S—Z)2] dy |

Since we only know about horizontally aligned cross sections, we have to inte-
grate with respect to y so that the cross-sections are perpendicular to the direc-
tion of integration. The area of the cross-section is

A(y) = (length)(height) = (length)(2 - length)

:2-length2
B 2 (4)? if0<y<s8
Tl 2 -2y —16)° if8<y<16’

57



4.1. Spring 2026 Exam 2

So the volume is

VZ/btA(y)dyz /082(Z)Qdy+/53162(i—\/w>2dy-

f) We need to compute both the mass of £ and the moment M, around the y-axis;
for the centroid, we can assume the density is p(z) = 1. Then

2
$+8—4x] dx

T 4
M, _/l zp(x) [top(z) — bot(x)] dx ) /0 x|

M 4 B 4
| #l@)ltop(a) — bot(@)] d /

2
332—1-8—44 dx

a) By the general principle of applications of integration, this is

b

w/2
total output = / (productivity) dt = / 2sintdt
a 0

= —2cos 7§|70T/2

—0-(-2-2]

b) Use the formula for arc length. First, applying the Chain Rule, we have f/(z) =

3sin? x cos T, SO

s :/b\/1+ [f(2)]? da = /OWM \/14- [3Sin2xcosx]2dac.

¢) The center of mass is

— Mo [ zp(z)dr P ze=? dx
M p(z)de e dy |

a) The density function must integrate to 1:

"00 0 3 e
1:/ f(ﬂ:)dac:/ 0dm—|—/ K:L’(:E+1)dm—|—/ O0dx
—00 —oo 0 3

3
:0+/ (Kz?* + Kx)dx +0
0

_[E 5 K o)’
—[390 +2w}0
9 27
—9K + - K = =K.
+2 2
. 2
Solving for K, we get| K = 77t
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b) Since X is a continuous r.v., the probability of any one outcome is [0 |

¢) Integrate the density function:

/ f(z da:—/—x:z—i—l dx—i—/ 0dx
3

d) Use the expected value formula:

EX:/O:Of(:E)dJ::/O

2
= [ = 1
/12790(3:4- ) dx

d:r—l—/ x—x (x+1) da:+/ z(0) dz
3

39
__/027

(x+1)dz
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4.2 Spring 2025 Exam 2

1. (4.1) Compute the area of the region enclosed by the graphs of f(z) = 2% —
3z + 5 and g(z) = 4z — 1. Simplify your answer.

2. Consider the region E of points in the zy-plane pictured below at left.

a) (4.2) Write an expression involv-
ing one or more integrals with
respect to the variable z that,
when evaluated, gives the vol-
ume of the solid obtained by re-
volving E around the z-axis.

b) (4.2) Write an expression involv-
ing one or more integrals with
respect to the variable y that,
when evaluated, gives the vol-
ume of the solid obtained by re-
volving E around the z-axis.

c) (4.7) Write an expression involv-
ing one or more integrals with
respect to any variable you like
that, when evaluated, gives the
moment of inertia of £ about the
y-axis.

d) (4.6) Write an expression involv-
ing one or more integrals with
respect to any variable you like
that, when evaluated, gives the

)‘I xz-coordinate of the centroid of

E.

3. In this problem, E is the same region as in Problem 2.

a) (4.2) Write an expression involving one or more integrals with respect
to any variable you like that, when evaluated, gives the volume of the
solid which has base E' and whose cross-sections parallel to the z-axis
are squares.

b) (4.2) Write an expression involving one or more integrals with respect
to any variable you like that, when evaluated, gives the volume of the
solid obtained by revolving F around the line x = —3.
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c) (4.2) Write an expression involving one or more integrals with respect
to any variable you like that, when evaluated, gives the volume of the
solid obtained by revolving E around the line y = 10.

4. a) (4.3) In general, if the value of a good changes at a constant rate per unit
time, then the total net change in its value is that constant rate times the
elapsed time. Now, suppose that at time ¢ (in months), grain futures are
changing at a rate of r(¢) = 2¢'/® dollars per month. What is the total net
change in the value of a grain future between times 0 and 3?

b) (4.4) Write an integral which, when evaluated, gives the length of the
curve y = 21° + 3 between the points (1,5) and (3, 55).
Xz

¢) (4.5) Compute the center of mass of a metal bar of length 6 cm, whose
density  cm from the left edge of the bar is 2z grams per centimeter.

5. (4.8) Suppose that the size, in dollars, of a claim filed by an insurance policy-
holder is modeled by a continuous random variable X with density function

8 27
0 else

1 . 1 .
—sinx +— if0<z <27
f(z) = :

a) Write an expression involving one or more integrals with respect to «
that will compute the probability that the size of the claim is at least 1.

b) Suppose that the probability that the size of the claim is at most B is .8.
Write down an equation (which may include one or more integrals in it)
that could be used to solve for B.

c) Write an expression involving one or more integrals with respect to «
that will compute the expected size of the claim.
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Solutions

1. First, find the intersection points by setting the functions equal:

22 —3x+5=4dr—1
2 —Te+6=0
(x—6)(x—1)=0

Therefore z = 1 and = = 6, so the integral goes from [ = 1 to » = 6. Since f is a
parabola opening upward, it will be beneath any line connecting two points on it, so
the top function is 4 — 1 and the bottom function is #2 — 3x + 5. Therefore

r

[top(z) — bot(x)] dx

6
dr —1— (2° — 3z +5)| dx
| : ]

’ [—xz + Tz —6] dx

A:

I
_— T

1 6
——ad z:cz — 6:1:]

{ 3 2 1
63 7-62 1 7
—[—3+ ; —361—[—3—1—2—6]
19 19 19 125
[~72 + 126 — 36] [6 6} 8- +6 ===

2. a) Since the direction of integration (z) and the axis of revolution (the z-axis) are
both horizontal, use washers:

V= /lr [ﬂ'R2 — 7'['7’2} dx = /01 {71’(2333 +1)? — 77(\/5)2] dx |.

b) To use integrals with respect to y, we have to solve each function for z; the
3

top/left function is x = \/g and the bottom/right function is z = y?. Next,
since the direction of integration (y) and the axis of revolution (the z-axis) are
perpendicular, use shells. Since the left and right functions change at y = 1, we
will need two integrals, added together:

t 1 3 y—l
V:/ 2rrhdy = / 27ry(y2)dy—|—/ 2y (1 - ¢ N dy |
b 0 1

c) To compute I,,, we use an integral with respect to x:

I, = /lr 22 [top(z) — bot(x)] dx = /(;1 z? [2x3 +1- \/5} dzx |.
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d) We need to compute both the mass of £ and the moment M, around the y-axis;
for the centroid, we can assume the density is p(z) = 1:

M, _ J; zp(z) [top(x) — bot(z)] dx _ Jix[20° +1— 7] d '
M it pla) [top(z) — bot(x)] dx J) 223 +1 - /7] da

T =

a) Since we know about cross-sections parallel to the z-axis, we have to use an
integral with respect to y so that the cross-sections are perpendicular to the
direction of integration. Since the cross-sections are squares, they have area
A(y) = (side length)? = (right(y) — left(y))?. Asin (b), we need two integrals
since the left and right functions change at y = 1:

v= [ Ay = [ (rightty) - tefity)?dy

= /01(y2)2dy+/13 (1_\3/y2j>2dy.

b) There are two possible answers. If using an integral with respect to z, this is
shells:

V:/lr27rrhdx: /0127T(:E(3)) [29}3+1—\/5} dx |.

If integrating with respect to y, this is washers (as in (b) and (e), we need two
integrals added together):

V= /bt [ﬂ'R2 —7rr2} dy

— /01 [w(y2+3)2—w(0+3)2} dy+/13

) sjy —1 ?
m(1+3) —W( 2—(—3)) ] dy

c) There are two possible answers. If using an integral with respect to z, this is
washers:

V:/lr [7R? = m?| do = /01 [W(lO—\/E)Q—WOO—(2:1034-1))2] da |

If integrating with respect to y, this is shells (with two integrals):

t 1 3 ) —1
V:/ 2nrhdy = / 277(10—y)y2dy+/ 2m(10 — y) [1— ¥ 1/2] dy |.
b 0 J1
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4. a) By the general principle of applications of integration, this is
3 3
total change = / (rate of change) dt = / 2e/6 dt
0 0

- 1zet/6‘z

= 12¢3/6 — 12¢0

= (1261/2 — 12) dollars |.

b) Use the formula for arc length. First, f/(z) = % =622 — 3272, s0

s:/ab\/le[f’(ac)}de: /13 \/1+[6952—3x*2]2d:p

c) First, the massis M = / x)dr = / 2z dr = 2%|§ = 36 g.

Second, the moment about the origin is

b 6 6 9
My = / zp(x)dr = / z(2x) dx = / 222 dx = ga:?’
a 0 0

M, 144
Last, the center of massis T = MO =36 = ‘ 4 cm from the left edge ‘

5. a) Compute this probability by integrating the density function:

6 2
= 5(63) =144 gcm.

0

P(X >1) = P(X € [1,0)) = /loo () da
2 1 ) 1 o)
=/ (8s1na:+27r> dx + Odx

27
27 1 1
= /1 (881nx+27r> dz |.

b) This is similar to part (a), except that the upper limit of the integral is the un-
known:

8=P(X <B)
:/B
—/ de—i—/ ( sinz + )dm

B 1 1
Therefore the equation I am looking for is|.8 = / (8 sinz + > dx |
0

c) By the usual formula, the expected value is

e 27 1 1
EX:/_ooxf(x)dx:/O x(SSmx+2W> dx |.
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4.3 Spring 2023 Exam 2

1. (4.4) Write an integral which gives the length of the curve y = 2¢** between
the points (0, 2) and (5, 2¢*°).

2. (4.3) In general, if a machine’s efficiency is constant, then its output is given
by multiplying the efficiency by the time the machine works. Now suppose
that a certain machine’s efficiency is nonconstant and that at time ¢, its effi-
ciency is E(t) = 4 + cost. What is the machine’s output between times 0 and
3T
279

2

3. (4.8) Suppose that the time, in days, until the next major solar flare is a con-
tinuous random variable with density function

Lpde=®/2 jfg >0

f(x):{% 0 ifa<0

a) Write an integral which gives the probability that the next major solar
tlare will occur at least 5 days from now.

b) Compute the expected amount of time until the next major solar flare.

4. In this problem, @) refers to the region of points in the zy-plane pictured be-
low:

: y:2\/;

a) (4.1) Write an expression involving one or more integrals with respect to
the variable x that gives the area of ().

b) (4.1) Write an expression involving one or more integrals with respect to
the variable y that gives the area of ().

c) (4.2) Write an expression involving one or more integrals with respect
to any variable you like that gives the volume of the solid whose base is
(), where cross-sections parallel to the y-axis are squares.

5. (4.7) Let R be the region of points in the xy-plane enclosed by the graphs of
y = 42? and y = 4x.
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a) Compute the moment of inertia of R about the z-axis.

b) Compute the moment of inertia of R about the y-axis.

6. (4.6) Compute the centroid of the triangle whose vertices are (0,0), (2,0) and
(2,4).

7. (4.2) In this problem, let S be the region of points in the zy-plane above the
graph of y = ;(x + 1) and below the graph of y = 4%, between x = —1 and

r = 3.

a) Write an expression involving one or more integrals with respect to any
variable you like that would give the volume of the solid obtained when
S is revolved around the line 7 = —2.

b) Write an expression involving one or more integrals with respect to any
variable you like that would give the volume of the solid obtained when
S is revolved around the line y = —4.

66



4.3. Spring 2023 Exam 2

Solutions
1. If f(x) = 2¢®, then f'(x) = 8¢%2. Therefore the arc length is

b 5
s:/a S /()2 da = /O 1+ [8e%]2 dz |

2. By the general principle of applications of integration, the output is

b 3m/2 37/2
/ E(t) dt:/ (44 cost) dt = [4t + sint],
a 0
_ {4(32”) —1} _0+0 =671
1

3. a) P(X>5)= / f(x)dx = —a3e 2 x|,
5 5 96

b) This integral uses the Gamma Integral Formula:

o 1
FEX = / d:):—/o %x4e_x/2dx

1 4! 2541 4l
:%'G)‘*H: 96 :§:'

T

4. a) Theareais / [t(x) — b(x)] dz. Since the bottom function changes at z = 2, you
!

need two integrals:

/02[2f—(— da:+/ {2f—< (2 — 2)* 2)} da

b) First, you need to solve all the equations for z in terms of y:

Yy=—T=>=-y

1
y:2\/§:>y2=4a:—>x=1y2

3 3 4 4
y:1($—2)4—2:>y+2:Z(m—2)4:§(y+2):(x—2)4:>a:: v g(y+2)+2

t
Then the area is / [r(y) — l(y)] dy. Since the left function changes at y = 0,
b

({fir2) ()]«
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c) Since the cross-sections are parallel to the y-axis, you have to integrate with
respect to z. The area of the cross-section at x is A(z) = (side length)? = (¢(z)—
b(x))?; as in part (a), you need two integrals:

vu:A%%F—p- d$+/[%f—((x—m zﬂzm

5. First, set the equations equal to one another to find intersection points: 42% = 4x
gives x = 0 and = = 1, and the corresponding y-values are y = 0 and y = 4.

1
a) In this problem, we need to solve the equations for z: y = 422 gives x = 5\/§

1
—1y. Now, by the formula for moment of inertia about the

and y = 4z gives x = 1

T-axis,

L= [ i) -1wla= [ 2[5 y—}
_/ (1 5/2 )

4 7/2
L 1y4] AP [16)
7 16 7 16

b) By the formula for moment of inertia about the y-axis,
T 1 1
I, = / 22 [t(z) — b(z)] dz = / 22 (4x — 42?) dx = / (423 — 42t) dz
! 0 0

:[ﬁ_gﬁr
| i

:P—4—&:.
5 5

6. This region goes from = = 0 to = 2 and has top function ¢(z) = 2z (this is the
line passing through (0,0) and (2,4)) and bottom function b(z) = 0. Since we are
computing a centroid, the density can be assumed to be p(z) = 1. Therefore, by the
formulas for centers of mass:

2
M = / | p(z) dm-/2xdx—:c‘0:4;

M, / )] p(x dx_/Qxdx_§3Z—:?,
= :/l [2@(@)2 - Q(b(x))ﬂ o= /02;(2@2 de = /02 202 dr = %m?’ z - ?
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7.

a) If you use x as your variable of the integral, this is shells with » = 2 — (-2) =
z+2and h = t(z) — b(z) = 4° — L(z + 1). This gives

T 3 1
V= / 2nrhdr = / 27 (z + 2) [4‘75 — §($ + 1)} dx |.
l -1

b) If you use z as your variable of the integral, this is washers with R = t(x) —
(—=4) =4" +4and r = b(x) — (—4) = 1(x + 1) + 4. This gives

Vz/bt {WR2—7TT2} dx = /3 [W(4x+4)2—7r<;(:1:+1)+4>2 dx

-1

Problems 7 (a) and (b) can also be done with respect to y, but they are much
harder that way (you need three integrals added together).
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1. Let @ be the region of points in the zy—plane located to the right of the y-axis,
above the x-axis, above the curve y = v/ — 1 and below the line y = 1—10x + 2.
A picture of this region is given below; the upper-right corner point is (10, 3).

a) (4.1) Write an expression involving one or more integrals with respect to
the variable x which gives the area of Q).

b) (4.1) Write an expression involving one or more integrals with respect to
the variable y which gives the area of region ().

2. Let R be the region of points in the zy—plane which are located above the
z-axis, below the curve y = 2® + 1, to the right of the y-axis, and to the left of
the line = 2.

a) (4.2) Suppose a solid is built whose base is R. If cross-sections of the
solid parallel to the y-axis are squares, write an integral (with respect to
whatever variable you like) which gives the volume of the solid.

b) (4.2) Suppose R is revolved around the y-axis to produce a solid. Write
an integral with respect to the variable x which gives the volume of this
solid.

c) (4.2) Write an integral with respect to y which gives the volume of the
same solid as in part (b).

d) (4.2) Suppose R is revolved around the line y = —2 to produce a solid.
Write an integral with respect to whatever variable you like that gives
the volume of this solid.

e) (4.2) Suppose R is revolved around the line z = 2 to produce a solid.
Write an integral with respect to whatever variable you like that gives
the volume of this solid.

3. Suppose that the time, in seconds, until two particles in a nuclear reactor
collide is given by a continuous random variable whose density function is

Dpr—322 f0<zr<2

f(z) = { v 0 v else
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a) (4.8) Find the probability that the particles collide in less than 1 second.
b) (4.8) Find the expected amount of time until the particles collide.

4. (4.4) Write an integral which will give the length of the curve y = sin x+cos 2z
fromz =0tox = .
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Solutions

1. a) Integrate from left to right; the integrand is the top function minus the bottom
function; the bottom function changes at x = 1 so you need two integrals:

1 10
A:/ [1ZE—|—2} d:z:—|—/ {133—}—2—\/:5—1 dz |.
0 10 1 10

b) First, you need to solve the equations for z in terms of y: y = /z — 1 becomes
r=y>+1y= %x + 2 becomes = = 10y — 20. Integrate from the bottom to the
top; the integrand is the right-hand function minus the left-hand function; the
left-hand function changes at y = 2 so you need two integrals:

2 3
A:/ [y2+1—0} dy—l—/ [y2+1—(10y—20)} dy|.
0 2

2. First, here is a picture of R:

Notice that the upper-right corner point is (2,9) because when you plug « = 2 into
y=a2+1,yougety=23+1=09.

a) Integrate with respect to z; the cross-sections are areas with side length 23 + 1.
Therefore the volume is

2
V= / (2® +1)*dx |
0

b) Again, integrate with respect to x; cross-sections are shells with »r = z and
h = x3 + 1. Therefore the volume is

2
V= / 2nx(x® 4 1) dx |.
0

c) You need to solve the equation for z in terms of y: y = 3 + 1 gives © =
{/y — 1. Then, integrating with respect to y, the cross-sections are washers (or
circles). Importantly, you need two integrals because the left-most function of
the region changes at y = 1 (this makes the r of the washer formula change at
y = 1). So the volume is

V= /(;1 {77(2)2 - 71'(0)2} dy + /19 [7[‘(2)2 —n(Vy — 1)2} dy |-
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d) Integrate with respect to = (so we only have to write one integral). This makes
the cross-sections washers with R = 23 +1—(—2) = 23 +3andr = 0—(-2) = 2
so the volume is

V= /02 {71'(&03 +3)? — 7r(2)2} dzx |.

e) Integrate with respect to x (so we only have to write one integral). This makes
the cross-sections shells with r = 2 — z and h = 2 + 1 so the volume is

2
V= /0 27(2 — 2)(2® 4+ 1) dx |

3. a) Compute probabilities by integrating:

P(X<1)—/1f(x)da:—/1 [gx—?’xQ] dx = {9372_1%3]1
=7 o ~Jo L107 10 120 107 |,

b) Use the usual formula for expected value:

EX—/2xf(x)da:—/2x[9x—3x2] dm—/2[9x2—3x3} dx
o ~Jo Tl107 10 ~Jo L1077 10

4. By the arc length formula, this is

b T
s:/a V14 [f(z))?de = /0 \/1+[cosx—2sm2$]2dx.
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Chapter 5

Older Exam 2s

5.1 Fall 2014 Exam 2

1. Let R be the region of points in the xy—plane which are located to the right of
the graph of y = 8z, below the graph of y = 8 and above the graph of y = 2.

a) (4.1) Write down an expression involving one or more integrals with
respect to # which gives the area of R.

b) (4.1) Write down an expression involving one or more integrals with
respect to y which gives the area of R.

2. Let @ be the region of points in the zy—plane located below the curve y =
2y/z and above the curve y = 2z* (these curves meet at the origin and at the
point (1,2)).

a) (4.2) Suppose ( is revolved around the x—axis to produce a solid. Write
down an expression involving one or more integrals with respect to
which will compute the volume of this solid.

b) (4.2) Write down an expression involving one or more integrals with
respect to y which will compute the volume of this solid described in

part (a).
c) (4.2) Suppose ( is revolved around the line y = 10 to produce a solid.

Write down an expression involving one or more integrals (with respect

to whatever variable you like) which will compute the volume of this
solid.

d) (4.2) Suppose a solid is constructing whose base is () and whose cross-
sections parallel to the y-axis are squares. Write down an expression
involving one or more integrals (with respect to whatever variable you
like) which will compute the volume of this solid.
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3. Suppose X is a random variable whose density function is

2e7%  ifx >0
fla) = { 0 else
a) (4.8) Find the probability that X <5.

b) (4.8) Write an integral which will compute the expected value of X. Your
integrand should contain no letters other than z, but otherwise does not
need to be simplified or evaluated.
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Solutions

1. Here is a picture of R:

a) Integrate (top function minus bottom function) from left to right:

A= /(]1(8:U—x3)dx+/12(8—x3)dx.

b) Solve the functions for z: y = 3 becomes = = ¢y and y = 8x becomes = = .
Now integrate the (right-most function minus left-most function) from bottom

to top:
N (o
A= Jy—35 ) dy|
0 8

2. Note that the top function is y = 2\/z (ie. =z = %) and the bottom function is
y = 224 (i.e. 7 = {/y/2). Let Q be the region of points in the zy—plane located below
the curve y = 2\/z and above the curve y = 2x* (these curves meet at the origin and
at the point (1, 2)).

a) Since the direction of integration (left to right) is parallel to the axis of revolu-
tion, use washers:

V= /lr [WRQ — 7T7“2] dx = /01 [7?(2\/5)2 - 7r(2x4)2} dz |

b) Since the direction of integration (bottom to top) is perpendicular to the axis of
revolution, use shells:

t 2 y y2
V:/Qﬂ'rhdy: /27Ty = — = dy|
b 0 2 4

c) Using z as the variable, this is washers:

V= /l 7R — mr?| da = /01 |7(10 = 20%) = 7(10 - 2V/)?| da |

Using y as the variable, use shells:

! 2 y oy
V:/ 2nrhdy = / 27(10 — y) </> dy|.
b 0 2 4
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d) Since the known cross-sections are parallel to the y-axis, they are perpendicular
to the z-axis and since you need the cross-sections to be perpendicular to the
direction of integration, you have to use z as the variable. The cross-sectional
area is

A(z) = (side lemg’ch)2 = (2y/z — 22*)?

so the volume is

v:/er(a;)dq;: /Ol(zf—2x4)2dx.

5 5
a) P(X <5)= / 27 dg = [—6_2:0} =|1—e10]
0 0

(o)
/ r2e % dx
0

b) EX:/ba:f(:E)dx:
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5.2 Spring 2014 Exam 2

1. Let @) be the region of points in the
ry—plane located to the right of the ,

line + = 1, below the graph of y = 4
and above both of the curves y =
vz and y = z?. The graphs of
all these equations are given at right, ?/
and the r— and y— coordinates of the
intersection points of these curves are

given on the axes.

| |
0 1 4 4 \/?

a) (4.1) Write an expression involving one or more integrals with respect to
the variable  which gives the area of Q).

b) (4.1) Write an expression involving one or more integrals with respect to
the variable y which gives the area of region Q).

2. Let R be the region of points in the
ry—plane which are located to the
right of the y—axis, above the equa-
tion y = 3% and below the line y =
4. A picture of this region is shown to
the right:

a) (4.2) Suppose R is revolved around the x—axis to produce a solid. Write
an integral with respect to the variable x which gives the volume of this
solid.

b) (4.2) Write an integral with respect to y which gives the volume of the
same solid as in part (a).

c) (4.2) Suppose R is revolved around the y—axis to produce a solid. Write
an integral with respect to whatever variable you like that gives the vol-
ume of this solid.

d) (4.2) Suppose R is revolved around the line y = —3 to produce a solid.
Write an integral with respect to whatever variable you like that gives
the volume of this solid.
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3. Suppose X is a continuous random variable whose density function is

flx) =

cxd if0<x<2
0 else

a) (4.8) Find the value of c.

b) (4.8) Find the probability that X = 1.
¢) (4.8) Find the probability that X > 1.
d) (4.8) Find the expected value of X.

4. (4.4) Write an integral which gives the length of the curve y = 5sin 2z from
r=0tox =2m.

Solutions

1. a) Integrate the (top function minus the bottom function) from the left to the right
to get

4 42 1
A:/1(4—\/5)dx+[1 (4 5a?) do|

b) Solve the equations for x to get = y? and = = /8y. Thus the area is the inte-
gral of (the right-most function minus the left-most function) from the bottom

to the top, i.e.

a=| [ [[E-na)|
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2. Notice first that the corner point of the region is (2, 4) (to get the z-coordinate, solve

1

2x3 = 4 for x).

a) Since the direction of integration (left to right) is parallel to the axis of revolu-

tion, you get washers:

V= /lr {ﬂ'RQ —Wrz} dx

1

2

/02 {w(4)2 e

xS)Q} dz

b) Solve the equation y = %x‘g for x to obtain x = ¥2y. Since the direction of
integration (bottom to top) is perpendicula to the axis of revolution, you get

shells:

t 4
V= / 2rrhdy = / 2my(Y/2y) dy |-
b 0

c) With respect to x, use shells; with respect to y, use washers (actually disks

because there is no hole):

Vz/ 2nrh dx =
l

= /bt [WRQ — m‘ﬂ dy

2 1 3
/ 2rx(=z°) dx
0 2

[ /27 ay

d) With respect to z, use washers; with respect to y, use shells:

V= /lr {71']%2 —7r7“2} dx

/02 {71'(4 +3)? — F(%I?) + 3)2] dx

t
= / 2nrhdy =
b

[ x4 9920 dy

b
3. a) We know / f(z) dz =1 for any density function f, so
2
1:/ cxd dx
0
L [cx‘*r
4],
16¢ 1
l=—"=1=4 =
1 = c=|cC 1

b) P(X=1) = @ since X is continuous.

o) P(X>1):£2f(m)dxzz2ixsdx:[

4

16

1 J—
16

15
16 |

2
‘| :1
1
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b 2 .3 2 4 512 39
d) EX:/xf(m)dx:/xx—dx:/ T e =2 _ 32 _ §
a o 16 o 16 20 0 20 5

4. First, % = 10 cos 2z by the Chain Rule. Now by the formula for arc length,

b dy 2 27
= 1 —= = 1 1 2x)2 .
s /a \/1+ <d:z:> dx /0 \/ + (10 cos 2x)? dx
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5.3 Fall 2013 Exam 2

1. Let R be the region of points in the zy—plane which are located to the right

1
of y = 3z, above the equation y = 5952, and below the curve y = (z — 2)? + 2.

A picture of this region is shown below:

a) (4.1) Write down an expression involving one or more integrals with
respect to x which gives the area of R.

b) (4.1) Write down an expression involving one or more integrals with
respect to y which gives the area of R.

2. Let @ be the region of points in the zy—plane located to the right of the
y—axis, below the line y = 4, and above the curve y = /x.

a) (4.2) Suppose ( is revolved around the z—axis to produce a solid. Write
down an expression involving one or more integrals with respect to x
which will compute the volume of this solid.

b) (4.2) Suppose Q is revolved around the y—axis to produce a solid. Write
down an expression involving one or more integrals with respect to
which will compute the volume of this solid.

c) (4.2) Suppose @ is revolved around the line y = —3 to produce a solid.
Write down an expression involving one or more integrals (with respect
to whatever variable you like) which will compute the volume of this
solid.
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d) (4.2) Suppose ( is revolved around the line x = 20 to produce a solid.
Write down an expression involving one or more integrals (with respect
to whatever variable you like) which will compute the volume of this
solid.

3. (4.6) Write down formulas (in terms of integrals) that could be used to find
the centroid of the triangle whose vertices are (0, 0), (0,9) and (1, 3). (You do
not need to evaluate any of the integrals.)

Hint: Write the equation of the lines which comprise two of the sides of the
triangle.

4. Suppose X is a random variable whose density function is

fa)={ 1z

L ifl<zx<9
0 else

a) (4.8) Find the probability that X < 4.
b) (4.8) Find the expected value of X.
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Solutions

1. a) You need two integrals; each integral is the “top function” minus the “bottom
function”:

1 1 2 1
A:/ {31’—562} dm+/ {(:13—2)2+2—x2] dzx |.
0 2 1 2

b) Again, youneed two integrals; each integral is the “right-most function” minus
the “left-most” function. To integrate with respect to y, you need to solve all
the equations for z:

A= /02 {\/@—;y} dy—i—/j [(24—@)—;4 dy |.

2. The corner points of the region are (0, 0), (0,4) and (16, 4). The last point is found by
solving y = \/z with y = 4.

a) Since the direction of integration and the axis of revolution are both horizontal,
use the washer formula:

V= /016 [ﬂ'RZ - 7T’I“2} de = /016 [7r42 - 77(\/5)2} dz |

b) Since the direction of integration is horizontal, but the axis of revolution is
vertical, use shells:

16 16
V= 2rrhdx = 27x(4 — /x)dx |
0 0

¢) Since the axis of revolution is horizontal, to write an integral with respect to
one must use the washer formula:

V= /016 {ﬂ'R2 - 7'('7”2} dx = /016 [71'(4 +3)? —n(Vx + 3)2] dx |

To write an integral with respect to y, use shells and solve the equation y = /x
for a:

4 4
V:/ 2rrhdy = / 2r(y + 3)y* dy |
0 0

d) Since the axis of revolution is vertical, to write an integral with respect to x one
must use the shell formula:

16 16
V= 2nrhdr = / 27(20 — x)(4 — Vx) dx |
0 0

To write an integral with respect to y, use washers:

V= /04 [ﬂ'RQ - 777‘2} dy = /04 [W(QO)Q — (20 — 92)2} dy |
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3. The left side of the triangle is the y—axis; the bottom-right side of the triangle pass-
ing through (0,0) and (1, 3) has equation y = 3z; the top-right side of the triangle
passing through (0,9) and (1, 3) has equation y = 9 — 6. Now use the formulas
from class with a = 0, b = 1, the top function 9 — 62 and the bottom function 3x:

M, | Jg x(9—6x—3z)dx | M, | L9 - 62)2 — (32)?] da
M J3 (9 — 6z — 3z) dz | M J3(9 — 62 — 32) dz

4 1 4
4. a) P(X§4):/1f(m)da?:/1 Zl\l/idm—;\/f —1—;—.

? 91 1 s 27 1 [1
b) EX:/ a:f(m)dgp:/ Wada = 2o _x 3
1 1 1
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5.4 Spring 2013 Exam 2

1. Let R be the region enclosed by the graphs of y = 2%,y = 0,and y = —2z+12.

a) (4.1) Write an expression involving one or more integral(s) with respect
to x that gives the area of R.

b) (4.1) Write an expression involving one or more integral(s) with respect
to y that gives the area of R.

c) (4.2) Let S, be the solid formed by revolving R around the y—axis. Write
an expression involving one or more integrals with respect to x that
gives the volume of 5.

d) (4.2) Write an expression involving one or more integrals with respect
to y that gives the volume of S;, where S; is the solid in the previous
problem.

e) (4.2) Let S, be the solid formed by revolving R around the line y =
—2. Write an expression involving one or more integrals with respect to
whatever variable you like that gives the volume of 5.

2. a) (4.5) Consider a wire of length 4 m whose density x inches from the
left endpoint of the wire is given by p(z) = cosz + 1 mg/m. Write an
expression involving one or more integral(s) which gives how far from
the left endpoint of the wire its center of mass is.

b) (4.6) Write expressions involving one or more integral(s) which find the
center of mass of the triangle whose vertices are (0,0), (0,1) and (1,0),
assuming the triangle has constant density.

3. Suppose that X is a random variable whose range is [0, 2] and whose density
function is f(z) = cz? + x for some constant c.
a) (4.8) Find c.
b) (4.8) Find the probability that X is less than 1.
¢) (4.8) Find the expected value of X.

4. (4.4) Write an expression which gives the length of the curve y = €** from
r=1tox =28.

5. (4.3) In physics, if the net current going through a wire at time ¢ is a constant
I, then the electric charge () transferred over At units of time is given by ) =
I'- At. Suppose the net current going through a wire at time ¢ is not constant,
and is equal to /(t) = 2t — 3. What is the electric charge () transferred from
time ¢t = 0 to time ¢ = 2? (I actually want you to find the answer.)
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Solutions
1. Solve for the corner points of R:

e the curves y = 22 and y = 0 meet at (0, 0);
e the curves y = 23 and y = —2z + 12 meet at (2, 8);
¢ the curves y = 0 and y = —2z + 12 meet at (6, 0).

Then:
2 6
a) A= / [* - da:—i—/ 221 12) - 0] da = /x?’da;+/(—2x+12)dm
0 2
b) Solve the equations for z in terms of y: y = 23 is ¥ = Yyandy = —2x + 12 s
y—12 12—y ]
T=T = . Then:

[T

¢) Since the direction of integration is horizontal but the axis of revolution is ver-
tical, this is the shell method (the cross-sectional area is 27rh):

2 6
V= / 2ma(x3) da + / 2rx(—2z + 12) dx
0 2

d) Since the direction of integration and axis of revolution are vertical, this is the
washer method (the cross-sectional area is 7R? — 7r?):

e [ () ]

e) If one integrates with respect to z, this is the washer method since both the
direction of integration and axis of revolution are horizontal:

2
vz/ [m(a® +2)% — 722 dx+/ (=22 +12+2) - 72%| da
0

If one integrates with respect to y, this is the shell method since the direction of
integration is vertical but the axis of revolution is horizontal:

Ve[ [onen) (20— 05) ]

2. a) Wehave

My  [yxp(z)de | [y z(cosz +1)dx

T = —= =

Mo () Ji(cosx 4 1) da
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b) The top of this triangle is the line y = —z + 1. So this is a region bounded above

by f(z) = —x + 1 =1 — x and below by y = 0 from = 0 to = 1. So by the
formulas derived in class, the center of mass is (Z, ) where
My Rap@lf) - g@)dr | f3a(—w)ds]
M Jop@)f (@) = g(@)]de | fy(1-2)da
Mo Bebe@ @)~ (o@)dr [ e - o) de
M Jo p(@)[f(2) = g(x)] dz Jo (1 —)de

(By symmetry, it is clear that 7 = 7.)

3. a) We know the density function must integrate to 1, so we have

8¢

1—/2( *+a)d —[C Byl 2]2—+2
=/, cz” +z)dz = |z 5% T3 .
. . 8¢ -3
Solving the equat10n§+2: 1 for c, wesee|c = 3!
1 173 -1 I L |
b) P(X <1) = dx = —z? d:32]: ==
) P(X <1) /Of($)56 /O(SI—FJS)x {8x+2x0 8+2
3
st
2 2 2 c 1
C) EX:/ xf(x)dm:/ m(c:z:2—i—x)d:1::/ (ca® + 2°) dx = [m4—|—x3] =
0 0 0 4 3 o

7

Gl

4. If f(x) = €32, then f’(x) = 3¢3® so the arc length is

5—/18\/1+[f’(x)]2d:c—

8
/1 1+ (3e37)2dx |,

5. By the general principal of applications of integration, the formula ) = I - At trans-

b
lates into the formula Q) = / I(t) dt. Here the answer is given by

Q:/2(2t—3)dt
0

|2 - 3t

2]

2
0
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5.5 Selected Exam 2 problems from before 2012

1. Let R be the region under the graph of y = arctanz (and above the z—axis)
fromz = 1tox = /3.

a) (4.2) Suppose R is revolved around the r—axis to produce a solid. Write
an integral with respect to x that gives the volume of this solid.

b) (4.2) Suppose R is revolved around the line = —2 to produce a solid.
Write an integral with respect to = that gives the volume of this solid.

c) (4.2) Suppose R is revolved around the line y = 3 to produce a solid.
Write an integral with respect to x that gives the volume of this solid.

2. Let R be the region in the first quadrant bounded by the graphs of y = ¥/,
x = 27 and the z—axis.

a) (4.2) Let S; be the solid obtained when R is revolved around the y—axis.
Write an expression involving one or more integral(s) with respect to x
that gives the volume of 5;.

b) (4.2) Let S; be as in part (b). Write an expression involving one or more
integral(s) with respect to y that gives the volume of S;.

c) (4.2) Let S, be the solid obtained when R is revolved around the line y =
8. Write an expression involving one or more integral(s) with respect to
x that gives the volume of S,.

d) (4.2) Let S3 be the solid whose base is R such that cross-sections of S5
parallel to the x—axis are rectangles which are half as tall as they are
wide. Write an expression involving one or more integral(s) with respect
to whatever variable you like that gives the volume of Ss.

3. (4.4) Write an expression involving one or more integral(s) that gives the
length of the curve y = tanx fromz =0 toz = 7 /4.

4. Let R be the region enclosed by the graphs of y = /z + 1,y = i(z — 1), and
y=1—=.

a) (4.1) Write an expression involving one or more integral(s) with respect
to x that gives the area of R.
b) (4.1) Write an expression involving one or more integral(s) with respect
to y that gives the area of R.
5. Let R be the region enclosed by the graphs of y = 2> + 1 and y = 3z + 1.

a) (4.2) Let S; be the solid formed by revolving R around the z—axis. Write
an expression involving one or more integral(s) with respect to « that
gives the volume of 5.
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b) (4.2) Let S; be the solid formed by revolving R around the line z = —3.
Write an expression involving one or more integral(s) with respect to x
that gives the volume of S,.

¢) (4.2) Write an expression involving one or more integral(s) with respect
to y that gives the volume of the soild S, described in part (b).

d) (4.2) Let S5 be the solid built over base R where cross-sections to the
solid parallel to the x—axis are semicircles whose diameters are in R.
Write an expression involving one or more integral(s) (with respect to
any variable you like) that gives the volume of Ss.

6. (4.5) Consider a wire of length 6 in whose density = inches from the left end-
point of the wire is given by p(z) = 2z + 1 Ib/in. Write an expression involv-
ing one or more integral(s) which gives how far from the left endpoint of the
wire its center of mass is.
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Solutions

1. a)

b)

Since the direction of integration is parallel to the axis of revolution, we use
washers (in this case, disks as the solid hasno “hole”): A(z) = 7r?
SO

= marctan? z

V3
V = / marctan® z dx |
1

Note: the notation arctan? x means (arctan z)2.

Now the direction of integration is perpendicular to the axis of revolution, so
we use the shell method. A(z) = 27nrh where r = z — (-2) = = + 2 and
h = arctan x; we have

V3
V= / 27(x + 2) arctan x dx |.
1

As in part (a), the direction of integration is parallel to the axis of revolution,
so we use washers as our cross-sections. Notice that arctan /3 = 7 /3 < 3,80
the axis of revolution is above the region R. Therefore, we have R = 3 and
r =3 — arctanz, so A(x) = 7R? — 7r? = 97 — 7(3 — arctan x)?. Therefore

V3
V= / {977 — (3 — arctan x)ﬂ dzx |.
J1

2. The region R is shaped like a triangle with a curved top, having vertices at (0,0),
(27,0) and (27, 3).

a)

b)

Since the axis of revolution is vertical and the direction of integration is hori-
zontal, we use the shell method. Here a cylindrical cross section has height /x
and radius z, so the volume is

27 27

V = 2rrhdx = 2 /x dx |.
0 0

Since the axis of revolution is vertical and the direction of integration is also
vertical, cross-sections will be washers. We see that the outer radius of the
washer at height y is R = 27 and the inner radius is r = y3, 50

V:/OSW(RQ—TZ)dy: /037r[272—(y3)2} dy |

Since the axis of revolution is horizontal and the direction of integration is also
horizontal, cross-sections will be washers. We see that the outer radius of the
washer at horizontal position x is R = 8 and the inner radius is r = 8 — /, so

V=/0277T(R2—T’2)dl': /02777{82—(8—\3/5)2} dx |
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d) Since the described cross-sections are parallel to the z—axis, we must choose
y—integration. At height y, the solid has cross section which is a rectangle
with width 27 — y® and height (27 — y®), so the area of such a cross-section is
A(y) = 1(27 — y*)2. Thus the volume is

3 31
V:/ A(y) dy = / S(27 -y’ dy |
0 0 2

3. The arc length formula is s = f: V14 [f(z)]? dz; setting f(z) = tanz we have
/4

f'(x) =sec?zso s = V1+sectzdr|
0

4. The region R has three vertices; two of the vertices are (1,0) and (0, 1). To find the
third vertex, set \/x + 1 = %(:p — 1). Multiply both sides by 3, then subtract 3 from
both sides to obtain 3,/z = 2 — 4. Now square both sides to obtain 9z = 22 — 8z + 16;
then subtract 9z from both sides and factor to get 0 = (x — 16)(z — 1). This gives
the solution x = 16 (ignore x = 1 since it is not a solution to the original equation).
Plugging in = = 16 to the equation /z + 1, we see y = 5 so the third vertex is (16, 5).

a) From z = 0 to z = 1, the top function is /z + 1 and the bottom function is 1 —z.

From = = 1 to 2 = 16, the top function is \/z + 1 and the bottom function is

+(z — 1). So the area is given by

1 16
A= /0 (Vz+1)—(1—uz)] d:E—I—/l [(\/E—I-l)—;(x—l) dx |.

b) Solve all the equations for x to obtain x = (y — 1),z =3y + land x = 1 — y.
From y = 0 to y = 1, the right-most function is z = 3y + 1 and the left-most
functionis x = 1—y. Fromy = 1 toy = 16, the right-most function is z = 3y+1
and the left-most function is x = (y — 1)%. So the area is given by

a=| [T+ - 0w+ [ [6r+1) - - 17 ay)

5. The vertices of the region R are (0, 1) and (3, 10) (seen by setting 2> + 1 = 3z + 1 and
solving for x).

a) Since the direction of integration is parallel to the axis of revolution, we use the
washer method to obtain

V:/ZTA(«T)dx:/Ogﬂ[R2_r2]dx: ‘/0371_[(333_'_1)2_(1,2_’_1)2} de |

b) Since the direction of integration is perpendicular to the axis of revolution, we
use the shell method to obtain

r 3 g
V:/l SA(x)dr = /0 27rrhdx:/0527r(x—|—3)[(3m—i—1)—(x2+1)]dx.
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c)

d)

Since we are integrating with respect to y, we solve each equation for z and get
x = %(y — 1) (the left-most function) and x = /y — 1 (the right-most function).
Since the direction of integration is parallel to the axis of revolution, we use the
washer method to obtain

V:/btA(y)dy:/lmﬂ'[R2—r2]dy

2

- /1107r[<;(y—1)+3> (\/ﬁ+3)21 dz |

Since the known cross-sections are parallel to the z—axis, they are perpendic-
ular to the y—direction so we must integrate with respect to y. At height y,

the cross-section is a semicircle with diameter 3 (y—1)— /y — 1,soit has area

1 1 2
Aly) = 5 = g [3@ — 1) =y - 1] . Finally,

VZ/btA(y)dyz /1107;[;(1/—1)— y—lrdy-

6. This is a one-dimensional problem, we set our axis so that the wire runs from x = 0
to x = 6, then p(z) = 2z + 1. Now the moment of the wire about the origin is
6

6 6
My = / xzp(x)dr = / x(2z + 1) dx and the mass of the wire is M = / p(x)de =
0 0 0

0

6
/ (2x + 1) dz. Finally the center of mass is

6
M /0 x(2x + 1) dx

/06(230 +1)dx
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Chapter 6

Recent Exam 3s

6.1 Spring 2026 Exam 3

>~ (-1 n+1
1. Throughout this problem, we are considering the series » | (2 zr T
n

n=1

a) (5.2) Compute and simplify the second partial sum of this series.

b) (7.3) Determine, with justification, whether this series converges abso-
lutely, converges conditionally, or diverges.

c) (7.3) Is it legal to rearrange or regroup the terms of this series? Why or
why not?

2" 32
- = Given this, compute and simplify

2. a) (5.5) Assume that Z

n 2"

%5

b) (5.3) Write the following series in ¥-notation:

3'2+3'34+3'47+3'510+3'613+3'716+
51 7! 9! 11! 13! 15!

3. Choose three of the following four series. For each series you choose, deter-
mine (with appropriate justification) whether the series converges absolutely,
converges conditionally or diverges.

a) (5.7
) (57) Z 3 ¢—
1 1 1 1 1 1 1
b) (7 3) 15/3 25/3 - 35/3 - 45/3 + 55/3 + 65/3 o 75/3 B 85/3 +
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962+
LA C N Oy s

o e Te Tor T

d) (6.4) “2!!)2 +

4. Compute and simplify the sum of each given series.

a) (6.2) nil (i)n

> 510"
b) 62 S
n=0

(=4)"
(2n)!
oo (_1\n+1
d) 823 ( nl;)n

c) (8.2) i
n=0

1 3
5. (8.2) Estimate / 2¢” dx by replacing the integrand with its eighth Taylor
0
polynomial.

x° — rarctan x*

3 without using L'Hopital’s Rule.
x

6. (8.2) Compute lim

7. (8.2) Estimate sin zl)) by using the fifth-order Taylor polynomial for an appro-

priately chosen function.

8. (8.2) Consider a function f which is a solution of the differential equation

2f"(x) +xf(x) = 0.
If f(0) =12and f'(0) = 8, compute the fifth Taylor polynomial of f.
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Solutions
(—1)2 (—1)3 11 2
1. Sy = = e
A S=ata= ot a1 T3 5|15
b) Observe:
e The series alternates;
1" +1
e lim |a,|= lim (H‘ =1 = 0; and
n—00 n—00 2n+1 n—oo 2n + 1
1 1
* lan| = = |ant.

> =
2n+1 " 2n+3 2(n+1)+1
Therefore Z an converges by the Alternating Series Test. To determine whether
1
2n + 17
which diverges since it is harmonic. Thus Z an, ’ converges conditionally ‘

the convergence is absolute or conditional, we consider Z lan| = Z

c) Itis legal to rearrange or regroup the terms of this series, because it does
not converge absolutely.

n2" 20 128 & n2n 2 32 50 |10
2. = =04+ 4+ 2 ===
a)z T +n§ 5n 5 4 |9

b) The numbers being raised to powers on top go up by 1 each term, the exponents
on top go up by 3 each term, and the factorials on the bottom go up by 2 on
each term. So some possible answers are

> 3. n+2)3n+1 0 3n3n—2
y ey

\ —FF— |, etc.
2 @45 || & (2n+3)
5 1 on on
3. a) Notice 0 < 2 s = 3 = an 3n\/nf Now, Z — 75 diverges
on

1
(it is a p-series with p = — < 1), so by the Comparison Test, Z

2
divrges

b) Call the series Z a,. Since Z an is neither positive, negative nor alternating,

3nyn —1

. 1 .. . . 5
consider Z lan| = Z m; this is a convergent p-series since p = 3 > 1.

Therefore ) _a,, ’ converges absolutely ‘
2

"3 2\" 1
lit thi i 4(—= — =4 —= —. This i -
c) Split this series as E < < 3> + n) g < 3) +3 E - This is there
fore the sum of a convergent geometric series (r = —3 8o |r| < 1) and a diver-

gent series (harmonic), so the whole thing (converges + diverges =

diverges).
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d) Write the series in Z—notanon as Z . Th

1- ’an—i-l’
1m
n—00 |an‘

((n+1)1)?

= lim

n—o0

(2

en, use the Ratio Test:

‘ ((n+1)1)?
2(n+1)!
(n!)2
[
)!

n

w00 (20 + 2)!
(n+1)2

(n!)?2

i
nthoo (20 + 2)(2n +
(n+1)2

1)

i
ntho0 2(n + 1)(2n +
T n—+1 _
nooo 2(2n + 1)

1)

o
o0

Since p < 1, Z an, ’ converges absolutely ‘ by the Ratio Test.

) This is a geometric series i (2)n i <2>n+l 2 i( )n 21
a 1 1 . — = — — _ —
g n=1 7 n=0 7 7n=0 7 1_%
2.7_|2
7 5 5
5-10mT3  X5-10"10%  5-10% & 107
b) This is a geometric series: Z gt = HZZO oty = 7;)3”@ -

1
9 ) —9 “) =2500
500;)(19 500§<6> (1_5

c) Rewrite this series so that it becomes the Taylo

in for :
i (=4)" _ i (=n"@)" _ i (=1r2*
= @n)! = (2n)! = (2n)!
d) This is the Taylor series for In(1 + z) with z =

) = 2500(6) = [15000
6

r series of cosine, with 2 plugged

o)

ol

n+1 n+1 o = o =
r=3

97



6.1. Spring 2026 Exam 3

2 .3
5. Weknow e =142+ — + = 4 ..; replace each z with 3 and multiply by 2 to get

2 3!
(%) (2%)?
5 T3

6 x9

_ 3, T T
=142+ 2+3!—|—...

2
2¢” — 2+2x3+$6—|—§x9—|—...

€x3:1+1x3+

Therefore the eighth Taylor polynomial of 2¢*° is Py(x) = 2 + 223 4 5. Thus

L o ! ! 3 6 Ly 14 !
/ 2e” dm%/ Pg(:v)dxz/ (2+2:U +x>da:: [21‘+$ + -z
0 0 0

2 7 lo
_2+1+1 |37
N 2 7 |14
2 2 2T 2
6. Weknowarctanx:x—§+€—7+§—...,sobyreplacingmwithx4,weget
4\3 4\9 AN\T
@@ @)
rctan x x 3 + 5 7 +
1 1 1
:$4_§x12+5x16 217+
4 5 1oz 1 g7
rarctanz” =z° — —x " 4+ =T
3 5
Therefore
. x5—xarctan% . $5—{x5—%$13+%x17—...}
lim = lim
z—0 13 20 213
1,13 1,17
2T '+
= lim 3 5
x—0 ,CU13
=1 1 4+
Tao0\3 57
|1
3
3 5 7
. T x T
7. Weknowsm:r—m—ﬁjta—ﬁ+...,so

1 P <1) x3+x5
sin — ~ |l =lr— =+ =
37 °\3 EIRANTH

3

1 (@1/3)°  (1/3)°

3 3! 5!

9541
=| 59160 (after some unnecessary algebra).
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8. First, rewrite the equation as 2f"(z) = —z f(z). Now, let

(o]
f(z) = Z anz™ = ag + a1z + agr® + asx® + asxt + asax® + aga® + - .
n=0

/
f 1('0) - % = 8. Therefore

Since f(0) = 12, ap = 12. Since f(0) =8, a1 =
flx) =124 8z + asx?® + asz® + asxt + asz® + aga® + - - .

Now multiply through by —x to get

—xf(x) = —122 — 822 — a9z® — azzt — asa® — asa® — agr® — - - #)

and differentiate f twice to get

f'(x) = 8 + 2asz + 3azz® + 4asx® + Sasz* + 6agx® + - - -
f"(x) = 2as + 6azz + 12a42% + 20a52> + 30agz* + - - -
2f"(x) = 4as + 12azx + 24a42? + 40a52> + 60agz® + - - - . (##)

From the given equation, equations (#) and must be equal, so by equating coef-
ficients on the like powers we get

from the constant terms of (#) and #): 0 = 4ay = a2 =0
from the x terms: —12 =12a3 = a3 = —1
from the z2 terms: —8 =24ay = a4 = —%
from the 22 terms: —as = 40a5 = —0 = 20as =a5=0

from the z* terms: —ag = 60ag = —(—=1) =30ag = ag = %

So the fifth Taylor polynomial of f is

Ps(x) = ag + a1z + agx® + agz® + agz* + asa®

1
=12+ 8z + 0z — 1x3+—§x4+0x5

= 12+8x—x3—éx4.
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6.2 Spring 2025 Exam 3
1. a) (5.2) Describe what is meant the the N partial sum of the infinite series

S a.
n=1
b) (5.2) Give a precise definition of what it means for the infinite series

> a, to converge.
n=1

¢) (7.3) Write down a specific example of an infinite series that converges
conditionally.

2. (5.4) Throughout this problem, you may assume »  n (i) = 12.
n=0

a) Compute and simplify Z n Ci) :

n 3n+1

b) Compute and simplify Z i

n=0

c) Compute and simplify » (n + 2) (i) :
n=1

3. (7.4) Choose three of the following four series. For each series you choose,
determine (with appropriate justification) whether the series converges ab-
solutely, converges conditionally or diverges.

n+1 2

)in+2 C)Zi

13n+5

s 2n—3n

b) 3= d)z\/r

4. Compute and simplify the sum of each given series.

3

a) (6.2) 2 (—8)n

71'2 7.‘_4 7.‘_6 7.‘.8 7.‘.10

21 — — — R
b) 82) 2+4' 6'+8 10!+
00 3" 42n+1

c) (6.2) Z
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a) (8.2) Estimate lng by using the third-order Taylor polynomial for an
appropriately chosen function.

b) (8.2) Consider a function f which is a solution of the differential equa-
tion f'(x) + 222 f(z) = 0. If f(0) = 6, compute the sixth Taylor polyno-
mial of f.

1
a) (8.2) Estimate / sin(22°) dz by replacing the integrand with its eighth
0
Taylor polynomial.

b) (6.3) Suppose you invest $20 into an account each month that earns
3% interest, compounded monthly. How much will you have after 48
months (meaning immediately before you make your 49" deposit, but
after your 48" deposit has been in the account for a month)?
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Solutions
a) The N** partial sum of this series is Sy = a1 + a2 + ... + an.

1.
o)
b) Z a, converges to L if the limit of its partial sumsis L,i.e. lim Sy =

n=1
converges conditionally (it converges by the AST, but it does not con-

o L EX
Verge absolutely because the series of its absolute values is harmonic).

a) Take the given series and subtract the n = 0, n = 1 and n = 2 terms

RO

2n(i> =>n(;

:12_§_g_96—6—9: 81
4 8 8 8
b) Rewrite with exponent rules:
> n3mtt X n3"-3 3 & no3
_ =2 =—-12=|144|
ra) =i

-1~ qng—1
S ¢ 4nd-
c) Distribute across the n+ 2, then split the series into two separate series and add

them (to sum the second series, we use the GST)

o (i) =X [(3) +2(5)

n=1

n=1 ]
[e¢) n 3
= 2( =
; () 22
o ()
4 \4 4
3 2
- (4)[ <4) t]
3\ 1
1)1 2+f 4=
n-+ 2 L n-+ 2 00 L 1 1 -
> 3n+5\—n:%3n+5—oo—lnsog 3 7 050 3 an diverges by

the nth Terrn Test.
The first part converges

_nzl Z ZE*Z§

b) Z
(p serles w1th p=2>1), but the second part dlverges (it is harmonic). Thus
the entire series is “converges + diverges, which .
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¢) Use the Ratio Test:

‘ (=1)"*2(n+1)?

1
Since p = 1< 1, this series ‘ converges absolutely ‘ by the Ratio Test.

3
d) Observe 0 < — <
N4 \/

1
3 < 1), so by the Comparlson Test the given series .

a) Use the GST and subtract off the n = 0 and n = 2 terms:
S-S -6
—\ 8 =\ 8 8 8
1 3
-6
b

8 +3_64—88+33_ 9
11 8 88 188

. Next, Z dlverges (it is a p-series with p =

b) This is the Taylor series for cos x with 7 plugged in for z:

2 4 6 8 10 00 n..2n
™ ™ s T T —1)"*r
l- 4+ = — 4+ E 7( )
2 4 6! 8 10! — (2n)!
n=0
n 2n

—Z — cosm =[—1]

=T
c) Rewrite with exponent rules and then use the GST:

3" 42n+1 42n41 16™
Z N nz 3nitn @

Z()

n=0

- () [
376 —\ar) 1t

n=0
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d) This is the Taylor series for e” with I plugged in for a:

— 1 — (1/4)" o 2" 1/4
T N | I £
n=0 n=0 n=0 x:i
.5[72 I?’ .’134
a) We know In(1 + z) = z — 5 + - - o its third Taylor polynomial is
.’L’2 $3
P3(xz) = 2 — — + —. Therefore
2 3
5 2 2 2 (2/3)%  (2/3)3
n-=ln(l+=-)~P3(=)==—
ng=h+y) 3(3) 37 2 3
_2 2 8 _[u
3 9 81 |81

b) First, rewrite the equation as f'(z) = —222f(x). Now, let
oo
flx) = Z ant" = ag + a1z + asx® + asz® + agxt + asz® + agx® + -+ .
n=0
Since f(0) = 6, ap = 6. Multiply through by —22? to get
—2x2f(ﬂs) = —2(6)562 —2a12% — 2a92* — 24325 — 2a42% — 20527 — 2062 — - - (#)
and differentiate f to get
f'(z) = a1 + 2a9z + 3azx? + dasx® + Sasz? + 6agx® + - - - . (#)

From the given equation, equations (#) and (##) must be equal, so by equating
coefficients on the like powers we get

from the constant terms of (#) and @): 0= a4
from the z terms: 0 = 2a9 = a9 =0

from the 2 terms: —2(6) = 3a3 = a3 = —4

from the z3 terms: —2a; = 4a4 = —2(0

from the z* terms: —2as = 5a5 = —2

from the z° terms: —2a3 = 6ag = —2

That means the sixth Taylor polynomial of f is
Ps(x) = ag + a1z + agx® + azz® + agz? + asz® + agzx

4
:6+0:c+0x2—4x3+0x4+0x5+§x6

4
= 6—4x3+§x6.
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6.

3 5

a) We know sinx:x—%—k%—-'-;replace each = with 222 to get
2\3 2\5 6 10

ooy o2 (227)° (227) o 8 32z

sin(2z7) = 2z° — a0 + 5 =9 - -
4 32
— 92 _ .6 0% 10 _
T3t g

Therefore the eighth Taylor polynomial of sin(22?) is Pys(z) = 22% — g:cﬁ. So

1 1 1 4
/ sin(22?) dx ~ / Pg(x)dx = / (23:2 - :r6> dx
0 0 0 3

{23 4 7}1 2 4 |10
=|=-x" — —x =———=[—|
3 217 |, 3 21 |21

b) A deposit of 20 that stays in the account for n months becomes 20(1 + .03)" =
20(1.03)"™ since every month it is multiplied by (1 plus the interest rate). The
first deposit stays in the account for 48 months; the next stays in for 47 months;
etc., until the last deposit which is in the account for 1 month. Thus the total
amount in the account is

48
20(1.03)* +20(1.03)*" + -+ +20(1.03)" =) ~20(1.03)"
n=1

47

=) 20(1.03)"*

n=0
47
=20(1.03) > 20(1.03)"
n=0

B 48
— 20(1.03) (%) .

The final step here uses the finite sum formula for a geometric series.

Remark: The answer works out to $2150.81, but you won’t get that without a
calculator.
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6.3 Spring 2023 Exam 3

1. In each part of this problem you are given an infinite series, or some infor-
mation about an infinite series.

¢ If you can conclude the series converges or diverges based on the given
information, write “converges” or “diverges” (no further justification is
necessary).

e If the given information is insufficient to conclude whether the series
converges or diverges, write “not enough info”.

> 3
a) (6.2) The series is Z 47
b) (6.2) The series is Z 5 , but you don’t know what K is.

¢) (5.7) The series is

IR

d) (6.2) The terms of the series are less than the terms of a geometric series
with r = 2.

e) (5.7) The terms of the series are less than the terms of a p-series with
p=2.

f) (5.4) The series is the sum of a convergent series and a divergent series.

g) (7.3) The series is 3" a,,, and you know Y |a,| converges.

h) (7.1) The series is 3 a,,, and T}gr{}o la,| = 0.

o0 2 n
2. Throughout this problem, you may assume »  n” () = 30.

n=0

a) (5.5) Compute and simplify »  n? <§> :

n=2
2n

b) (5.5) Compute and simplify Z n

n=0
¢) (7.3) If you rearranged and/or regrouped the terms of this series, must
the series you end up with sum to 30? Why or why not?

3. (7.4) Choose three of the following four series. For each series you choose,
determine (with appropriate justification) whether the series converges ab-
solutely, converges conditionally or diverges.
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a)nz::l7”—|—n C)nz:;ﬁ/n_l
> 1 > (2n)!
b) 712::1 10— d) nzz;) n!2023"

1
4. a) (8.2) Estimate cos - by using the second-order Taylor polynomial for an
appropriately chosen function.

b) (8.2) Consider a function f which is a solution of the differential equa-
tion f"(z) —x f(z) = 0. If f(0) = 1 and f/(0) = 2, estimate f(1) by
computing the fourth Taylor polynomial of f.

1
5. a) (8.2) Estimate / In(1 + z*) dz by replacing the integrand with a Taylor
0
polynomial that has two nonzero terms.

b) (8.2) Compute the following limit without using L'Hopital’s Rule:

arctan(z®) — sin(2%)

1m
z—0 x4

6. Compute the sum of each given series; except in part (d), completely simplify
each answer.

a) (6.2) 25 (i)n
: 21 9

2 4 8
2D1l+-+-F+=+—+=+..
b) (8.2) +1+2+3!+4!+5!+

> 6. 42n+1
0 (62) > g
n=0

d) (6.2) 328 5"

e) (Bonus) in (i)n_l
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Solutions

1.

a) This a geometric series with r = 1 Since |r| < 1, this series .

b) Since the starting index is irrelevant to convergence or divergence, this
series (which is the same as the one in (a) with a different starting index)

also|converges|.

¢) This is a p-series with p =

< 1,soit|diverges|.

DN | —

d) Being less than a divergent series doesn’t tell you anything: | not enough info |

e) Being less than a convergent series tells you the series by

the Comparison Test.

f) convergent 4 divergent gives a series that | diverges |

g) By the Triangle Inequality, > a,, (absolutely, in fact).

h) This is | not enough info | (the series could be a p-series with any value
of p, for example).

a) Subtract the n = 0 and n = 1 terms:

= 2 (2)" o 2 (2)" 2\° 2 2 |88
2 2 2 2

Yon?(5) =2 n(3) 07 (5) -1 (5)1=30-0—-%=|+|

=" (5) =" 5) -G) -*6) 3713

b) Use exponent rules and pull out the constants:

Ynig=2n 3,133—3*; f_2730) 810].

c) This series is positive, so since it converges, it converges absolutely.
Therefore the series be rearranged without affecting its sum.

5" 5" 5\" 5\"
a) Notice 0 < - 55771 = (7> . T;:Le series Z (7) converges (it is
geometric with |r| = - < 1),s0 > T, Lconverges absolutely |by the
"+n
Comparison Test.
1 ) 1 1 .
b) lim ‘—ngwwzo—m%Osozlond1verges by the

Nt'-term Test.

c) Notice 0 < \1’35 < \J/% The series » \/_ => — " /3 diverges (p-

series with p =

< 1), so by the Comparison Test » ﬁ diverges |
n—

Wl =
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d) Use the Ratio Test:

ERCCASI
p= Tim 1Pl gy, [0

n—00 |CL | n—00 (2n)!
" nl 20237

2n+2)!  nl2023"
nSoo (n 4+ 1)12023+  (2n)!
(2n +2)(2n + 1)

nSoo (n+ 1) 2023

. 2(n+1)(2n+1)

nsto (n o 1) 2023

2(2n+1)

~ i .
WS 2023 O

> 2
Since p > 1, 252623”

diverges | by the Ratio Test.

2
a) COS$:1—£+

o
2

1 1 () L 1 [127

SO S (N - VA Y S R S e

€53 2(8) 9] 2 128 | 128

b) Let the function be represented by the Taylor series
f(z) = ap + a17 + agx® + azz® + auzx* + ...
0 1 (0 2
Since f(0) =1, ap = fé') =1= 1 and since f'(0) =2, a1 = J'0) =-=
2. Therefore .

f(x) = 1422 + asx® + asz® + aga® + ...

Now we consider the equation f”(x) — x f(x) = 0. Take two derivatives
of this Taylor series to get

f"(z) = 2ay + 6azx + 12a42° + ...
and multiply f(z) by z to get
v f(z) =z + 227 + ap2® + asx* + agx’® + ..

Since f"(x) — x f(x) = 0, we can subtract the previous two power series
together term-by-term to get

2a + (6as — 1)a + (12a4 — 2)2? + ... = 0,
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b)

a)

which means
209 =0 = a9 =0

6as —1=0 = a3 =

D= D=

120, —2=0 = a4 =
Finally, the fourth Taylor polynomial of f is

Py(x) = ag + a1x + apx® + asz® + aga’

1 1
=142+ -2*+ -2t
+x+6x+6x,

so f(1) = Py(1) =1+2(1) + é(13) + 2(14) = 1?? .

Start with the Taylor series In(1 + z) = x — %2 + .... Next, replace each x
4y2
1
(xz) +..=at— 51:8 + .... Therefore

! 1 5 9 1 1 [13
/ln(l—l—x‘l)dx%/ {x‘l_mﬂ PO A _
0 0 2 5 18O
3 5

. x T .
Start with arctanz = x — 3 + R replace z with 2% to get arctan 2° =
24 40 3 5
T T o ,
z® — 5t e Next, sinx = x — ETIREL replace x with z® to get

24 40
8 8 T T

sinz® = 2" — - + o Now, plug both these series into the limit:

with 2 to get In(1 + z*) = 2* —

5 18 |90(

8 224 240 S 224 240
e — | + B

e

x—0 ;1;24 z—0 ZE24

xr24

, 1 1 s
= lim (—3 + ) + positive powers of =
1
6

Change indices so that the series starts at 0, and then use the sum for-
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mula for a geometric series:

S5()-550) () 56

:5.%.

b) This is the Taylor series for e”, with x = 2:

2 4 8 20 o o o
T A AP o )
TR R T T D

c) This series is geometric:

iG-éP”H _i6-16"-4_24 > (16)"
3dn+2 2m.9 9

n=0 n=0

24 1 8 27 |72
] — 16 3 11 117

BBy 1- (%)38“ 5 13 39
Ee- 20 -S9O
= —=\b -z 4 5
1 e}
e) We know the Taylor series ] =Y 2" Differentiate both sides of
-7 n=0
1 [e.9]
this formula to get A=y =Y na""', which is exactly the series we
-7 n=1

3
are given in this problem with x = 7 Therefore

00 n—1
Su(y) =1l
n=1 — 16

4
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6.4 Spring 2016 Exam 3

1
-1

1. Throughout this problem, consider the series )

a) (5.2) Find the fifth term of this series.
b) (5.2) Find the third partial sum of the series (simplify your answer).
¢) (5.5) Rewrite the series so that its initial index is n = 0.

d) (5.7) Does the series converge or diverge?

2. Compute the sum of five of the following six series:

o ,3\n 11
a) (6.2);5(4) d) (6.2) 18 — 3+f—f+5—...
00 1)n+1
b) (62) % 23i+1 e) (8.2) Z
nzo 1 2 3 4 2016 1
0 (8.2)?“ ‘i +‘;+§+i+ D62 =

3. (7.4) Choose three of the following four series, and for the series you choose,
determine with justification whether each of the following series converge
absolutely, converge conditionally, or diverge.

e 5n? ”8”n'
a)zn4+7n3+2 C)nz;
5 > 4 + sin(n?)
b) Z (o 50 * o) D2 — o

4. a) (8.2) Estimate the following integral by replacing the integrand with its
third Taylor polynomial (simplify your answer).

1
/ e da
0
b) (8.1) Find a power series representation of the function f(z) = 22 arctan(x*).

Write your series in ¥-notation, with initial index n = 0.

c) (8.2) Approximate cos ( ) by evaluating the fifth Taylor polynomial for
an appropriately chosen function.

5. (7.3) Why do we care whether or not a series converges absolutely, as opposed
to just knowing whether or not it converges?
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Solutions
1 1
1. S
) 655 T g
1 1 1 1,123
b) S5 = - 1+
) Ss=a1taz+as 2(1)—1+2(2)—1+2(3)—1 37515

c) Replace the n in the series with n + 1 to get Z 2+

n=0 nO

d) This series is harmonic, so it diverges.
2. a) Rewrite the series so that it starts at zero; then use the geometric series formula:

2o(0) 2o (D) () 50 () =)

n=0

b) Use exponent rules to rewrite the series; then use the geometric series formula:
il i1 15":(1)" 1(1)4
n:02"+ =22 2= \8 2\1-g 7
c) Identify this as the power series of e” with x = 4:
PRI
n=0 n! n=0 n!

- ex‘a:=4 =e

=4

d) This is a geometric series, which can be seen after factoring out the initial term:

18— 3+1_1+1_...:18[1 Ty 1, ]
2 72 6 36 216
1 2 —1\3
_18[ (6 ( )+(6)+..,]
B 108
_1—;1_7

W=

e) This is the power series for In(1 + z), with x =

00 n+113 0 n+1n
3y .y B

f) This uses the finite sum formula for a geometric series:
2021:6 2021:6 ( >n B 1— (1/7)2017
™" 1= (1/7)
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3.

a)

b)

d)

b)

Observe 0 < 57”2 < 57n2 _ > Sincez:3 is a convergent p-seri

S S i BTG T ey w5 > gent p-series
(p =2 > 1), the series Z ay converges by the Comparison Test. Since the series
is positive, it converges absolutely.

This is the sum of three convergent p-series, hence converges (and converges
absolutely since it is a positive series).

Use the Ratio Test, since the series contains factorials:

‘( 1 7L+18n+l(n+1) ‘

lim ‘ n+l| o 2(n+1))!
p= n—00 |an| T nSoo ’( %)"?)S”n"
2n)!
. 8"l (n+ 1) (2n)!
= lim .
n—00 (2n + 2)' 87n!
8n

- 1. =
A Bnt DEn 1)

(The limit is zero because the power in the denominator is 2, and the power in
the numerator is only 1; you could also compute this with L'Hopital’s Rule.)
Since p < 1, the series converges absolutely by the Ratio Test.

4 + sin(n? 4+ (-1 3 3
Notice that + sin(n’) > + (1) = — > 0. Since Z —= is a divergent
1
p-series (p = 3= < 1), the series ) a,, diverges by the Comparlson Test.
2 .3
We know e = 1+ 2 + 5 T ? + ...; by replacing = with —z? we see that
4 6
=1—-2%+ % - % + .... Thus the third Taylor polynomial of e is
Py(z) =1 — 2?

and the integral is therefore

1 1 1 371 9
/ e*aﬂda;%/ Pg(a:)da;:/ (1—x2)dx: T =2
0 0 0 3 3

0

oo (_l)nx2n+1

We know arctanz = » ; replacing x with z* gives arctan(z?) =

= 2n+1
00 ( 4>2n+1
HZ% W and then multiplying by z2 gives
2 42 (=) (a*)>* . )"t to
r” arctan x _nz:‘f)x o+ 1 —Z:: 2n+1
1,'2 5[74 .’L‘6
We know cosz = 1— 5 + 6 + ... so its fifth Taylor polynomial is P5(z) =
2 4 1 1 1/3)2  (1/3)4
1-— % + % Therefore cos (3) ~ P (3) =1- ( /23) + ( f) .
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5. If a series converges absolutely, it can be rearranged legally without changing its
sum. If it only converges conditionally, then rearrangement and/or regrouping is
illegal, because the sum of the series might change.
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Chapter /

Older Exam 3s

7.1 Fall 2014 Exam 3

1. a) (5.2) Define precisely what it means for a series to converge to a number
L. (It is not sufficient to just write “3" a,, = L”; I want to know what this
notation means.)

b) (5.2) Why is the problem of determining whether an infinite series con-
verges or not difficult? Put another way, why do we need calculus to
study infinite series?

N+1
) (5.2) Suppose that the N partial sum of a series " a,, is Sy = Ni_l
Does the series converge or diverge (or do you not know)? Explain your

answer.
2. Find the sum of each of the following series:

a) (6.2) i 52'5

n=0

b) (8.2) fj 2;1‘
n=0

5 5 5 5
2)20 -5+ — — 4 ——
Q) (620 -5+ — o+ -t

25
d) (6.2) Z 4"
n=2
3. (7.4) Choose three of the following four series, and for the series you choose,

determine with justification whether each of the following series converge
absolutely, converge conditionally, or diverges.
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o] n2 0 1
D 9 &0
= (—1)" S

b d
)7; 3n? )T;?’n—l

2
4. a) (8.2) Approximate sin (3) by evaluating the fourth Taylor polynomial
for an appropriately chosen function.

b) (8.2) Approximate the following integral by replacing the integrand with
its fifth Taylor polynomial:

2
/ arctan z2 dx
0

c) (8.2) Evaluate the following limit without using L’'Ho6pital’s Rule (sim-
plify your answer):
) 1228
5. (8.1) Find the Taylor series of each of the following functions (your answer
can be in ¥ notation or written out, but if you write it out you should include

at least four nonzero terms). You do not need to specify the interval of z
values for which the series converges.

a) f(z) = 2?%cos 22>

b) () = 55
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Solutions

1.

a) Y ay converges to L if A}im Sy = L where Sy is the Nt" partial sum of 3" ay,.
—00

b) Addition is defined as a binary operation (i.e. it has two inputs), so if you add
a finite list of numbers two at a time you eventually run out of numbers to add.
But with an infinite series, you never run out of numbers. Also, with a finite
list of numbers to add, the associative and commutative properties hold, but
infinite series cannot be regrouped or rearranged legally.

N+1

C) A}gnoo Sy = ]\}E}noo N1 = 1, so by the definition in part (a) of this problem,

> an = 1,1i.e. the series converges.

. 5.30 _X3n X 3" 1
a) D e =5 =0 <4> =55 =20.

n=0 n=0 n=0 4

© 9 00 12
D o B

=0 =0 " lp=1

5 5 5 ) = —1\" 1

20-5+-—— —+...=20 — ] =20 ———= =16.

) LR TR VT %(4) - ()

25 23 424 -1 16
n __ n+2 _ 42 n __ _ 24 _
d) n§:2j4 _n§20j4 —4 §j4 < — ) = 3 (424~ 1).

a) Use the Ratio Test (the last step below uses L'Hopital’s Rule):

(n+1)” 2 2
= lim ~ON iy 7(714_1) -n—!—lim 7(714_1) —limn+1—0
P= n—00 |n ‘ T poo (n —+ 1)' n2 T psoo (n + 1)712 T nsoo n2 -

Since p < 1, the series converges absolutely.

b) We consider Z lan| = Z ‘ (=1

1
35 |~ Z e This is a p-series withp =5 > 1,
n n

so it converges. Therefore the original series converges absolutely.

1 1 1 1
th- = = — = —
c) Use the n'"*-Term Test: nh_>ngo 0™ o T 10 # 0 so the series
diverges.
d) Ob > 1 _4 > 4. di : 1
) serve ——— — 2 % = 352 0. Z i3 is a divergent p-series (p = 3 < 1)
so by the Comparlson Test, Y a,, diverges as well.
3 5 23 9 9
a) sinx = x — % + % — ... 80 Py(z) = = — ? Thus sin (3> ~ P, <3> =
2 @B° _2 82 _2 450
3 33 6 3 81 81
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3 5 6 10
b) arctanz = x — % - % — ...soarctanz? = 2% — % + % — ... 50 Ps(x) = 22
Thus )
2 2 3 8
/arctanx2dxz/ 22 dr = ;1? = —.
0 0 3 0
2 3 8 12
c) ex:1+1§+$2+;+...soez4—x4—1:1+x4+z+x3!+...—x4—1:
1 ¢ =
53: +?+.... Thus
. 1248 , 1228 , 12 12
lim ————— &~ lim -————— = lim - 1 =7 = 24.
z—0 et — x4 _ 1 $—>0§1‘8+%+.. x—>05+%—|—... §+0+0+--~

> —1)" 2n o —1)*(2 2\2n
a) cosz = Y _ & Substitute 222 for x to get cos2z® = > (=D (@2)™

n=0 (2’0)' n—=0 (2”)'
and multiply by z?2 to get
_ o8 (_1)n(2$2)2nx2 _ 00 (_1)n4nx4n+2 o 4 6 16 10 43 1 44
J(z) = ZO (2n)! - Z_‘; C TR T AT

1 1 >
b) f(z) = _3 :;)( ).Nowweknow —Zm"so
=0

2 -5z 1-3 l—z
n—=
3( 1 3 (5 \" X3 (5\" ,
f(x)_2<1—gx>_2z<2x> ->5(3) =
n=0 n=0
3 B T 3 35
—2 41’ 81? 241' 25$ .
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7.2 Spring 2014 Exam 3

1. a) (5.2) Find the third partial sum of the series » (n + 1)2" (simplify your
n=0

answer).
b) (5.3) Write the following series in ¥ notation:
3 3 3 3

1. §—|—13+18+23+...

.. 1 1 1
11. 3—?4—?—@#—...
c) (5.5) Rewrite the series » | 7( D so that its initial index is n = 0.
n=3 n-— :

2. (7.4) Choose three of the following four series, and for the series you choose,
determine with justification whether each of the following series converge
absolutely, converge conditionally, or diverge.

£5n+3n+2 ;::2 39/n
> nl8" /3 4
2 (o) > (30)

3. a) (8.2) Estimate the following integral by replacing the integrand with its
seventh Taylor polynomial (simplify your answer)

1
/ sin(2?) dx
0

b) (8.2) Evaluate the following limit without using L'Hopital’s Rule (sim-

plify your answer):

arctan x® — a8

im >
z—0 cosxl? —1

c) (8.2) Approximate ¢!/ by evaluating the second Taylor polynomial for
an appropriately chosen function. Simplify your answer.

4. Find and simplify the sum of each of the following series (you may assume
that all these series converge):

1 1 1 1
) R
) 62) g+ttt
11 1 1 1
2) = — _ _
B mtym  ratse
003_22n+1

0 (62) ) T

n=0
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5. (8.2) Suppose f(z) is a function such that for each n, the n'" derivative of f at
1
z=0is fM(0) = ST If g(x) = 22%f(z*), find ¢(™ (0), the 70th derivative
of gatx = 0.

6. (7.4) Classity each of the following statements as true or false (circle your an-
swer; no justification is required):

(@ TRUE FALSE IfY a, and ) b, both converge, then (a,b,) must also
converge.

(b) TRUE FALSE If} a, and b, both diverge, then > (a,b,) must also
diverge.

(o TRUE FALSE If3 a, converges but > b, diverges, then }>(a,b,) must
diverge.

(Bonus) Justify any one of your answers to Question 6, either by explaining why
the statement is true or giving a counterexample showing that it is false.
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Solutions

1.

a) S3=0+ 12+ (1+1)2'+ 2+ 122+ (3+1)22 =1+4+ 12+ 32 = 49.

b) Answers may Vary'

.3 3 3 s
Letn st - Z
1 1 1 > "
3= 31 + 57 37 310 Z 33n+1
2" — 2nt3

¢) Replace each n with n + 3 to get Z — = —.
-1 = (n+2)!

2" 2n 2\" 2\"
a) Notice 0 < a2 < En = (5> . Now > <5> converges (geometric
with r = 5)’ so the original series converges by the Comparison Test (since it is

positive, it converges absolutely).
b) Use the Ratio Test:

(n+1)!187+1
o ’an—l-l’ T @n+2)! .. (n + 1)8 . 4 -
p= 1l = lim ——%— = = lim —

so the series converges absolutely since p < 1.
(=1)"
3/n

of the terms decrease Therefore the series converges by the Alternating Series

" 1
Test. However, Z \} Z mYE diverges (p-series with p < 1) so the

original series converges condltlonally.

= (0 and as n increases, the absolute values

¢) This series alternates; hm

1
d) Split this series; the first part converges (it is geometric with r = 5) and the
second part diverges (it is harmonic) so the whole thing diverges.

3 6
. . X . 6 x
a) Sincesinz =z — — + .., sina? =22 — Z- + ... s0 Py(z) = 2° — T Thus

3!
1 1/3 6
/ sin(z?) dx ~ / (2% - x—) dr =
0 0 6

b) Replace the numerator and denominator with their Taylor series:

3 42

2 27 1 113
T3 12 42

arctanxS—xS_l_ z® — $24-|—...—568_1, —%9324+.-._g
250 coszl2 — 1 om0 _ﬁ+ ~1 _xl—%—%x%—i—..._?)'
=1 LT Py(z) =1 L2 Thuses ~ 14 L4 2 (1) 2
c) ' = o+ +3'+ .80 Py(z) = +x+§x. use’’ ~ +g+§ 5) =
1 1 61
1 — = —.
+5+50 50
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4.

M0 L o
5. Wehavef(.f)—nz:% X —nz:%mx —Z

6.

)1+1+1+1+ 1<1+1+1+ ) 1( 1 ) 1
a) ~+-+—=+-—-+..=- —+-+.) === ==
4 8§ 16 32 4 2 4 4\1-(1/2) 2

x_x#“—...} = In(1+1/2) =
z=1/2

—_
—_

1 1 n 1 n
2 2.22 3.23 4.2¢ 5.25 77

()

X 3.92n+1 X492 . 4" X /4\" 1 7
— = 42 ) =42. —— = 42. - =08.
VL T Sl > (5) =@ =8
n=0 n=0

n=0

b)

x". Therefore g(z) =

n! = (n+1)!

> 2
i) = 5 oy

n=0
coefficient on the 27 term, which is when 4n + 2 = 70, i.e. n = 17. So by uniqueness

of power series,

272, Thus the 70" derivative of g at zero is related to the

()

18! 70!

2-70!
s0 ¢(™)(0) = T

—1)"
a) is FALSE: set a,, = b, = ( \f) . Both )" a, and } b, converge by the Alternat-
n
1
ing Series Test, but nbn) = —ish ic.
ing Series Test, bu Z(a ) Z — is harmonic
1
b) is FALSE: set a,, = b, = e Both 3" a,, and }° b,, are harmonic, so they diverge.
1
But Z(anbn) = Z 2 is a convergent p-series.
¢) is FALSE: set a,, = # and b, = % > ay converges; > b, diverges; Z anb, =

1
Z 3 converges.
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7.3 Fall 2013 Exam 3

1. (7.4) Tell me whether each of the following series converges or diverges (no
justification is required in this question, and you do not need to distinguish
between absolute and conditional convergence):

a)iﬂll d)1-1+1—-141—1+..
> 3 > -3
LT "L
2. a) (7.2) Find the third partial sum of the series
, L 11 1

2 8 16 32
Simplity your answer.
b) (7.3) Why do we care whether or not a series converges absolutely (as
opposed to just knowing whether or not it converges)?

3. (7.4) Choose three of the following four series, and for the series you choose,
determine with justification whether each of the following series converge
absolutely, converge conditionally, or diverge.

(—1)"n! 4n? A(—1)

sinn + 3 !
Z 5n Z 10n Z In2 + 5n4 Z n2/5

4. a) (8.2) Estimate the following integral by replacing the integrand with its
sixth Taylor polynomial (simplify your answer)

2,
/ 2¢” dx
0

b) (8.2) Evaluate the following limit without using L'Hopital’s Rule (sim-

plify your answer):

et —x—1
lim ——
z—0 cos8xr — 1

¢) (8.2) Approximate cos (é) by evaluating the third Taylor polynomial for
an appropriately chosen function. Simplify your answer.

5. Find and simplify the sum of each of the following series (you may assume
that all these series converge):
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3 3 3 3 3
6234 — 4o 4
R AT

42 3 44 45
b) B2 14+ ot ot r b ot

> 4. 3n— 1
Q623 2
nz::2 22n5n

6. (8.3) Find the interval of convergence of the following power series:

>

n=0

(=2)"(z +1)"
n26n
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Solutions

1.

=1
a) Z - diverges (harmonic)

b)

<)
d)
e)

f)

a)
b)

b)

d)

n+ 1
Z converges (alternating harmonic)

Z — converges (geometric r = 1/7)

n= 1

1-14+1-1+1-1+ ... diverges (geometricr = —1)

Z — converges (p—series p = 5)

n= 1
Z dlverges (p—series p = 1/2)

11 13
S3=2—-+-=—.
’ 27873
Because the terms of an absolutely convergent series can be rearranged and /or
regrouped arbitrarily without affecting the sum of the series, but the terms of a

conditionally convergent series cannot be regrouped legally.

i 3 _ 4 4 o C
Observe 0 < % < 5 Now Z 5 converges since it is geometric with
i 3
r = %, so the original series » | % converges as well by the Comparison
Test. Since the series is positive, it converges absolutely.
Apply the Ratio Test:
(=D (nt 1)

= lim | n+1‘: lim —‘ 1o ’: lim 7(714_1)!-@: lim n+1:oo

pP= n—oo ’an| n—00 ‘ (_118:n! ‘ n=oo QN+l n! n—oo 10

Since p > 1, the series diverges by the Ratio Test.
4n? 4n? 4 4
Observe 0 < m < 5—24 25n2 Since Z —— converges (it is a p—series
ithp=2>1 d —
with p = ), SO oesz54+32

is positive, it converges absolutely.

by the Comparison Test. Since the series

This is an alternating series;

4
= lim =0;

A(=1)"
lim |a,| = lim A o

n—00 n—oco | n2/5

and as n increases, |a,| = decreases. Thus by the Alternating Series Test

n2/s
the series converges. However if one considers the series

Z |an| = Z n2/5’
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this is a p—series with p = 2/5 < 1, so }_|a,| diverges. Thus the series
4(-1)" .
Z —55 converges conditionally.
n

2 .3
4. a) Startwithe” =1+a+ x— + ? + ... and replace = with z* to get e =142t 4

8

o T Multiply everything by 2 to get 2¢"" =2+ 22% + 2% + ... Now

1/2 1/2 1/2
L/' ' dr ~ Ps(z )dx::(/‘ (2 + 224 dz
0 0 0

|: 9 5:|1/2
= |22+ -z
5 o

2 /1\° 5 37
_2+5(2) =2+ =30

b) Write the Taylor series for both the numerator and denominator:

et —z—1 . 1+x+x2+§—?—|—...—m—1
lim ———— = lim <
z—0 cos8x —1 =0 1 _ (896) (8 ) |
2 3
= lim %+%+
m—>07(8§!)2 + (823!)4 _
1
= lim 2t gt
4.2
w0 — G + 5
B L+0+0+
=0 -8+ 0-0+
1 -2 -1
2502 64 64
:U2 x?
¢) We know cosx =1 — — —I— — — ... so the third Taylor polynomial for cos z is

4
Ps(x )—1—§x.Now

1 1 1 /1\? 1 71
(”S(6> 3(6) 2(6) T2
5. The first series is geometric:

T Y =) S
525 125 5% 5 T T4 \5 ) 1-(-1/5) 6/5 6 2
The second series is the Taylor series for e* with 4 plugged in for . Therefore

42 43 4t 45
R TR TR T I =et.
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The last series is geometric:

i4-3n—1_i 4.3" _4i 3n
22n5n 3.4n5n 3 20"

n=2 n=2 n=2
4 /3\2& /3\"
=5 () 2 (%)
n=0

_4<3)2 !
- 3\20/ 1-3/20

_4<3)220
3 \20 17

313
© 2017 85
6. By Abel’s Formula, the radius of convergence is
(=2)"
n n<6m 1 2
R= tim 1%L _ ’Ziﬂ—hm (17 64
n—00 ’an+1| n—00 ‘ (—2) n—00 n2 2
(n+1)26n+1

Since the power series is centered at —1, by the Cauchy-Hadamard Theorem the
series converges absolutely on (¢ — R,a+ R) = (-1 —-3,-1+3) = (—4,2) and
diverges on (—oo, —4) and (2, c0). Last, we test the endpoints z = —4 and = = 2:

N\ (3"
e © = —4: Here the series becomes Z ()25371)
n

26 _ 5 (1)

e 1 = 2: Here the series becomes Z - 26n 2
n n

1
= Z Y a convergent
p—series.

, which converges
by the Alternating Series Test.

Thus the interval of convergence includes both endpoints; this interval is [—4, 2].
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7.4 Spring 2013 Exam 3

1. a) (7.3) Define precisely what it means for a series }_ a,, to converge abso-
lutely.

b) (7.3) Give a specific example of a series that converges absolutely (no
justification required).

¢) (7.3) Define precisely what it means for a series }_ a,, to converge condi-
tionally.

d) (7.3) Give a specific example of a series that converges conditionally (no
justification required).

e) (7.3) Why do we care whether or not a series converges absolutely (as
opposed to just knowing whether or not a series converges)?
2. Find the sum of each of these series. Please simplify your answer:

> 3. 23n—1
a) (6.2) 7;) =gl
2 2 2

2
b) 62)18-6+2— -+ — — + — —
) 62) i 3+9 27+81
(_3)n+1

n

c) (8.2) i

3. (7.4) Determine, with justification, whether each of the following series con-
verges absolutely, converges conditionally, or diverges:

- O — (1 1
a)nz:% n—1 b)nz:l(ns—i_S’L)

4. (8.3) Determine, with justification, the set of « for which the following power
series converges:

3

o~ (1)
x —5)"
St
5. a) (8.2) Approximate cosjl by computing the third Taylor polynomial for
an appropriately chosen function.

1 2
b) (8.2) Approximate the integral / e " dx by replacing the integrand with
0
its fourth Taylor polynomial.

¢) (8.2) Evaluate the following limit without using L'Hopital’s Rule:
. sina? — 22
lim ——
z—=0 cosxd — 1
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Solutions

1.

a) Y. ay, converges absolutely if ¥ |a,| converges.
1
b)Y

c) Y ay converges conditionally if 3~ a,, converges but ) |a,| diverges.

n+1
d) Z

e) The terms of a series can be rearranged /regrouped without changing the sum
if and only if the series converges absolutely.

) Z 3.23n-1 3-2*15":8” 1§:<8)” 1 1 9
a == - = = — = — - = —
5 - 32n+1 3 — 9gn 2 9 2 1-— 2

8

n=0 9
2 2 2 2 1 3 27
b) 18—6+2—~+-——+——... =18 =18|- ) =—
) AR R Z( ) L_—?}] <4> 2

n+1 00 ( 1)n+1
—3" =3l 1) =31In4.
<) Z n; ——3"=3I(3+1) =3I

a) Notice that 0 i > Since Z 5 diverges (it is a p—series with

SVE S V1 v S

p = - < 1), by the Comparison Test Z \f5 diverges as well.

2=

b) Notice Z —8 converges (it is a p—series withp = 8 > 1) and > 8% converges (it
n

/1 1
is geometric with r = {). Therefore the series g (8 + 8”) is the sum of two
n
n=1

convergent series, hence converges. Since this series is positive, it converges
absolutely.

4. Apply Abel’s Formula to find the radius of convergence:

(="

|an‘ 2n\/n
k= nh%oo |an+1| n—oo | _(=1)nt!
2n+t1ly/n+1
: 1 2ty +1
= lim
n—00 2"\/ﬁ 1
. 2vn+1
= lim ———
n—00 \/ﬁ
=2 lim —211m\/1+—:
n—oo n—00
Thus the interval of convergence goes froma - R=5—-2=3toa+ R=5+2=1T.
Now test the endpoints:
r=3= Z (_1)n(3 —5)" = Z (-1 Z dlverges (p—series, p = 1 <1)
2n/n 2n\f T
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r=7= Z (2;\1/); (7-5)" = Z ;;i/); (2)" = Z (?/lﬁ)n converges (Alt. Series Test))

Summarizing, this series converges when x € (3, 7].

2?2 2t S x? 1
a) cosa:—l—§+m—a+ soP3()—1—§—1—§1: Therefore
1 1 1 /1\? 31
SaP()=1—2(-) ==,
cos g ~ B(g) 2 (4) 32
2 43 A 46
b) €* 1+w+——|—§+ =1-—2? —1—5—?4— . and therefore

1
Py(z) =1—2%+ ix . Therefore

1, 1 1
/e_m dm%/Rl /(1—x+ x)dx
0 0 0

1
:r——x —|— 5}
1 n 23
310 30

0
=1-

c) Write Taylor series for the functions sin 2 and cos 2% and substitute:

. 210
sin2? — 22 . z?2 -2 3T + BT Jp—E
lim — s = = lim 12
z—0 cosx® —1 20 1—2,+4, w1
16 Il()
= lim 3 + 5!
z—0 _ﬁ + ﬂ
2! 4!
6| —1 x4
= lim
z—0 .6 | =1 | 28
—1 x4
T i
xz—0 [;1 + foad }
2! 40
-1 1
_3 _6 _ 1
- -1 1 9°
3 3 9
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7.5 Fall 2011 Exam 3

1.

(8.3) Two concepts we have encountered in our study of series are power series
and Taylor series. Explain how these two concepts relate to one another and
explain the distinction between the two concepts.

. Find the sum of each of the following series (you may assume without jus-

tification that each series converges). Your answers should be completely
simplified:

1+3n
a)(62)z
8 8 8 8 8
2)72 — 24 S A R A
b) (6.2) 7 t8 -t ot e gt
3 5 7
g @8Ym— -~ 4 T T

22.30  24.51  26.7
(10.1) Determine whether or not each of the following series converges abso-
lutely, converges conditionally, or diverges. Justify your reasoning.

a) (7.4) Z

)n+1

=T b) <74>z¢7

(8.3) Find the interval of convergence of the following power series:
(x+1)"
Y

(8.2) Use the third Taylor polynomial for an appropriately chosen function to
estimate \/e. Simplify your answer, writing it as a fraction in lowest terms.

o] 2,.mn

Suppose f(z) =) ?2:;'.
n=0 :

a) (8.3) Show that the domain of f(z) is the set of all real numbers.
b) (8.2) Find f(°1Y)(0), the 2011*" derivative of f at zero.

¢) (8.2) Find a power series representation of f”(z). Write your answer in
Y—notation.

a) (8.1) Suppose you were to write the Taylor series centered at z = 4 of

the function f(z) =

% . Without actually writing this series, what
-

would you expect the radius of convergence of this Taylor series to be?
Why?

b) (8.3) Determine whether or not the series » (el/ " 1) converges.
n=0
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Solutions
o0
1. A power series is an arbitrary function of the form » _ a,(z — a)". A Taylor series is
n=0

a specific power series associated to a function f; in particular the Taylor series of f

( )

centered at a is Z (z — a)" and is the only possible power series centered at
a that can represent the function f on an open interval containing a.
a) This series can be split into the sum of two convergent geometric series:

1+3” > > /3\" 1 1 T 7 35
> Z() Z(7> IR S e B R DL

1
n=0 n=0 7

b) This is a geometric series; begin by factoring out the first term:

72—24+8—§+§—§+§— 5

3T9 or Tl T

b3
e () () (3)'+]

o ()] o [ﬂ s

T or g Toig T2

_2 v 7T3 + 71'5 71'7 +
S T2 23.31 0 25.51 27.7l T

L [U B 6 6

1! 3! 5! 7!

—9sin (”) —9.1=2.
2

3 3 3 " .
a) Observe that —— < — and — =3 Z () converges (since it is a
en+e " er er e
3
en+e "
converges as well; it must converge absolutely since it is a positive series.
1)n+1

N A

+ ...

geometric series with r = 1/e). Therefore by the Comparison Test, Z

is an alternatlng series; we see

b) Observe that Z

i | L
nLH;o n2 —4 _nlﬁngo,/nQ_Zl_
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and
|an| > [ant1]
o 1 S 1
Vn2—4 " J/(n+1)2 -4
svVnZ—4<\/(n+1)2-4
en’—4<(n+1)? -4
@n2§(n+1)2.

Since the last inequality is clearly true, so is the first one. Therefore by the

1)n+1
Alternating Series Test, E 7 converges.
N look at th 3 *1)%1 =Y ——.N hat f
ow we look at the series — otice that for positive
VnZ —4 \/7 P

n, vVn2 —4 < v/n? = n, so taking reciprocals of both sides of this inequality

1
yields > —. Now Z — diverges (it is the harmonic series, so by the
n

1
vnZ—4 " n .
Comparison Test, ———— diverges as well. Putting this together, we can
p 2 g diverg g g
1)n+1

T

4. Notice that this power series is centered at —1 since it contains powers of x4 1. Now,
find the radius of convergence using Abel’s Formula:

’ (=2)"
n

|an|
= nh—>oo ‘am-l‘ n—>oo’ n2_)~_"1+1 -

conclude that the original series Z converges conditionally.

n+1_1

This tells us that the series converges absolutely for |z + 1| < 3, ie. whenz €

(—3/2,—-1/2) and diverges when > —1/2 or # < —3/2. Last, we check the end-
points:

—2)"(1/2)" —1)"
When 2z = —1/2, the series becomes Z M = Z u which converges

n n
(it is the alternating harmonic series).

_ - (=2)"(=1/2)" 1 .
When x = —3/2, the series becomes Z = Z - which diverges (this
is the harmonic series).

-3 -1
Thus, the interval of convergence of the power series is < } .

272
00 2 28
5. We have e” = z:gax —ltz+o —|—§ . so its third Taylor polynomial is P3(z) =
n
e
1+z —|— — —|— ? Therefore
2 3
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6. a) We find the radius of convergence by Abel’s Formula:

|an| ‘(nz)
Qn . 2n)!
R = lim
" oo | (n+1)2
n—oo ‘an—l—l‘ n—oo ‘ n +1)]l
n?(2n + 2)!

= % (ot 1)2(2n)]

~ i ™ 22n +2)(2n + 1) _
n—00 (n+ 1)2

since the numerator has degree 4 and the denominator has degree 2. Since
R = oo, the series converges absolutely for all by the Cauchy-Hadamard
Theorem, and therefore the domain of this function is all real numbers.

> 20112
b) Thinking of the power series as " we see that = —— =
) & P ;::Oanl“ a2011 2-2011)!
20112

4022!°

know that asnil =

At the same time, by uniqueness of coefficients of power series, we
(2011)(0)

EETTETR Equating the two known expressions for ago11,

we obtain
20112 B f(2011)(0)

4022! 2011!

so we can solve for f(2°11)(0) to obtain

201122011!

_ p(2011) () —
/ (0) 4022!

c) Differentiating the series twice term-by-term, we obtain

-2

i n—l

n=2

Notice that the series starts at n = 2 since the n = 0 and n = 1 terms of the
series of f(x) become zero when differentiated twice.

7. a) Notice that this function is continuous for all values of z except x = 1. This
means that the Taylor series of this function, being a power series, cannot con-
verge at x = 1 (since power series are continuous everywhere they converge).
It stands to reason, therefore, that the radius of convergence of the Taylor series
is the distance from the place the power series is centered (namely z = 4) to
the closest value of x where the series cannot converge (namely = = 1). This
distance is 4 — 1 = 3. Therefore we should expect the radius of convergence to
be 3.

22 o8 22 o8

b) We know thate” = 1+z+— + +... for all z, and therefore e*—1 = :c+ Tt oy

2! 3! 3!
Note that e — 1 > z since you have to add positive terms to z to get the power
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series of e” — 1. Therefore, by substituting in = for « in the above inequality, we
see

el/n_l >

S|

(Notice that the inequality does not reverse, i.e. we are not taking reciprocals

of both sides, we are just doing a substitution.) Since Z — diverges (it is har-
n

monic), so does Z (el/ " 1) by the Comparison Test.
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7.6 Spring 2011 Exam 3

1. (7.3) Define what it means for a series to converge, what it means for a series
to absolutely converge, and what it means for a series to conditionally converge.

2. (7.4) For each of the following infinite series, state the test which will best
determine whether the series converges or diverges. You need only state the
test; you do not need to carry out an argument or otherwise explain your
answer.

)n—i—l

4 +sin3n — cosn ©
> 0%

— Inn
d )\ T
0y P TE
3. Find the exact sum of each of these infinite series (simplify your answers).
You may assume that these series converge.

a) (6.2) 24 (i)n

b) 623 (_1173”_
n=0

1 1 1 1 1 1
OB T Ty T 3o
4. (7.4) Determine whether the following infinite series converge absolutely,
converge conditionally, or diverge. Justify your reasoning.

4 9 16 25 36 49 64 92 7

> 2n 4 4"

b) Z n4n

n=1
o0 2011

C)Z 5

n=1

5. (8.3) Find the values of x for which the following power series converges:

6. Let f(x) = x* arctan(22?).
a) (8.1) Write the Taylor series (centered at 0) of f(z).

137



7.6. Spring 2011 Exam 3

1
b) (8.2) Estimate / f(x) dz by replacing the integrand with its tenth Taylor
0
polynomial.
c) (8.2) Find f1%)(0), the 13 derivative of f at zero.

1
7. (8.2) Estimate sin 3 by using the Taylor polynomial of order 4 for an appro-
priately chosen function.

8. a) (7.4) Suppose > a, is some convergent infinite series. Do we know

—an

whether or not the series » e~ converges? Explain your answer.

b) (7.4) Suppose ) _ a, is some convergent infinite series. Is it possible for
> a2 to diverge? Explain your answer.

Solutions

1. Given an infinite series ) a,,, we say the series converges if ILm Sy, exists and is finite,
n oo
where S, is the n!" partial sum of the series. A series 3" a,, absolutely converges if
> |an| converges, and conditionally converges if it converges but does not absolutely
converge.
2. a) Comparison Test (the terms of the given series are at least 2/n)
b) Ratio Test (the terms contain n™)

c) Alternating Series Test (terms decrease in absolute value and approach zero as
n — 00)
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4.

d) nt"—term Test (limit of the terms does not exist as n — c0)

a)
21(5) ()R 6) -5 (wm) 555

b)

i Dl (D) =) L
11" 34 \11/)  3\1-(-9/11)/ 3 20 60

c) First factor out 1/3 from the series; then what is left is the Taylor series for e”
with 1/3 plugged in for z:

1+1+ L + L + L + L +
3 9 27-20  314.31  35.4!  36.5!
= 1P+1+ L + L + L + L +}
3 3 9.21 1 33.31 " 34.41 3.5 7
1 1 (1732 (1/3)*  (1/3)*  (1/3)°
= §1+3+ TR TR T + R
1
— /B
3

a) This series is neither positive nor alternating. We forget the series as it is given
and consider the series of the absolute values of the given terms, which is 1 +
1+ 3%+ & + ..., a convergent p—series (p = 2). The given series then converges
absolutely by definition.

b) Rewrite the terms of the series as follows:

2n—|—4” 2n 4m > /2 1
Z _Z(n4n n4")_nz:1(4"+n)'

Now > 4% is a constant times a geometric series with » = 1/4 so it converges;
> % diverges since it is harmonic. So the original series is a convergent series
plus a divergent series which diverges.

¢) We use the Ratio Test:

+1 2011
P= ngrolo n;(:lll o nlﬁnolo 5 T o 5 ’ - 5 <

so the series converges absolutely by the Ratio Test.

5. This power series is centered at z = 5. We find the radius of convergence by Abel’s

formula: iy
=) .
R = lim I A lim Mzg
n—00 1)n+1 n—00 n
‘?ﬁwﬁ
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so by the Cauchy-Hadamard Theorem, the series converges absolutely when = &
(5—3,543) = (2,8) and diverges when x < 2 or z > 8. Itis left to check convergence
at the endpoints.

n=1 n=1 n=1 n
which diverges (harmonic).
o (=" o ” "

oo (_
n=1 n=1 n3 n=1
which converges (alternating harmonic; done in class).

When z = §, the series reduces to Z —an (8 —5)" = Z

So the given series converges when z € (2, 8].

.’L‘3 .5[75 137
6. a) Weknow arctanz =z — 3 + 5T + ...; replacing z with 223 we obtain
943)3 2.3)9 2.3)7
arctan(2z%) = 223 — ( z) —1—( m5) _{ x7) + ...
23 25 27
= 23— 3 2+ €x15 73;21 + ..
finally multiplying through by z* we obtain
23 25 27
— 9,7 _ 13 219 % 25
f(x) =2z 37 + 5T = + .
b) From (a), we see that Pio(z) = 227 as the Taylor series contains no other terms
of power less than or equal to 10. Therefore
1 1 8|t 1
/ f(:c)da;m/ 27 dr = | ==
0 0 41,
c) By the uniqueness of power series, f1)(0) = 13! a;3 where a;3 is the coefficient
on the 13" power term of the Taylor series of f(z) centered at zero. From (a)
this coefficient is —2%/3 = —8/3. So f(13)(0) = 13! - (—8/3).
.733 CC5 1/3)
7. We know sinz = x — §+§—...sosin(1/3)%P4(1/3) (1/3) — .
8. a) If 3" a, converges, then by the n'* term test, Jim_a, = 0. Then lim e i =
n—,oo
e ’=1s0 by the n' term test, the series 3° e‘“" must diverge.
(-1 S
b) Yes; let a,, = o The series nzz:l an converges by the Alternating Series
s (Y
test. But for this choice of a,, a;, = | ~——=—| = —s0 a2 is the harmonic
Vn n

series, which diverges.
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7.7 Fall 2010 Exam 3

1. a) (7.2) State the Alternating Series Test.
b) (7.3) Define what it means for a series to be absolutely convergent.

c) (7.3) What is the main theoretical reason why we care whether or not
a series converges absolutely (as opposed to just knowing that it con-
verges)?

2. a) (6.2) Find the exact sum of the infinite series:

> 3.9
107

n=2
b) (6.2) Find the exact sum of the infinite series:

1 1 1 1
YRR, J [ R
8 —4+ +5-1tr et

3. (7.4) Determine whether or not the following infinite series converge abso-
lutely, converge conditionally, or diverge. Justify your reasoning.

ns8

00 n7_3n5
b - -
)nz::ln7+11n4+6

a)

n=4

4. (8.3) Determine the interval of convergence of the power series

n

2 (2n)!

n=1

5. Let f(x) = 3z cos(2z®).

a) (8.1) Write the Taylor series (centered at 0) of f(z).
b) (8.2) Find f(!")(0), the 17*" derivative of f at zero.
c) (8.2) Find f(2°19(0), the 2010 derivative of f at zero.
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Solutions
o0
1. a) The Alternating Series Test says: Let Z an be an infinite series. If the series

n=1
is alternating, if |a,| > |an41| for all n, and if lim,,_,oc @, = 0, then the series

converges.
oo o0

b) An infinite series Z an, is absolutely convergent if Z la,,| converges.
n=1 n=1

c) The terms of an absolutely convergent series can be rearranged and/or re-
grouped arbitrarily without affecting the sum of the series. This is not the case
for conditionally convergent series.

o0
2. a) This is a geometric series, so we write it in the standard form ay Z r": once
n=0

written this way the sum is ag (ﬁ) provided |r| < 1. Here, we have

§:3~23n_3°°8"_3<8>2§:<8>”_3<64> 1 ) 3-64 48
" T 1m0 10/ “\1wo/\1-%&/) 20 5

n=2 n=0

The reason why the second and third terms above are equal is that, for any r,
we have:

oo o0
o=ttt =1t l) =02
n=0
b) Working in a similar fashion to part (a):

(@G ) F

X 6+n° X [6  nd /6 1
2 T8 :Z<ns+ns):2<ns+ng>~

n=4 n=4 n=4

8§—4+2—-1+... =8

Now >, n% and >0 4 7713 both converge (the first is a constant times a p—series
where p = §; the second is a p—series with p = 3), so their sum, which is the
original series, converges as well. Since the series given in the problem is posi-
tive, it converges absolutely.

b) This series diverges by the n'"* Term Test since

. n’ — 3n°
im ———— =
n=oon’ 4+ 11nt + 6
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4. Using Abel’s Formula,

R = lim (2n)!

Jim - = lim (2n+2)(2n+1) =
e

Since R = oo, this series converges absolutely for all = by the Cauchy-Hadamard
Theorem.

5. Let f(z) = 3z cos(2z8).

a)

b)

<)

We know the Taylor series of cos x is

o0 2n
(="
cosT =Y Lt
—= (2n)!
replacing = with 22® on both sides of this equation we obtain

o0 8)2

cos( 23; Z ;

then multiplying through by 3z we obtain

f(z) = 32 cos(22%) Z

This can be rewritten

i n 16n+1 i 3- (74)n x16n+1'

= n=0

We need to find a;7, the 17" coefficient of the Taylor series of f(z). Looking
at the last line of the solution to problem (a), we see that the 17t term of the

Taylor series of f(x) corresponds to n = 1, because n = 1 produces the term
with 216+ = 217 in it. So ay7 = %

power series, it must be that

= —6. Finally, by uniqueness of

F0(0)
a7 = 17
multiplying through by 17! on both sides we see that
f170) = —6- 17!

As in part (b), to find this we would need to find a1, the 2010%" coefficient of
the Taylor series of f(x). But looking at the formula found at the end of part
(a), we see that the Taylor series of f(x) contains only odd powers of z. So
az010 = 0 and also f(2010)(0) = 0.
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Chapter 8

Old Final Exams

8.1 Spring 2026 Final Exam

1. Compute each integral:

a) (2.1)/(5—\/E+ \2) dz c) (2.3) /23(w+2)(:v—1)dw

d) (3.4) /O T 120

. T
b) 1) | ( + 21‘) dz e @) [ (sm 4z + 2 cos 2) dz
2. (2.3) Evaluate one of the following two integrals:

a) /tanxdx b) /taandx

3. (2.6) Evaluate one of the following two integrals:

a) /\/5 Inx dx b) /241:264”” dx
4. (2.8) Evaluate one of the following two integrals:
a)/ 8:70—14 )/16x+7
x? —2x — 202 +

5. (2.5) Evaluate one of the following two integrals:

a) /14 (\/5:/%3)3/2 dx b) / rtl

144



8.1. Spring 2026 Final Exam

6. (4.1) Compute the area of the region of points in the (x, y)-plane located above
1 1
the parabola y = Za:Q and below the line y = J%t 2.

7. Throughout this problem, let F' be the region of points in the (x,y)-plane
located above the graph of y = 1, to the right of the y-axis, and below the
graph of y = 22 + 4. (The three corner points of F are (0, 0), (0,4) and (2,8).)
In each part, write an expression involving one or more integrals that gives
the quantity described.

a) (4.2) The volume of the solid formed when F' is revolved around the
xr-axis.

b) (4.2) The volume of the solid formed when F'is revolved around the line
= —1.

¢) (4.6) The y-coordinate of the centroid of F'.

d) (4.7) The moment of inertia of F' about the y-axis.

8. a) (4.4) Write a formula involving one or more integrals that gives the
length of the curve y = 2% between the points (—1,1) and (3,9).

b) (4.5) A wire of length 6 cm has density p(z) = 2z + 3 mg/cm, where
is the distance from the left end of the wire. Compute the mass of the
wire.

9. a) (5.7) Give any specific example of a p-series which diverges.

b) (7.3) Write down any specific example of a series that converges, but
cannot be legally rearranged or regrouped.

. . . 2 9 9 9 9 9 s _ ion.
C) (5 3) Write the series 7 + 10 11 + 1 17 + - in Y-notation

d) (8.1) Explain what is meant by the phrase uniqueness of power series.

10. Choose three of the following four series and determine, with appropriate
justification, whether those series converge absolutely, converge condition-
ally, or diverge.

a) (5.7)> (55 — 53/5) c) (6.4) Z

b) (5.6) Y ——— = 3 . d) (7.1) nZ::l oL/

1)n+1n

11. Choose three of the following four series and compute the sum of each of
those series.
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12.

4 8 16 32 64
62)24 -+ o4 0 02 b2
) 622+ 3+ g+ or gyt T
11 1 1 1
b) (82 ; - _ L
VB w3t E s v s T

R
S

—"

d) (8.2) Z
_osinZ -2 e
a) (8.2) Compute IILI(I) — without using L'Hopital’s rule.

1
b) (8.2) Estimate / In(1 + z*) dz by replacing the integrand with its tenth
0
Taylor polynomial. Simplify your answer.

c) (8.2) Suppose f is an infinitely differentiable function with f(0) = 1,
f'(0) =0, f'(0) = 5and f"”(0) = —12. Use the third Taylor polynomial
of f to estimate f(1).
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Solutions

1. a) ]ustdoit:/(5—\/§+8> dac:/(S—xl/2+8x_1/2) dx = 51‘—2.%3/24-16.%1/24—0.
NZ 3

b) ]ustdoit:/(7+2x) dw=‘7lnx+x2+C‘.
X

3 3 3 2 3
¢) FOIL, then just do it: / (z+2)(z—1) dz "2 / (z%+2—2) dz = ‘%Jr % —2931 =
2 2
2
27 9 8 15 2 41
o6l — o424l =— - =|=
{3+2]{3+ }23 6
o.] 1 e, ¢]
d) Use the LRP: / 12¢7 % dp B 12 <—4> g4z 34z zo 3¢
0 0
(-3¢ =0+3=[3]
1
e) Use the LRP on each term: / (sin 4x + 2 cos ;C) dz % —7 °0s 4z + 4sin§ +C\|

sin x

2. a) First, usea quotient identity to rewrite the integrand as | tanx dz = / dx.
cos

Now, use the u-sub u = cosz, du = —sinx dz so —du = sin z dz to get

i 1
/Sm:pdas:/——du:—lnu+C:’—1ncos:1:+C".
U

COS T

b) Rewrite with a Pythagorean identity and then “just do it”:

/taand:v:/(seCQx—1)da::‘tanx—x+C".

1 2
3. a) Usepartswithr =Ilnz, ds = /xdx. Thendr = —drand s = gx?’/z so we have
xT

/\/Elnxdx:/rd.s:rs—/sdr

2 2 1
= §m3/2lnx—/§x3/2‘—d:c

x

2 2
= §x3/21n:1: - /gxl/zdac

2 4
= §x3/21n3:— §x3/2+0.

b) Use parts with r = 22 and ds = 24¢%® dz. That makes dr = 2z dx and s = 6¢%%,

SO
/24x2e4m dr = /rds =rs— /sdr = 6z2el” — / 12ze® dz. #)

For the remaining integral, we need parts again. Let r = x and ds = 12¢* dz.
Then dr = dz and s = 3e¢** so

3
/1235649” do = /rds =rs— /sdr = 3xe®® — /3649” dr = 3ze** — ie“ + C.
(##)
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Substituting into the original integral, we have
/24x2e4m dr = 6z2e?® — / 12ze*® dz  (from (#) above)

= 62t — [33:64’3 — ie“} +C  (from (##) above)

3
=|6x%e*® — 3zet® + 164”" +C|.

a) Use partial fractions. The denominator factors as (z — 4)(x + 2), so we guess
the decomposition and clear denominators:

Sv—14 _ A B
1220 -8 -4 x+2
8r — 14 = A(x +2)+ B(z — 4) (%)

Plug in z = —2 to (%) above to get —30 = B(—6),so B = 5. Pluginz = 4 to
(%) above to get 18 = A(6), i.e. A = 3. Therefore

8xr — 14 3 )
/x2—2x—8d$ /(w—4+at+2>dx ‘3n(x )+ 5l + )+C‘

b) Use partial fractions. The denominator factors as z(2z + 1), so we guess the
decomposition and clear denominators:

16x+7_A B

222 + _;+2x+1
162+ 7= A2z + 1) + Ba (%2%)

1
Plug in z = 0 to (%%) above to get 7 = A; plug in z = —5to (%%) above to get

—-1=2B (—;), i.e. B = 2. Therefore

2
16x+7dx=/(7+ >dx:‘7lnx+ln(2x+l)+0‘.
T

212 + 2z + 1
) Use the u-sub u = \/Z + 3, du = —— d 50 2du = —— dz to get
a se e u-sub u = T ,u—2\/£ T SO U—ﬁxoge
4 (x +3)%? 5 4 o> 4 4 128
de = | 2u3%du= —u’?| = —(5°/%) — —(45/%) = |20v5 — = |
/1 Tz i Au U 5u , 5( ) 5( ) NG E
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b) Use the u-sub u = = + 3, du = dz (and notice z = u — 3) to get

1x+1 4(u—3)+1du_ 4u—2
VI +3 3 Vu 3 f
—/ Vu —2u” 1/2) du
4
_ [2u3/2 _ 4u1/2}
3 3
2
_ [3(8) - 8} { (3%/2) — 4\/3}
I Vel
6. First, find intersection points:
1, 1
x? =2x +8
a? — 22 —-8=0
(x—4)(x+2)=0
Therefore the graphs meet when x = 4 and « = —2. Therefore the area is
right 4 1 1 9
A= [top(z) — bot(x)] dx = / Km + 2) - —x ] dx
left —2[\2 4

1 1 .4
2 3
{4”“’ TR L

- |00

+8—dgm@} Lﬁ®_4_

1 1

16 2
:4+&n—f1+4f§=E}

3

7. Throughout this problem, let F' be the region of points in the (z,y)-plane located
above the graph of y = z?, to the right of the y-axis, and below the graph of y =
22 + 4. (The three corner points of F are (0,0), (0,4) and (2,8).)

Based on the given information, throughout this problem the top function is ¢(z) =
2% + 4 and the bottom function is z; the left endpoint is | = 0 and the right endpoint

isr = 2.

a) Use washers, with R = t(x)

V:/wm—m%mz
l

—0=22+4and r = b(x)

=0=2x"

/02 [W(a:Q +4)2

— 7r(ac3)2} dx |

(You can do this with shells and y-integration, but that’s harder.)
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b) Use shells, withr =2 — (=1) =z + 1and h = t(z) — b(z) = 2 + 4 — 23

T 2
V= / 2rrhdx = / om(z 4+ 1)(2? + 4 — 23) dzx |.
l 0

c) For the centroid, assume the density is p(x) = 1. Then, the y-coordinate of the
centroid of F'is

g Mo _ /ZT; () = 0*(2)] pla) da ) /02; (@2 + 9% = (%] do |
M

/l ' t(z) — b(2)] p(z) dz /0 : (;U? 14— m3> dx

d) The moment of inertia of F" about the y-axis is

I, :/ler [t(x) — b(x)] dx = /02$2 (x2+4—933) dz |

a) By the usual arc length formula,

right 3 3
s = \/1—1—[f’(x)]2dx:[1\/1—1—(2:0)2(1:5: LI\/1+4x2dx.

left

b) The mass is the integral of the density:

r 6 6
— _ _[.2 _ a2 _
M—/l p(l’)da?—/o 2z +3)dx = [:c —|—3:1:]0—6 +3(6) =54 mg|

1
a) Any p-series with p < 1 works, like Z 75
n

b) Any conditionally convergent series works. The prototype example is the al-
( _1)n+1
|

ternating harmonic series Z

c) The series alternates and the denominators increase by 3 each term, so depend-

) ) ) ) oy (_1)n .5 o (_1)n+1 .5
ing on your choice of starting index we get nz::O Erewall 2 a1 !

etc.
o0
d) Uniqueness of power series is the concept if you write f(z) = Z apz”, then

n=0
F(0)
n!
series Z anx" that represents f.

the a,,’s must satisfy a,, = . This means that there can only be one power
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2 3 2 , .
10. a) Split this series as Z <n5 3 \/ﬁ) = Z 5~ Z EPYEL The first series con-

verges (it is a p-series with p = 5 > 1) but the second diverges (p-series with

1
P=3 < 1) so the entire series (converges + diverges = diverges).

7 7 1\"
b) First,notice0 < ——— < —=7(=-] .
) First, notice 0 < T (5)

\" 1
Next, notice Z 7 (5) converges since it is geometric with |r| = £ < 1.

Therefore Z converges absolutely ‘ by the Comparison Test.

S5 437" ‘
¢) Use the Ratio Test:

(=1)"*2(n+1)
Jansal i n4l n o (n+Den
p=lHm — = = Yy e rren ul i Serrru ve
Nn—00 |an| n—00 ‘( )yrtln T nSoo e e nsoo e n
671/
oo n+1 00
= lim = —
.11
= lim — = -

Since p < 1, the series | converges absolutely ‘ by the Ratio Test.

d) nli_}rgl()|%\ = nli_}rgloel/"2 =e/* =" =1+£0,s0 Ze””Q by the
n=1

nth-term Test.

11.  a) This series is geometric:

4 8 16 32 1

b) This is the Taylor series for arctan = with z = 3 plugged in:

1 1 1 1 s 1/2)2n 1
L= 3 + 5 Y + Z (/)
23.3  25.5 27.7 929 2n+1

o0 ( 1)71 2n+1

=2 on + 1

n=0

N

1
= |arctan — |.
2
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c) This series is geometric:

715:317 <_53>n (;)3"“ = g:o? (f)nﬂ (;)3(”+1)+1
S G)
SO
(56 25 6)
sl E )

21 .
)
_ A g2
80 43 | 86]

d) This is the Tyalor series for cosine with z = % plugged in:

0 ( 1)”7‘(2” o0 (_1 n

_ - ) 7T2n
ZO 9n(2n)! _nz:% (2n)! (9%)
)

n=

s (=
_nzzo (2n)! <32>
foo(_l)" 7r2nioo(_1)n . 7171
_nz:‘f) (2n)! (3> a nz::o (2n)! a? - =cos 5 _.

12.  a) Start with the Taylor series for sine and manipulate it to match what is in the

limit:
.Ts LU5
smm—x—§+§—---
8\ 3 8\ O
Lo (5) L (5)
sin — = — — — e
2 2 3! 51
8\ 3 8\ D
L2 (5) (5)
2 2 3! 5!
R ! L 40
“ Tyt Yt o
_ L L 40
48 32120
sinf -5 1 1 g
221 48 " 32120
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Now take the limit by plugging in z = 0:

. sin%—%_ 1 0—040 _ 1
fy e T g T 00— = )
b) We know
22 2 2t
In(1 — LT
n(l+z)=x 2—1-3 4+

so by replacing x with 2%, we get

G G M G

In(14+z%) =2* - —
n(l+z%) ==z 5 + 3 1 +
1 1 1
:x4_§$8+§$12_1x16+“.

Truncate this at the #'° term to get the tenth Taylor polynomial Pyo(z) = z* —

1
— 8. Therefore

1 1 1 1
/ In(1 + z*) de %/ Pyo(z) dx :/ (x4 - x8> dx
0 0 0 2
1 1 41 1 1 1

5 18

o 5 18 |90
c) We have, by the formula for the coefficients of a Taylor series, that

f(l‘) = ap +CL1.SU+CL2;E2 +CL3IE3 +a4;p4 +CL5IE5 4+ ..

OO 4 190

" "
_ / f(O) 2 f (0) 3 5
= f(0) + f(0)z + 5 T T T
_ 5 o —12 5
—1+0x+§x+ 3!x+---

)
:1+§x272m3+-~

so the third Taylor polynomial of f, obtained by truncating the series at the z*

term, is P3(z) =1+ 53;2 — 223, Therefore

f(1) = P3(1) = 1+g(1)2—2(1)3 =1+g—2:
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1. Compute each integral:

a) (2.1) / (¢! — 272 +2) do 9 (2.2) /O ter1 gy
4x + 2

b) (3. 1)/ dz d) (2.2)/(6005; — 10sin2x> dx

2. (2.10) For each integral, determine the best method to evaluate the integral
by hand (there might be more than one “best method”).

¢ If the best method is to just write the answer, write the answer. (This
includes use of the Linear Replacement Principle.)

¢ [If the best method is to rewrite the integrand, write “REWRITE” and
indicate how the integrand should be rewritten.

e If the best method is to use a u-substitution, write “U-SUB” and write
what the u would be in your u-sub.

¢ If the best method is integration by parts, write “PARTS” and indicate
what you would assign to be r and ds.

¢ [If the best method is to use a partial fraction decomposition, write “PFD”
and write the guessed form of your decomposition.

e) /\/x?L—ng
b)/(fv—19)2dx d)/x21+9d$ f)/\/%dx

3. (2.6) Evaluate one of the following two integrals.

/Qmsecgmdm /x5 Inzdzx

4. (2.8) Evaluate one of the following two integrals.

/ Sx + 17 " /:1:2+3;1:—6
2+ 5x — 14 3 — 222

5. (2.5) Evaluate one of the following two integrals.

w/4 2
/ cos® x dx / I+5dx
0 1 x+3

6. Let E be the region of points in the (z,y)-plane located above the graph of
y = 2 + 3z — 2 and below the graph of y = x + 1.
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a) (4.1) Compute the area of £.

b) (4.2) Suppose E is the base of a solid whose cross-sections parallel to the
y-axis are squares. Write an expression involving one or more integrals
that gives the volume of this solid.

7. For each given quantity, write a formula involving one or more integrals
(with respect to whatever variable you want) that, if computed, would pro-
duce the quantity.

a) (4.2) The volume of the solid formed when the region of points above
the z-axis, below y = z? and to the left of z = 2 is revolved around the
y-axis.

b) (4.2) The volume of the solid formed when the region of points above
the x-axis, below y = 2?2 and to the left of z = 2 is revolved around the
x-axis.

) (4.5) The center of mass of a rod of length 5 cm, where the density of the
rod z cm from the left edge is p(z) = 22 + 1 g/cm.

d) (4.4) The length of the curve y = €3 between the points (0, 1) and (4, e'?).

8. Suppose X is a continuous random variable with density function

2x2 fo<zr<2
0 otherwise

a) (4.8) Compute the probability that X is at least 1.
b) (4.8) Compute the expected value of X.

n
n+2

9. a) (5.1) Compute and simplify the third partial sum of the series » |

n=1

+1

c) (8.1) Suppose f is a function whose third Taylor polynomial is

so that its initial index isn = 0.

b) (5.5) Rewrite the series » 5
n=3
Py(z) =2 — 8x + 22 — b

Whatis f”(0)?

10. (7.4) Choose three of the following four series and determine, with appropri-
ate justification, whether those series converge absolutely, converge condi-
tionally, or diverge.
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SPaE= ) 2 iy g
23n+1 —1)» o0 n!
b)z< 3 +<7n)> D 2

11. (6.2, 8.2) Choose three of the following four series and compute the sum of
each of those series.

8 16 32 26 27

6-4+-—— T
VO Aty gty sty
™ 7T3 7'('5 7T7
Py mate syt
00 22n+3
C) Zl 5n+1
d )
) nz::o (2n + 1)52n+1L
32°) — 1
12.  a) (8.2) Compute 31612(1) COS(;O) without using L'Hopital’s rule.

2 4
b) (8.2) Estimate / e " dx by replacing the integrand with its sixth Taylor
-1
polynomial.

c) (8.2) Estimate lni by using the second-order Taylor polynomial for an
appropriately chosen function.
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Solutions

1
1. a) Justdoit, term-by-term: / (x4 —x 2+ 2) dr = ng +z 4204+ O

b) Split the fraction and then integrate term-by-term:

©4r + 2 > /4y 2 00 _4 _5
/1 o dxz/l <x5+rv5)dx:/1 (433 + 2x )dm

I SN S el b
R
B [ 4 1]_ 11
= s~ 3| =
4 et Lo |17 1
Q) UsetheLRPwithm:2toget/ e Hdr = ¢ T = 3¢ —56_ X
0 0

1
d) Use the LRP on each term (with m = 5 on the first term; m = 2 on the second

1
term) to get/(Gcosg —10511121:) dr = 6~2sing — 10 - 5(—cos2x) +C =

1251n§+5cos23:+0.

19d$: In(z —9)+C\|

T —

2. a) Justdo it (with the LRP) to get /

b) Just do it (with the LRP) to get / (33_19)2 de =|—(z—9)"' +C|

1
Use | PFD | with dd iti = i
c) Use 1th guessed decomposition po s 3 + —3

1 1
d) Justdoitto get/mdx: garctan§+0.

e) Useawithu =22 0.
f) Use a (more complicated) withu =2z — 9.

3. a) Use parts with r = 2z, ds = sec? z so that dr = 2dx and s = tan z. By the parts

formula,
/2ZL‘S€C2$d1‘ = /rds =rs— /sdr =2z tanz — /Qtanxdm.
.. . . sin x
For the remaining integral, write tanx as and use the u-sub u = cosz,
Ccos T
du = —sinx dz to get
i -2
/2tanxd:1: = /Qsmx dx = / —du=—-2lnu+ C = —2In(cosx) + C.
coS T U

That makes the original integral

2ztanz — (—2In(cosz)) + C = ‘ 2ztanz + 21In(cosz) + C ‘
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1 1 .
b) Use parts withr =1Inz, ds = x° dz so that dr = - dr and s = éxﬁ. Then

/x5lnxd:t:/rd5:rs—/sd7“:11:61nx—/19361d95
6 6 «x
1 1
:gacGlnx—/gx‘r’dx

1 1
= 5 2%Inz — %x6+0.

4. a) Use partial fractions; the bottom factors as (z+ 7)(x —2) so the guessed decom-
position is
be+17 A B
Zibr—14 747 z-2
which rewrites as 5z + 17 = A(x — 2) + B(x + 7). Set x = 2 to get 27 = 9B, i.e.
B =3.5etx = —7toget —18 = —9A4,i.e. A = 2. Therefore

5x + 17 2 3
/IL‘2—|—5ZL‘—14 v /<m+7+az—2) ‘ n(@+7) +3ln(z )+C‘

b) Use partial fractions, the bottom factors as z2(z — 2) so the guessed decompo-
sition is

2>+3x-6 A B C
23 —222 oz 22 z—2
which rewrites as 22 + 32 — 6 = Az(z — 2) + B(x — 2) + C2?. Now, set z = 0
toget -6 = —2B,i.e. B=3andsetz = 2to get4 = 4C, i.e. C = 1. Finally, set
r=1,B=3and C =1toget -2 = A(—1) +3(—1) + 1,i.e. A= 0. Therefore

22+ 3¢ — 6 31 —

5. a) Rewrite the integrand first:

/4 /4 m/4
/ cos® z dx = / cos? z cos z dx = / (1 —sin® x) cos = dz
0 0 0

Now use the u-sub v = sin z, du = cos z dz and change the limits to get

7/4 V2/2 V2/2
/ (1—Sin2x)cosxd:z::/ (1—u?) [ }
0 0
V2 1 (Ve
2 3\ 2
Vi3 _[av2
2 24 | 12 |
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b) Use the u-sub u = = + 3, du = dx. That makes x = u — 3; change the limits to

get

2 5 _
/ :U+5dx:/ (u 3)+5du
1 x+3 4 u

5 2 5 2
:/ vt du:/ <1+>du
4 u 4 U
= [u+2Inul]

=[5+2In5] — [4+21In4]
=[1+2In5—2In4|

5
=|142ln-
+ n4

a) First, find the intersection points of the curves by setting them equal:

22 +3r—-2=x+1
22426 —-3=0
(x+3)(x—1)=0

Now the area of F is

/13 [(z+1)—(x2+3x—2)} da;:/

= z=-3,z=1.

1

, {—x2 — 2x+3} dx

-5 - e
=|—z2°—2"+ 3z
3 -3

—[ L 1+3} 9-9—9 = S 411
-[-1 —lin-

b) Since the cross-sections are squares, their area is A(z) = (side length)? = (top—
bot)? = [(z + 1) — (22 + 3z — 2)]2. Therefore the volume of the solid is

V:/ZTA(:n)dx: /13 [($+1)—($2+3$—2)}2d$.

a) If you use an integral with respect to z, this is shells:

T 2 2
V= / 2rrhdx = / 2n(x — 0)(2* — 0)dx = / oma® da |
l 0 0

If you use an integral with respect to y, this is washers:

V= /bt (7rR2 - 7r'r2) dy = /04 (7T(2)2 — W(\/Q)Q) dy = /04(47r —7y)dy |.

b) If you use an integral with respect to z, this is discs/washers:

V:/IT(TFRQ—WT2> da::/o

2

2
(77(x2)2 - 7r02) dr = / ratdx|.
0
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If you use an integral with respect to y, this is shells:

¢) This one-dimensional center of mass is

My ffap(x)dr | [P x(2c+1)de
T=—= = :

M [l p(x)de | 222 4 1) da

T 4
d) Thearclengthis s = [ /14 [f/(e)2da=| [ /14 B d
) The arc length is s l [f'(z)]? dx ; [3e3%]” dx

0 8

8. a) P(Xgl):/1 f(a:)dx:/o de—l—/lszdx:;x

b) EX—/OOQ: ) dx = /7:1: dr = x42 3(16) 3
) - - 0 32 2
9. a) Sz3=a1+ax+a + 2 + 3 —1_5_14_%_@
’ sl = 1+2 2+2 3+2 3 275 |30

-5 > —5 o~ D
b) Replacenw1thn+3t0get22 1 gm_;:%QrH—?'

c¢) From the given Taylor polynomial, as, the coefficient on the z? term, is 2. But
f// f//
©) 5~ I"0) g, gy -

from theory (uniqueness of power series), as =

202 = 2(2) =[4]
10. a) > (

/4

series ‘ converges absolutely ‘

= Z ! is a convergent p-series (p = U > 1), so the original
ni/4 4 ’

b) Split this series as
23n+1 (_1)n _ 23n21 1 n_ 8\ " 1\"
> (5 ) -2 e x () =2 (5) + 2 ()

> 1) and the second

| ©

Now, the first series diverges (it is geometric with r =

1
one converges (it is geometric with |r| = - < 1) so the entire series is the sum

of a divergent series and a convergent series, which | diverges |

17 17 17
¢) Note 0 < 0 30 < 730" Also, Z k30 converges (it is a p-series with p =
17

30 > 1), so by the Comparison Test, Z Tt
£ 30 1 3k9

’ converges absolutely |
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d) Use the Ratio Test:

(n+1)!
el ‘(2(n+1))!‘ B (n+ 1) (2n)!
p = lim = lim —V———2— = .
(2n)!
n+1
= lim
n—oo (2n +2)(2n + 1)
n+1

lim
n—oo 2(n+1)(2n+ 1)

lim ———— =
n=00 2(2n + 1)

Since p < 1, the series | converges absolutely ‘

11.  a) This series is geometric, so start by factoring out the initial term:

6 4+8 16+32 26+27
3 27 34 35

S IR

b) This is the Taylor series for sin z, with g plugged in for x. So

3 5 7 X 1\n 2n+1
E_ 4 + i _ i +:Z( 1) (71—/3) :sjnzz ﬁ
3 35.31 3.5 3.7 (20t 1) 32

c) This series is geometric, so change indices so that the series starts at n = 0:

> 92n+3 o0 22(n+1)+3 > 92n+5 > gn 95
= 5n+1 :n:O 5(n+1)+1 :n:O 5n+2 = 5n 52
25 =
52 Z ( >
32 1 32 32
=50 =_—-5=|—|
25 1—-4/5 25 5
1
d) This is the series for arctan z with £ plugged in for x. So
o n 0 (_1)n 1 2n+1
Z —52n+1 = Z M1 (5> = arctang .
n= 0 n=0
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CL’Q 374 .CUG
12.  a) We know cosz =1 — Sston -; replace each z with 3z° to get
512 54 516
5 (32°)° (32°)°  (327)
= 1 —_ J—
cos(3z°) 5 T a T
9 81
_q_ 2,0 % 20
23: + 2496
This makes the limit
9 81
PG R N Bl (Ml Gttt
z—0 z10 z—0 x10
9 81
. _ 9510 4 81520
z—0 210
L 9 81 4 9
-l |5+ 52— =5
132 .1:3 4
b) We know e = 1+ x4 = + 37 + - replace each z with —zttogete ™ =
8 12 ’
1—a*+ % - % +---. This makes the sixth Taylor polynomial of the integrand
Ps(z) =1 -2 So
2, 2 2
/ e dr~ / Ps(x)dx = / (1—aY) dz
-1 -1 -1
1 2
et
S |
32 1 33 18
=2-—|—-|-1+-|=3-—=|——F|
S RS
R
c) Weknow In(1+z) =2 — 5ty s the second-order Taylor polynomial

2
is Po(z) =z — % Therefore

2
lnizln(l—l—l)%PQ(l):1—(1/7) 11 E

7 7 7 2 7 98 98
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8.3 Spring 2023 Final Exam

1. Compute each integral:

2 22 [ Ol(a: +3) da 4 61 [ ;9 dx
b) (2.2) / e g o) (3.4) /O T e dy
o 2.1 / <ﬁ+ \2) dz

2. Evaluate four of the following five integrals:
a) (2.1)/cosxdx d) (2.3)/cos2xdx
b) (2.2)/005 21 dx e) (2.9)/(308 z? dx

C) (2.1)/2008xdx

3. (2.6) Evaluate one of the following two integrals:

/41’ e %" dx /ln2 x dx

4. (2.5) Evaluate one of the following two integrals:

23z + 2
T
1 2x—1

/4
/ 24 tan?  sec® x dx
0

5. (2.8) Evaluate one of the following two integrals:

12 3% + 1
——d / —d
/x2—4:v—5 ’ oh— g3
6. (4.1) Let £ be the region of points in the (z, y)-plane located above the graph
2

of y = % and below the graph of y = 2x.

a) Write an integral with respect to the variable x that gives the area of E.

b) Write an integral with respect to the variable y that gives the area of E.
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7. Let R be the region pictured below:

I 2 3 4

For each given quantity, write a formula involving one or more integrals
(with respect to whatever variable you want) that, if computed, would pro-
duce the quantity.

a) (4.2) The volume of the solid formed when R is revolved around the
x-axis.

b) (4.2) The volume of the solid formed when R is revolved around the
y-axis.

¢) (4.7) The moment of inertia of R about the y-axis.

d) (4.4) The length of the curve in the picture indicated with the thick
dashed markings.

e) (4.6) The y-coordinate of the center of mass of planar slab that has shape
R, where the density of the lamina at point (z,y) is p(x) = (2% + 2).

8. (4.8) Suppose X is a continuous random variable with density function

Y

fz) = cx if0<z<4
V=Y 0 otherwise

where c is an unknown constant.

a) Determine the value of c.

b) Compute the probability that X is between 0 and 2.

9. (7.4) Choose three of the following four series and determine, with appro-
priate justification, whether those series converge absolutely, converge con-
ditionally, or diverge. (If it isn’t clear which problem you don’t want graded,
draw an X through that work. I will only grade three of these four problems.)

SRR b) 3 (31 " (—D")

4n
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d
‘3gw+3 ) 2 o

10. (6.2, 8.2) Compute the sum of each series (you may assume without proof
that all these series converge):

0 (_1)n+1 o) 3n—|—2
a) T;::l 714" C) nZ:O 52n+1
'] —3\"
1 1 1 1 1 Y 4()
b) 1— =4 — — — 4+ — — — 4 .
)=t e s ot n=—a \ 9O

7
e — 2T — 1

11. a) (8.2) Compute lig% m without using L'Hopital’s rule.
z T

2
0
lor polynomial.

b) (8.2) Estimate / w2e dx by replacing the integrand with its sixth Tay-

c) (8.2) Suppose g is an unknown function with ¢(0) = 2, ¢'(0) = —1,
g"(0) =0, ¢""(0) = 3 and ¢ (0) = 6. Compute the fourth Taylor polyno-
mial of g, and use this polynomial to estimate ¢(2).

d) (6.3) Aballis dropped from a height of 24 ft. Every time the ball bounces,

2
it rebounds to a height that is 3 of the height it reached on the previous

bounce. Compute the total amount of vertical distance travelled by the
ball before it comes to rest.
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Solutions

a) Use the Linear Replacement Principle:

/O(z+3)8d$:[;(gg+3)9r MEE )

-1 -1

O
/N
W

©
[\
©
N—

1
b) Use the Linear Replacement Principle: / e dy = | — e L O,

c) Integrate term-by-term with the Power Rule:

/(\/E-i-\;) dx:/<x1/2+29:_1/2) dx = §x3/2+4x1/2+0.
T

00 4 o0 —1 g -1 ~1 1
d —dr = drpde = —a 8 =—(0)— —(1)=|=|
5! 40

e) Use the Gamma Integral Formula: / 2’3 dy =

0 3| 243
a) [ coswds =[sino+ C}

1
b) Use the Linear Replacement Principle: / cos2x dx = 3 sin2x 4+ C'|.

Q) [ 2coswds=[2sina+ O}

d) Use a power-reducing identity, then the Linear Replacement Principle:

1+ cos2z 1 1 x 1
2 = _— = — — = | — —gi
/cos :chx—/ 5 dx /<2+20082x> dz 2+4sm2x+0.

e) / cos 22 dx is not doable with our methods (you should not have chosen to try

this problem).

a) Use parts with r =z, ds = 4¢=2* dx. Therefore dr = dz and s = [ ds = —2e 2%,
This makes the integral

/43@ e 2 dr = /rds =rs— /sdr = —2xe %% — /—26_% dx

= ‘ e _ e 4 O ‘

b) Use parts with r = In?z, ds = dx. Therefore dr = 2Inz - % and s = [ds = z.
This makes the integral

/ln2xdx:/rds:rs—/sdr:mln2$—/x<2mx> dz
x

:2ln:v—/21n:cdx
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4.

5.

1
b) Use the u-sub u = 2z — 1. That makes x = vt

Now use parts again on the second integral with r = 2In z, ds = dz. Therefore

dr = —dz and s = z, so the second integral is
T

/21nacdx:/rds:rs—/sdr:Qxlnm—/x(i) dx:Qxlnx—/Qda:

=2zlnzx — 2z.

Substituting this into our answer from above, we get

x lnzx—/2lnajd$:21nx—(2xlnx—2x)—|—02‘m In?z —2zlnz + 2z + C|.

a) Use the u-sub u = tanz, du = sec? x dz to rewrite the integral (note the change

in the limits) as
w/4 1 1
/ 24 tan® rsec® r dx = / 2402 dx = {Suﬂo = .
0 0

anddu:2dxsod:c:1duso

the integral becomes (note the change in the limits)
/23x+2d _/3 3(452) +2 iy
L 21T u 2
3 7
- /3 2T 1du
1 U 2
373 7 4

— Bu—l—zlnuﬁ
= [Z(3)+Zm3} - [i(l)+1(0)] = g+£1n3-

a) Use partial fractions: the denominator factors as (z +1)(z — 5), so we guess the

decomposition as

($+1)($_5):x+1+33—5 = A(x—-5)+B(z+1) =12

Substituting in x = 5, we get 6B = 12, i.e. B = 2. Substituting in x = —1, we
get —6A = 12 s0 A = —2. This makes the integral

12 —2 2
= = —— =|-21 1 21 — .
/x2_4$_5da: /(x+1+a:—5>dx ‘ n(z+1)+2In(x 5)+C"
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7.

b)

b)

a)

Use partial fractions: the denominator factors as z3(z — 1), so we guess the

decomposition as
32°+1 A B C D

P R R R
and after clearing denominators we get
322 +1 = A2*(z — 1) + Bz(z — 1) + C(z — 1) + Da?. (8.1)
Substitute z = 0 to get —C' = 1, i.e. ¢ = —1. Substitute x = 1 to get 4 =

D. Now, substituting in C' = —1 and D = 4, and expanding out (8.1) and
combining like terms gives

322 +1 =4+ A)2*>+(B—-A)a® + (-1 - Bz + 1

so4d+A=0,ie. A= —4,and B — A = 3,ie. B = —1. All together, this makes
the integral

/3x2+1d /(—4 1 1+ 4 )dw
i N -4
x4 — 3 T 2 3 xr—1

1 1
= —4lnx+*+§ﬂs_2+4ln(a§—1)+C’.
x

First, find the intersection points of the graphs by setting the two equations
equal to each other:

Z 9
3 T
2 = 6z

2 — 6z =

The corresponding y-values are y = 0 and y = 12, so the corner points are (0,0)
and (6,12). Thus the area of F is

right 6 2
/left [top(z) — bot(x)] dz = /0 [2:6 - 3] dx |.

2

. xr
Working with respect to y, we have to solve the equations for y: y = 3 be-

1
comes ¢ = /3y and y = 2z becomes z = FY- So the area of F is

/btop [right(y) — left(y)]dy = /012 {\/@— 1:4 dy |

ottom 2

right 2 D)
Use the disk method: V' = TR dx = / T [2 —2(z — 1)4] dz |.
left 0
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right 2
b) Use the shell method: V = 2nrhdx = / 2w [2 —2(x — 1)4} dx
left JO

c) I, = /l:jht 22 [top(x) — bot(x)] dx = /02 z? [2 —2(x — 1)4} dx

d) Use the arc length formula:

s-/ V14 [f(z 2dx—/ \/l—i- 8(x —1)%)2dex = /02\/1+64(x—1)6dx.

(e) The center of mass of planar slab that has shape R, where the density of the
lamina at point (z,y) is p(z) = (22 + 2).

v [ ier-wtel o [[Tpaena
g - M right —
" /lefth p(z)[top(z) — bot(z)] dz /02 2212 — 2z — 1)1 da

o0 4 1 L1 1 1
a) Weneed 1 = f(z)dx = / crdr = [cxﬂ = —c(4*) =8¢,s0c=| < |
—00 0 2 0 2 8

b) P(0 < X < 2) /Qf()d “La [1 2]2 !
= xT €Tr = —X = —_— = | —
0 o 87T 16" ], |a

1

a) Z — / " converges by the AST (the series alternates, lim |an| = lim eyl

1
0 and |an+1| < |an|) but Z lan| = Z 371 which diverges (p-series with p =
n

- < 1), so Z 3 / 7] ‘converges conditionally ‘

4n
n
1
Z (4) also converges absolutely (it is geometric with |r| = 1< 1), so this

1 _ n
b) Z 37 converges absolutely (it is geometric with |r| = 3 < D, > (=1 =

is the sum of two absolutely convergent series, which must‘ converge absolutely ‘

4
213 < ﬁ and Z is a convergent p-series (p = 2 > 1).

Therefore by the Comparison Test, ;;) 213 ‘

¢) Notice 0 <

converges absolutely ‘

d) Use the Ratio Test:

7n+1

p= lim ol g TEEOY T ()
n=oo |ay,| n=00 % n—oo (2n +2) "
= lim 7 —-0.

n—oo (2n +2)(2n + 1)
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1)?’L n

— (
Since p < 1, Z
n=1

_(QT)' ‘ converges absolutely | by the Ratio Test.

10.  a) This is the Taylor series for In(1 + z), with x = i plugged in:

00 ( 1)n+1 0 +1xn < 1) 5
vy = S (- —n(l+a),ey=In(1+>) =[]
n=1 n4r n:l( ) " z=1/4 n( x)|x71/4 ' 4 ’ 4

b) This is the power series for cos x, with = 1 plugged in:

TR S AR A I T |
JE— R — — = F— — = COSZ|px=1 = | COS .
24 68l 10! = et )| o
= .

c) This series is geometric:

i3n+2_i3n32_9i(3>”_9 1 _9(25>_45
R T 25)  5\1-2) 5\22) |22]

n= n=0

d) The series is geometric; first, change indices by replacing n with n — 2 to get

i 4 (_3)71 = i 4 (_3)71—2 Then
n=2 5 n=0 5 ‘

Sa(H) (D) (D) =1 (D) o - 2]

n=0
2 7\2
2
11. a)e®* = 1+x+ % + ..., so by substitution 2 = 1 + 227 + (a;) 4 ... =
1+ 227 + 22 + ... Substituting this into the limit, we get

e 2T 1 142774224 —227T 1

lim ——— = lim
z—0 :Ulo z—0 xlo
. 2z 4 higher power terms
= 111m
x—0 .Tlo

= lin%] (23;4 + higher power terms)

e

2 4
b) e* = 1+x+x——|—...,sob replacing = with —22 we get e * = 1—x2+x——....
B y rep g g B
1
Multiplying through by z2 gives x2¢ % = 22 — 24 + ~ 26 — ..., and stopping at
plymg gnby z= g 5 ppmg

1
2ty 53:6. This makes the integral

2 ) 2 2 1
/ 2™ dr ~ / Ps(x)dx = / [:cz — 2t 4 xﬁ} dx
0 0 0 2

{1 5 L5, 1 7]2 23 25 2T 1072
= —xr — =X —2X J—
3 5 14

the sixth power term gives Ps(z) = =

o |3 5 T T 105
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s g™ (0)
c) By theory, we know that if g(z) = Z anx”, then a,, = — Therefore
o n!
!
0
ap=g(0)=2; a1=¢(0)=-1; ax= 92(, ) = 0;
g"(0) _3 _1 gWO) 6 1
asz = == == a4 = _ — = =
3! 6 2 4! 24 4
1 1
Thus g(xz) =2 —x + 5:703 + 11:4 + ..., so stopping at the fourth power term, we
1 1
get Py(x) =2—z+ 5333 + 1374. Finally,

9(2) ~ Pa(2) =2~ 2+ () + 1 (16) =[8]

d) (Bonus) The amount the ball travels is the initial drop plus twice the size of
each rebound (because on each rebound, it goes up and the back down). This
produces the geometric series

24 +2 (2> 24+ 2 (2)224+2 (2>324+
3 3 3

3
— 24+ 32(3) =[120 ft].
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8.4 Spring 2016 Final Exam

1. (2.10) Evaluate each of the following six integrals:

a) /(i—l—él) dx d) /I21_4da:
b) /x—1|—4dx €) ./a;21+4dw

C)/xiéld% f)/in—Zldx

2. a) (2.6) Evaluate one of the following two integrals. If it is not clear from
your work which integral you are trying, please circle the integral you
want graded (I will only grade work from one of the two integrals):

/ S sin 2z dx / arctan x dx

b) (2.5) Evaluate one of the following two integrals. If it is not clear from
your work which integral you are trying, please circle the integral you
want graded (I will only grade work from one of the two integrals):

/46x/5d 3$_2d
—dx ———dx
1z 1 Var+1

¢) (4.3) Determine, with justification, whether or not one of the following
two improper integral converges or diverges.

© © r+sinx
/ ze Tdx / 73dx
1 3 T

3. Let R be the region in the zy—plane which lies above the z-axis, to the right
of the curve y = 23, and to the left of the vertical line z = 3.

a) (4.1) Write an expression involving one or more integrals (with respect
to the variable z) which gives the area of R.

b) (4.1) Write an expression involving one or more integrals (with respect
to the variable y) which gives the area of R.

c) (4.4) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the perimeter of R.

d) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the z—axis.
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e) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the line z = —1.

4. (7.4) Choose three of the following four series, and for the series you choose,
determine with justification whether each of the following series converge
absolutely, converge conditionally, or diverge.

> (n!)? > 2n?+3
D 2 35167 ) 2 ot dn 11
00 17n 1 00 (__1)n
b — d
);<33n+2”\/ﬁ> )nz:;n5+7n2
er’ —1— 2P
5. a) (8.2) Compute hi% Twithout using L'Hopital’s Rule.

1/2
b) (8.2) Estimate / In(1+2?) dz by replacing the integrand with its fourth
0
Taylor polynomial.

1
c) (8.2) Estimate arctan 1 using the fourth Taylor polynomial of an appro-
priately chosen function.

d) (8.1) Let f(x) = z cos(22?). Find the Taylor series of f.
e) (8.2) Use your answer to part (d) to find f(1°(0), where f is as in part
(d).

6. Compute the sum of each series:

00 n 00 . an—3 00
a) (62)3 3 (i) b) (62) )" 112235+ 0) 82) X znln.
n=1 n=0 n=0 ’

173



8.4. Spring 2016 Final Exam

Solutions
1L a) /(1+4) dr =[x 1 421 C}
b) / S do=[n@+4)+C}

=

_4dx: In(zx —4)+C|

d) First use partial fractions on the integrand. The integral works out to be

1 1
e) “Justdoit”: / —5— dx =| 5 arctan Tiel
T

f)

1 A VA 1

+4 2 2

d 1
Use the u-substitution v = x2 + 4. Then a_ 22 80 du = 2z dx so —du = x dx

so after substitution, you get

1
/x2+4da:—/—du— Inu+C = 5111(:02—1—4)—1—0.

For the first integral, use parts with u = x; dv = 8sin 2z dz. Then du = 1dx =
dr and v = [ dv = —4 cos 2z. Thus the integral becomes

/8xsin2xd:c:/udv:uv— /Udu:—4:c005293— /—40082xd:p

:‘—4xcost+2sin2x+C.

For the second integral, use parts with © = arctanz and dv = dz. Then du =

and v = x so by the parts formula, we have

/arctanxdx:/udv:uv—/vdu:xarctanx—/de.
1+ 22

To do the remaining integral, use a u-substitution u = 1+ 22, so that du = 2z dz

1+ 22

1
and §du = z dx. Then we have

T 1
/1—1—552 /—du—flnu+C—§ln(1+m)+C

so the entire integral is

1
/arctanxd:r =|zarctanx — 3 In(1+22)+C|
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du 1
b) For the first int 1, the u-substituti = . Then — = — 2du =
) For the first integral, use the u-substitution u = \/z en 2\/550 u
1
de.Whenle,u:\ﬁ:1andwhen:1::4,u:ﬂzQsotheintegral
x
becomes

4 V7

2
Tda: :/ 2e du = 2|2 = 2¢? — 2¢e! :.
IRIRVA 1

For the second integral, use the u-substitution v = z + 1. Then du = dx and
r=u—1s0x—-—2=u—-3. Whenz =1, u=1+1 = 2 and when z = 3,
u = 3 + 1 = 4 so the integral becomes

4

(u1/2 - 3u_1/2> du

4
W2 6u1/2}
2

3 x—2 dyu—3
/7(1%: du =
1 Vo+1 2 Vu

/2
:

(8) - 6(2) — 2(23/2) +6v2

20 14
+ ?ﬂ'

3

c) For the first integral, use parts with u = z, dv = e *dx. Then du = dx and
v=—e *drso

o) b
/ ze Fdr = lim ze Tdx
1 b—oo J1

b
= lim | —ze —/ —e Ydx
b—oo 1

b

lim [—ze™® —e "]

- b—oo

= lim {—be_b —e b1t - 6_1}
b—o00
-b—-1
=2¢7 ! + lim — = 2~ + >
b—o0 e o
L 2¢7 1 + lim _—b
b—oo €

=2 1 4+0=2""

Therefore the integral to 2e L.

T +sinx r+1 1 1
For the second integral, note that sinz < 1 so + < Tl

e . o
>~ /1 1 L

We know / (2 + 3> dx converges (it is the sum of two convergent p-
3 T x

integrals), so by the Comparison Test, the original integral as well.

3. Ris a triangular-shaped region with corner points (0, 0), (3,0) and (3, 27). The curve
defining the left-side of the triangle can be thought of as y = 2% or z = /.
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3
a) A= / 3 dz|.
0

b) A= /027(3w) dy |

c) The perimeter of the “triangle” is the length of the bottom line segment (which
is 3) plus the length of the right-hand vertical line segment (which is 27) plus
the length of the curve y = 23 from = 0 to z = 3. This length is s =

3 3
14+ [f(2)]2d :/ 14 (322)2dz. So th imeter of R i
/0 [f(x)]? d A m x. So the perimeter of R is

3 3
3+27+/ V14 3x22d33:30+/ V14 9ztdx|
0 (32%) 0

d) If integrating with respect to x, use the disc method (cross-sections are circles

3
with radius #%). So the volume is V = / m(z*)? da |
0

If integrating with respect to y, use the shell method (r =y —0 =yand h =

27
3 — /y) to obtain V' = / 21y(3 — y) dy |
0

e) If integrating with respect to z, use the shell method (cross-sections are cylin-

3
derswithr =2 — (-1)=z+1land h = 23) to get V = / on(x + 1)z dx |
0

If integrating with respect to y, use the washer method (with R =3 — (—1) =4
and r = ¢y — (1) = ¥y + 1) to obtain

V= /027 [71’(4)2 —m(y+ 1)2} dy |

a) Use the Ratio Test:

((n+1)h?
— L 1] ‘ 2316n+1 - (n+ 1)1 _ 2016™
p= nl—{go ’an‘ - n—o00 ‘ (n!)2 - nl)nolo 2016n+1 (n')Q
2016™
. (n+1)?
= lim = o0.
oo 2016
Since p > 1, the series by the Ratio Test.
17 17\ 1 1/2
b) Z 3 Z (27) is a convergent geometric series; Z Sn = 113{/2 is

a convergent p-series. Therefore the entire series converges (since converges +

converges = converges), and‘ converges absolutely ‘ since it is a positive series.
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) 2n% +3 2 . th
C) nh_)ngo lan| = h_ﬂ>O T2+ dntl — 10 # 0 so the serlesby the N*"-

term test.
1

. 1 .
d) Consider Z lan| = Z T Since 0 < m <5 and Z — is a con-
vergent p-series, we know } |a,| converges by the Comparison Test Therefore
> an ‘ converges absolutely ‘ by definition.

a) Write a power series for the numerator:

5)2 513
z—0 xlo 790%0 1,10
10 15
:lim%—i_%—i_
x—0 1‘10
= li 1 +£L'5+
_aclg%) 3!
1 1
5 T0+0+
x2 {I,'3 x4
b) We know In(1 +z) =z — 5t 37 + ... so by replacing = with 22, we get
4 6 8 A
In(1 2:2_£ 2_2 Th P _2_2177

3
(1723 (1/2)5 | 37

3 10 960 |
3 5 7 3
Q) arctanx:x—%+%—%+ soP4()_xf%so

1) 1 (1/4)® |47

1
arctan e Py (4 1 5 Toz |

o0/ 1\n.2n
d) cosz = Z ((12); ; replace x with 222 and then multiply in front by z to get
=0 n).

oo 2.%‘ ) o0 n4n An+1

f(z) = z cos(2z?) Z—: Z

e) The coefficient on the 1% term in the answer to part (d) occurs when 4n + 1 =
101, i.e. when n = 25. This coefficient is
(_1)25425 _425
(2-25)0 500
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(101) ()
But by uniqueness of power series, this coefficient must be equal to ! 10 15 )

4

f(lOl)(O) —425
= and by multiplying through by 101!, we can conclude that

o~ 50!
(101) —4%
0) =|101!-
F(0) 501
L2\ &, 2\ 2 & 2\ 2 1 6
6. 3(z) =) 3(= =3z ) =3 ==
a)z,:l (7) ;) (7> 72(7> 7 1-2 |5
n= n=0 7
)i 2373 _§2-3”-3*3_§: 2 (3)”_ 2 I
11-2205FL £~ 1147575 A=33.55\20)  27-55 1- 2
i
5049 |
=1 > 1/2 12
) D G =2 =[]
n=0 n=0
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8.5 Fall 2014 Final Exam

1. (2.1, 2.2) Evaluate each of the following integrals:

1 1 1

1 1 1

- - f / _

b) [do d) [ d ) [ e
2. a) (2.8) Find the partial fraction decomposition of one of the following two
expressions.

16 — 122 — 2? x4+ 2 —1
% — 222 — 8z x? + a3

b) (2.6) Evaluate one of the following two integrals.

/\/E Inzdx /12m2 cos 2x dx
¢) (2.5) Evaluate one of the following two integrals.
/ tan® z dx / sin’ z dx

3. Let R be the region in the zy—plane which lies below the graph of y = €%, to
the right of the y-axis, above the z-axis and to the left of the line z = 8.

a) (4.1) Write an expression involving one or more integrals with respect to
x which gives the area of R.

b) (4.1) Write an expression involving one or more integrals with respect to
y which gives the area of R.

c) (4.3) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the length of the curve which
makes up the top of R.

d) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the line y = 0.

e) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the line z = —2.

4. (7.4) Choose three of the following four series, and for the series you choose,
determine with justification whether each of the following series converges
absolutely, converges conditionally, or diverges.
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oo 72n o0 4 3
) 2 5 9% ()

> 4n > Inn
b2 s D2

5. a) (8.2) Estimate the following integral by replacing the integrand with its
tenth Taylor polynomial:
12 1
/0 1— a4 de

b) (8.2) Estimate In2 by computing the fourth Taylor polynomial for an
appropriately chosen function.

6. Find the sum of each of these series (they all converge):
1 1 1 1
a) (6.2)Z+7+—+f+...

8 16 32
71.2 4 776 7]_8
b) (8'2)1_2!+Z_ﬁ+§_'"
o0 5_32n

0 (62) ) T
n=0
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Solutions

1
1. a) / - dz =|In|z| 4+ C | (no penalty for a missing absolute value sign)

2.

1 —1
b) /—de: —ic
X X

c)/

1

1 dr =|In|x + 1| 4+ C | (no penalty for a missing absolute value sign)
T

1
4) [ do =[arctanz +C]

1
_ dr=
e)/($+1)2 r=lr e

f) Perform partial fractions: write

a)

-1

2-1 -1 xz+1

; finding common de-

nominators and clearing denominators we get 1 = A(z + 1) + B(z — 1); sub-
stituting in z = 1 gives 24 = lie. A = 3 and substituting in x = —1 gives

-1
—2B=1,ie. B = - Therefore

1 12 =12y, [T 1
/xz—ldx_/(:z:—kl-}_:n—l)dx_ 2111(30—}—1) 21H(SU 1)+C

(there is no penalty for missing absolute value signs).

i. First, factor the denominator to get

16— 120 —2* 16— 120 —2? 16 — 120 — 2?

1:3—21:2—8x:$(x2—2x—8) oz —4)(z+2)

Now the guessed form of the decomposition is

A+ B n C
T r—4 x+2

and after finding common denominators and clearing the denominators,
we get

16 — 122 — 22 = A(z — 4)(z + 2) + Bx(z + 2) + Cz(x — 4)
Now plug in values of x:
x=0:16=A(-4)2) = A=-2
x=4:16—48 — 16 = B(4)(6) = B = —2
z=-2:16+24—4=C(-2)(—6)=C =3

Therefore the partial fraction decomposition is

16 — 122 — 22 —2 -2 3

.- 0/ + i
3 — 222 — 8z 1‘+$—4 x4+ 2
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b)

ii. First, factor the denominator to get

ii.

322+ —1 _3x2—|—x—1
2423 22(x+1)

Now the guessed form of the decomposition is
A B C
z 2?2 z+1

and after finding common denominators and clearing the denominators,
we get

322+ —1=A(z)(x+1)+ Bz + 1) + Cx?
Now plug in values of z:
r=0:—1=18B
r=—-13-1-1=C=1=C
x=13+1-1=24+42B+C=3=24+2(-1)+1=A=2

Therefore the partial fraction decomposition is

30 +x—1 2 -1 1
22+x3 oz a2 x+1

1
Use integration by parts: set v = Inx so that du = —, and let dv = /z dx
x

2
so thatv = / dv = / Vadr = ga:g/ 2. Therefore by the parts formula,
/\/Eln:cdx:/udv:uv—/vdu
2 30 /2 3721
= 232 — [ Zp322
g% Inz 37 xdiL‘

= g:US/Zlmx /2x1/2dx
3 3

2 4
= §x3/2lnx—§x3/2+0.

Use integration by parts twice: first, set u = z? so that du = 2z dx and
set dv = 12cos2x dx so that v = [dv = 6sin2x. Therefore by the parts
formula,

/12:);’2cos2xd:n:/udv:uv—/vdu:zesin2x—/12xsin2xdx.

Now for the remaining integral, use parts again: set v = x so that du = dx
and set dv = 12sin2xdx so that v = —6cos2z. Therefore by the parts
formula,

/12:Usin2:vd:v:/udv:uv—/vdu:—63:c052:v—/—6(3032xdx

= —6x cos2x + 3sin 2z
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so putting all this together,

/ 1222 cos 2z dx = 622 sin 2z — / 12z sin 2x dx

= 62° sin 22 — [—6x cos 2z 4 3sin 2z] + C

:’6x251n2$+6x0052:1:—SSin2x+C".

¢) i Rewrite using a trig identity:

/tan2md:p = /(sech— 1)dx :’tan:ﬁ—x—i—C‘.
ii. Rewrite using a trig identity:

1 — cos2x 1 1

. 2

fr — — - 2
/Sln xdx / 5 dz /(2 2COS a:) dx

1 1
= ix—zsin%v—i-C.

a) Integrate from the left to the right, where the integrand is the top-most function
minus the bottom-most function (the bottom function in this case is y = 0):

8
A= / e’ dx
0

b) Solve y = e” for x to get z = Iny. Then integrate from the bottom to the top,
where the integrand is the right-most function minus the left-most function
(you need two integrals because the left-most function is = 0 from y = 0 to
y = 1 and the left-most functionis z = Iny from y = 1 to y = 8):

1 €8
A= / 8dy+/ (8 —Iny)dy
0 1

c) By the arc length formula, the length is

b 2 8
s:/\/l—l—(dy) dx:/ V1+e2rdx|
a 0

dx

d) Note thaty = 0is the z-axis. Using x as the variable, the direction of integration
is parallel to the axis of revolution so you get washers (actually disks because
there is no hole):

8 8
V= / TR dx = / m(e®)? da |
0 0

(When y is the variable, you need shells (and two integrals)):

1 -e8
V= / 2my8dy + / 2ry(8 — Iny) dy |
0 1
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e) Using x as the variable, the direction of integration is perpendicular to the axis
of revolution so you get shells:

8 8
V= / 2nrhdr = / 2n(x + 2)e” dx |,
0 0

(When y is the variable, use washers (and two integrals)):

1 ed
V= / 7r[(8+2)2—(0—|—2)2]dy+/ 78 +2)2 — (Iny +2)Y dy |
0 1

a) This series is geometric:

o TP N (49"
> = 2 (=)

n=0 n=0

Since the common ratio is at least 1, the series by the Geometric

Series Test.

4 3
b) Z - diverges (it is harmonic) and Z 3 converges (p-series, p = 2 > 1) so the

whole series | diverges | (since diverges & converges = diverges).

4n dn 4 4
c) Note 0 < < — = —. Since — converges (p-series, p = 2 > 1), the
) =312 - 3 2 an ges (» p )
given series converges by the Comparison Test. Since the series is positive, it

‘ converges absolutely ‘

d) Use the Ratio Test:

In(n+1)
- anga] : (nt1)! . In(n+1) nl
p= lim =1l : = ok L e
n=0 |ap| n—oo I n—oo (n+1)! Inn

In(n+1) 00
im ———— = —
n—oo (n+1)lnn oo
1

lim ntl :
n—=oolnn + (n+1)-

1

) 0
im ntl T = =0

Since p < 1, the series | converges absolutely ‘ by the Ratio Test.

a) We know that
=l+z+a+2°+..

1—2
Replacing z with z*#, we get the Taylor series of the integrand:

1
1 — x4

:1—i—x4—|—x8—|—m12—|—...
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So the tenth Taylor polynomial is Pyg(z) = 1 + 2% + 2% Now

12 q 1/2 L s 5 49712
/0 1_$4d1:~/0 (1+:c +1:)dx: x+g+§
_|1, /2 /27
2t s o
.
b) We know In(z + 1) :x—?+§—z+...so the fourth Taylor polynomial of
In(x +1)is
R
P4($)—x—?+§—z
Now to estimate In 2, let x = 1:
1 1 7

In2=In(l+1)~ P4

a) This series is geometric:

LN S S 1§:<1>”1 L1, [t
48 16 32 74 2) 4 1-3 4 7 2]

6.

b) The Taylor series of cosxis 1 — % + 47 — &
7'('2 7T4 71'6 7'('8
1—54‘5—54‘5— :COSTF—.
c) This series is geometric:
SRR Y L N Tk
<2-11742 © 2.11 = \11) 22 1-9/11 22 2 |4]
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1. (2.6) Evaluate one of the following two integrals.
/ rsec® v dr / 122263 dx
2. (2.8) Evaluate one of the following two integrals.
24 —30
d / d
/x2—16 v 2zt 2)x—3) "

3. Determine, with justification, whether or not the following two improper in-
tegrals converge or diverge:

a) (3.2) /24 (2_3:1;)2 dz b) (3.4) /Ooo re % dx

4. Let R be the region in the zy—plane which lies above the graph of y = 1z, to
the right of the y—axis, and below the graph of y = /= + 4.

Note: The x—coordinate of one corner point of this region is 16.
a) (4.1) Write an expression involving one or more integrals (with respect
to the variable x) which gives the area of R.

b) (4.1) Write an expression involving one or more integrals (with respect
to the variable y) which gives the area of R.

c) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the z—axis.

d) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the y—axis.

5. Let X be a random variable taking values in [0, 1] whose density function is
f(z) = ca®(1 — ).
a) (4.8) Find c.

1
b) (4.8) Find the probability that X < 7
¢) (4.8) Find the expected value of X.
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6. (7.4) Choose three of the following four series, and for the series you choose,
determine with justification whether each of the following series converge
absolutely, converge conditionally, or diverge.

i (—=1)"(n!)? i n

n=0 4(271)‘ n=1 n+ 3\/ﬁ
S (s S
—\4 ndyn =mdS 4 Tn? 42

7. (7.4) For each series, determine whether or not the series converges or di-
verges, along with a “quick” reason:

1 _ 1\n+1
)Y oy
3
b2 i om f)ZZ:
3

927 h) Y(~1)"

8. a) (8.2) Estimate the following integral by replacing the integrand with its
eighth Taylor polynomial:

1/2
/ r? arctan(z?) dx
0

b) (8.2) Estimate sin; by computing the fourth Taylor polynomial for an
appropriately chosen function.

9. (6.2) Find the sum of each of these series:
00 2. 5”-3 104 4>n

) 24@)” b 2 g ) 7;0(7
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Solutions

1. a) i. Use parts with u = z and dv = sec’xdx so that du = dr and v =

/ sec? z dz = tan z. Therefore by the parts formula,

/msecQIda::/udv:uv—/vdu:xtanx—/tanxd:z.

To integrate tan x, rewrite it using a trig identity and then use the u-substitution
u = cosx, du = —sinx dx:

i 1
/tanxdq::/Sm:pdx:/——du:—lnu:—1n(cos:c)+C’
U

COsS ™

Putting all this together,

/xsechdx:xtanx—/tanxdm:‘xtanx—kln(cosx)—kC‘.

ii. Use integration by parts twice. For the first step, set u = 2% and dv =
12e3% dx so that du = 2z dz and v = /dv = /126396 dx = 4¢**. Now by

the parts formula,
/12:626395 dr = /udv =uv — /vdu = 45°%e3% — /&msz dx.

Now in the remaining integral, use parts again with u = x and dv = 8¢3*
so that du = dzx and v = 563”3. By the parts formula,
8 8 8 8
/8:}06393 de = /udv = /vdu = —ze3® — | T dr = —xe3® — e
3 3 3 9
so putting all this together we have

/121‘2631 dx = 4x%e3* — /856631 dx

— 4.’132633: o l:ixelh _ §e3x:| —|—C

8 8
=|4z2%e3* — §$631’ + 563:5 +C|.

b) i Use partial fractions: first, factor the denominator as (x — 4)(x + 4) so that
the guessed form of the decomposition is

“__ A B
2-16 x—4 xz+4

finding common denominator and clearing denominators, we obtain

24 = A(z + 4) + B(z — 4).
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ii.

ii.

Now plug in values of z:

r=—-4=-24=-8B=DB=3
r=4=-24=8A=A=-3

Therefore

24 -3 3

Use partial fractions: the guessed form of the decomposition is

-30 A B C

z(z+2)(z—-3) = +x+2+x—3;

finding common denominator and clearing denominators, we obtain
—30 = A(z + 2)(z — 3) + Bx(x — 3) + Ca(x + 2).
Now plug in values of z:

z=0=-30=-6A=A=5
r=-2=-30=10B= B =-3
r=3=-30=15C=C=-2

Therefore

/a:(x —|—_2§)é)x —3) do = / <J5€ * 1»‘_4-32 - x_—23) e

:\51nx—31n(x+2)—21n(x—3)+0\.

This integral is vertically unbounded at x = 2. So it is rewritten as

4 3 4 3 3 14
/2 222 T 00 ), @22 T A [Q—x]b

_ [33]
Tl 24 2-%
-3 3

— — — = 0.

2 0

Therefore this integral .

For this integral, use parts with v = x and dv = e~* dx. Therefore du = dx

andv = / e "dx = —e " so by the parts formula (together with rewriting
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the improper integral as a limit),

b

[oe)
/ ze Tdr = lim ze Tdx
0

b—o00 JQ

b

= lim u dv
b—o0 JQ

= lim
b—o00

[l

Therefore the integral | converges to 1 |.

<[uv]8 - /Obvdu>

2. First, quickly sketching the given graphs gives the following picture of R:

8L

. I .
10

. I .
15

1
Plug in x = 16 to either y = Jrory = vz +4 to find the corresponding y-coordinate

of the upper-right corner, which is

y = 8.

a) Integrate from the left to the right, where the integrand is the top function

minus the bottom function:

A=

AIG(

1

) dx
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b)

d)

b)

<)

First, solve the equations for z in terms of y to get * = 2y and z = (y — 4)%
Now integrate from the bottom to the top, where the integrand is the right-
most function minus the left-most function (you need two integrals because
the left-most function changes at y = 4):

A= /04(21/—0)dy+/48(2y—(y—4)2)dy

Using z as the variable, we see that the direction of integration (left to right) is
parallel to the axis of revolution, so use washers:

)*] dz

16 16
V= /O [TR? — nr?| dax = /O [r(Vz + 4)? — w(%az

(Using y as the variable, you use shells (and need two integrals).)

8 4 8
V= / 2rrhdy = / 2y(2y — 0) dy + / 2my(2y — (y — 4)?) dy
0 0 4

Using z as the variable, we see that the direction of integration (left to right) is
perpendicular to the axis of revolution, so use shells:

16 16 1
V= 2nrhdx = / 2rx(vVr +4 — 51’) dx
0 0

(Using y as the variable, you use washers (and need two integrals).)

V= /08[7rR2_7Tr2] dy = /04 {W(Zy)2 _ Woz} dy + AS {W(zyy — oy - 4)2)2] dy

The density function must integrate to 1:

1 1 3 471
1:/ C$2(1—x)d;]j:/(cx2_cx3)d:r: %_g
0 0 3 4
¢
3

Therefore ¢ = .
1 1/4 1/4 1/4
p (X < 4) = / 122%(1 — z) dz = / (122? - 12¢%) do = [4a® — 3x4]0/ =
0 0

4 3 9
3 — 4 = — - — =| —
LA =304 =51 = 556 = | 256

b 1 1 12 1
EX:/ zf(x) da;:/ x12w2(1—x)dx:/ (122°—122%) dx = [3374—5365] =
a 0 0 0
_L2_ 3
5 5]
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4.

a) Use the Ratio Test:

(el 0

e lang] A2(n+1))!
p= lan| oo ‘<—1)n(n!)2
4(2n)!
((n—l—l)!))2
. (2n+2)!
- nh—>oo (nh)2
(2n)!
. (n+DY(n+1) (2n)!
=1 :
ntoo (2n + 2)! n!in!

(n+1)(n+1)
nthoo (20 +2)(2n + 1)
(n+1)(n+1)

= li
nsoo (2(n+1)(2n + 1)
n+1 00
= lim — = —
W (22n+ 1) | oo
1 1

[l

Since p < 1, the series | converges absolutely ‘ by the Ratio Test.

11\"
b) The first part of the series can be rewritten using exponent rules as Z (16) ;

this is a geometric series with r = 6 € (—1,1) so it converges absolutely by
the Geometric Series Test.

. . 5 - . .
The second part of the series can be rewritten as Z Y this is a p-series with
n

7
p=5> 1 so it converges absolutely.

Since the difference of two absolutely convergent series is absolutely conver-

gent, the entire series ‘ absolutely converges ‘

c) Use the N*'-term test:

lim Jay|= li _XLy 1 1
Ng)nooaN_NgnooN-}-S\/N_OO_Ngnool—kﬁ_l—‘ro_

Since this limit is not zero, the series by the N'" term test.

2 2
n n 1 1
d) Notice 0 < ————— < — = —. Since — converges (it is a p-series
) T nP+T24+2 " nd nd Zn?’ ges ( P
with p = 3 > 1), so does the given series by the Comparison Test. Since the

given series is positive, it must ‘ converge absolutely ‘

a) Z % (harmonic)
b) Z 1 f9n (harmonic)
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C)Z (pser1esp—4>1)
d) Z 7 (p-series,p = % <1)

n+1

e) Z (Alternating Series Test)
. th
f) Z 1 (" term Test)

g) Z (geometnc r=1)
h) Z - (geometric, r = —1)

3 5
. X X .
a) First, the Taylor series of arctanz is  — 3 + i Substitute x> for x to
obtain
5 s 2% b
arctanz”® = 2° — — + — — ...
3 5

and multiply through to get the Taylor series of the integrand:
.2l 17

r?arctan2® = 2% — “— + r_
3 5

So the eighth Taylor polynomial of the integrand is Ps(z) = z°. Therefore

1/2 1/2 6 1/2 1/2 6 1
/ x? arctan(z®) dz %/ 22 dr = [m] — /2P .
0
0

0 6 6 384 [
3 935
b) The Taylor series of sin z is z — a7 —|— — — ... so the fourth Taylor polynomial of
3
1
sinxis Py(z) = x — % =z — gaz Therefore
1 1, 1 1/1\* 1 1 53
wlandysl LAyoL o [E]
3 3 3 61\3 3 162 162

a) This series is geometric:

2a(5) ()L 6) -5

n= n=

o] co
Wl ot
w| oo
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b) This series is geometric:

> 2.5 2:-53 L 5
2 11-32n7ntl 117 £ 9n7n

n=0

\V)

[e.e] 5 n
T 11758 Z (63)
n=0

1

5 1—5/63
63

11-7-5% 58

9

11-5%.29

11-

ENEIN RPN I CREEN |

c) This series is a finite geometric series, so by the finite sum formula for geomet-

ric series we have
%(4)71_ 1_(4/7)105
7) | 1-4/)71 |

n=0
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1. a) (2.6) Evaluate one of the following two integrals.
/ 22° cos x dw /xe“” dx

b) (2.8) Evaluate one of the following two integrals.

2 1 -
/x 3x + I /5x gdx

v+ 2 —1
¢) (2.5) Evaluate one of the following two integrals.

622

— X

2. Let R be the region in the xy—plane which lies above the parabola y = x?, to
the right of the line z = 1, and below the line y = 16.

a) (4.1) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the area of R.

b) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the z—axis.

c) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the y—axis.

3. Let X be a random variable taking values in [0, 4] whose density function is

3
= 357
a) (4.8) Find the probability that X < 2.
b) (4.8) Find the probability that X = 3.
¢) (4.8) Find the expected value of X.

() (4 — ).

4. (7.4) For each series, determine with justification whether it converges abso-
lutely, converges conditionally, or diverges.

ni (?2;)? i n i 2 i (:;; a jﬁ)

n=0 n=1
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5. a) (8.2) Estimate the following integral by replacing the integrand with its
eighth Taylor polynomial:

1
/ 2% sin(z?) do
0

b) (8.2) Estimate In g) by computing the third Taylor polynomial for an
appropriately chosen function.

c) (8.2) Let f be an infinitely differentiable function such that f(0) = 0; f(0) =
1; £(0) = 2; £(0) = 3; f#(0) = 4; etc. (i.e. in general, f(0) = n). Find
the exact value of f(2).

d) (6.3) A ball is dropped from a height of 8 meters. Each time the ball
bounces, it rebounds to 1/4 of its previous height. Find the total distance
travelled by the ball before it comes to rest.

6. Find the sum of each of these series:

11 1
21224 — — 4

a) (62) T3 108
4 8 16 32
b) (82)1 24— — > 42224

2030 40 5l

0 (62) g‘; (i)n
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Hints and some solutions

Solutions to all problems on this exam have not been typed yet. Here are some solutions,
and hints to the other problems:

1. a) For the first integral, use integration by parts twice. For the second integral,
use parts once.

b) Both integrals use partial fractions.
c) For the first integral, use the u-sub u = 2 4 x. For the second integral, use the

u-subu =1 — z.

2. a) If using z as the variable of integration, integrate from the left to the right,
where the integrand is the top function minus the bottom function:

4
A= / (16 — 2?) dx
1

If using y, integrate from the bottom to the top, where the integrand is the
right-most function minus the left-most function:

a=| [Mwi-nay

b)

V= /14 [7(162) - 7(2?)?] da _/116 2my(vy — 1) dy

V= /14 2r2(16 — 22) dx | = /116 {77(\/@)2 - 77(1)2] dy

3. a) P(X§2):/2f(a:)dx:/02§)2x(4—x)dx: /02 (333—3332) dx |

0
b) P(X =3) = [ f(z)da [0]

3
c) EX:/abxf(:L‘)dx:/;ngC(llSC)d:B: ./04 <3x231:3) dz|.

4. a) ’ converges absolutely ‘ (use Ratio Test)

b) (converges minus diverges = diverges)
C) (use N term test)
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5.

3 5
a) The Taylor series of sinx is x — 37 + T Substitute 22 for x to get sin 2? =
, ab 210 ' ' ) '
T + R then multiply by z~ to get
8 12
2502 4 T T
r'sinz” =x 30 + 5l

4

So the eighth Taylor polynomial of the integrand is Ps(x) = 2™ — éxs. Therefore

! L 1 501 10 11
/0 xzsin(aﬂ)da:%/o (934—6558)013;: [3;_54;59]0: T

2 3
b) Use the function f(z) = In(x + 1). The Taylor series of f is x — % + % —...S0
2 3
the third Taylor polynomial is P3(z) = = — % + % So
7 1 1 1 (1/6)2 (1/6)3
Int=f-)~Py(=)=|>— .
ng=fE B =55t 3

) Write the Taylor series of f, using the given information that f(™)(0) = n (drop
the n = 0 term because it doesn’t contribute to the sum since it is zero)

[e%e] (n)o . [e%] . [e’] 1 .
=3 TPan = 32 e = 52

Now rewrite the series so that its initial term is n = 0:

O pntl X pn
fla)y=>" - :xzﬁzxex.
n=0 n=0

Therefore f(2) = .

d) The total distance travelled by the ball is

11 1 1 1
842424 S F 5 Fgtg =8 +dtl4 4.

1+1+(1)2+
oo 1 n
n=0

—8+4-

=8+4

=
4 40
=8+4--=|—|
* 3 3

Note that every term other than the 8 appears twice because the ball bounces
up, then down each time it bounces.
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6.

a) This series is geometric:

224ty —12200 (_l)n—m !
3 18 108 7 T4~ \6,/) T 1-(-1/6)
n=0
b) Use the Taylor series for the exponential function:
4 8 16 32 Zoo —2)"

c) Use the finite sum formula for geometric series:

104 4 n_ 1_(4/7)105
Z(?) o1 —4/7 |

n=0

12-§:
7
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1. For each part of this problem, you are given two integrals. For each part,
choose one of the two integrals and evaluate it :

a) (2.3)
/tan rdx /tan2 rdx
b) (2.8) . op 3
/x2+3x+2dx /(x—|—1)2dw
c) (2.6)

/Bx cos 2x dx /$2<£L’ — 1) dx

2. a) (3.3) Determine whether the following improper integral converges or
diverges:
©  3x
—d
A 7

b) (3.2) Determine whether the following improper integral converges or

diverges:
]
/ 2
1 Zz

3. Let R be the region in the zy—plane lying below the graph of y = /z, above
the x—axis and to the left of the line z = 4.
a) (4.1) Find the area of R.

b) (4.2) Write an integral (or integrals) in whatever variable you like that
gives the volume of the solid obtained by revolving R around the line
y=—1.

c) (4.2) Write an integral (or integrals) in whatever variable you like that
gives the volume of the solid obtained by revolving R around the y—axis.

4. a) (4.4) Write an integral which gives the arc length of the curve y = sinz
from z = 0 to = = 2.

b) (4.8) Suppose X is a random variable taking values between 0 and 4

whose density function is f(z) = g% Find the expected value of X.

5. Find the sum of each of these series. Please simplify your answer:
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o] 32n+1 )n 2n+1

2) 623 (_51)” b) 623 = 5 82)2 il

6. (7.4) Choose two of the following three series. For the two series you choose,
determine (with justification) whether each of the following series converges
absolutely, converges conditionally, or diverges:

i2+sinn i n+1 i )”H
n=3 3n2 n=0 n=1
7. Consider the power series f(z) = ) e—'a:”.
= n!

a) (8.3) Find the set of « for which the power series converges.
b) (8.2) Let g(x) = 2 f(22?). Write the power series for g in ¥ —notation.
c) (8.2) Find ¢®"9(0), the 2013" derivative of g at zero.

8. a) (8.2) Approximate /e (the fourth root of ¢) by computing the second
Taylor polynomial for an appropriately chosen function.

1
b) (8.2) Approximate the integral / In(z°+1) dz by replacing the integrand
0
with its sixth Taylor polynomial.
¢) (8.2) Evaluate the following limit without using L'Hopital’s Rule:

arctanx — x
lim ———
z—0 2{[3

d) (6.3) Write the repeating decimal .02525252525... as a fraction in lowest
terms. Hint: write the fraction as a geometric series.
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Solutions

1.

. - . sin x
a) i. Startby rewriting the integral as / —— dx. Then use the u-sub u = cos z,
cos T

1
du = —sinxzdzr so —du = sinx dx to obtain /—fdu = —Inu+C =
u

‘—lncosaz+C".
ii. Start by rewriting the integral as [ (sec? z — 1) dz. This can be done directly
to obtain‘tanx —x+C ‘

b) i Rewrite the integrand using partial fractions. The denominator factors as

A B z—1
1 2 h =
(x+1)(x+2)sowe avex+1+x+2 2310

denominator and then clearing denominators, we obtain A(x +2) + B(x +
1)=2—1. Pluginz = —2toget —B = —3,i.e. B=3. Pluginz = —1 to
get A = —2. Thus the integral is

r—1 -2 3
[ [(2e )
2243z +2 z+1 x42

=|—2In(z+1)+3In(z +2)+C|

. Finding a common

ii. This integral can be done with either partial fractions or a u-substitution.
For the partial fractions method, the appropriate guessed form of the de-

composition is after finding common denominators and

+ ;
r+1 (z+41)2
then clearing denominators, we obtain A(x +1) + B = 2z — 3. Thus A = 2
and B = —5. Therefore the integral is

/mdwz/(xiﬁ (:cfl)?) e

=2In(z+1)+5(z+1)"+C|

For the u-substitution method, let v = z+1 so du = dx. Therefore z = u—1
so the integral becomes

/'W’du:/2“_5du:/(2_5u—2) du
u2 u2 U

=2lnu+5u"t+C
=2In(z+1)+5(x+1)"1 +C.

c) i Use parts with u = 3z and dv = cos 2z dx. Therefore du = 3dr and v =
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1
/ dv = / cos2x dx = 3 sin 2x. Therefore by the parts formula, we have

/31‘6082xdm:/udv:uv—/vdu

1 1
:3x-§sin2x—/3-§sin2xdaz
3 3
:E:csin2:c—§/sin2xda:

3 3 -1
= §xsin2x—§-7c082x+0

3 3
= 5xsin2x+100s2x+6‘.

ii. This integral is best handled with the u-substitution v = = — 1. Therefore
x = u+ 1 and du = dx so the integral becomes

/(u +1)%2%3 du = /(u2 +2u + 1)u?? du

— / (u8/3 + 20°/3 —l—u2/3) du

3 13, 3 83, 3 573
TR G el

(This can also be done by using integration by parts twice (starting with

u = 22 and dv = (x — 1)?/3) but I won't give that solution here.)

3T 3z
<

5 Since / w3 dx converges (it is a p-integral
— = —=. — dx conv -
xd 3 4 a3 & P &

2. a) Notice that0 <

xt + 3

o0 x
thp=s=, [ 2
WP ) 4 Tt 4+7

b) This integral is computed directly:

dx ‘ converges absolutely ‘by the Comparison Test.

xT b—moJ1 T
1
u-subu =Inx,du = — dx
x

Inb
= lim udu

b
Therefore the integral .

3. a) Integrate the function from 0 to 4:

4 2
A:/ Vrdr = Z23/?
0 3

42343/2: 16
o 3 3
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b) Integrating with respect to z, the direction of integration is parallel to the axis
of revolution, so you get washers:

V= /04 [WRQ - m’ﬂ dx = /04 {77(\/54- 1)? - 71(1)2} dzx |.

Integrating with respect to y (solve the equation y = / for y to get = = y?),
the direction of integration is perpendicular to the axis of revolution, so you
get shells. Notice also that the top corner of the region is the point (4,2) so y
goes from 0 to 2:

2
V:/ 2nrhdy = |27(y +1)(2 — v*) dy |.
0

¢) Integrating with respect to x, the direction of integration is perpendicular to
the axis of revolution, so you get shells:

4
V= /0 2nrhdr = | 27 (x)(V/x) dx |

Integrating with respect to y, the direction of integration is parallel to the axis
of revolution, so you get washers:

V= /02 [WRQ - 7T7”2} der = /2 [W(42)2 — W(yz)ﬂ dx |

0

a) Note % = cos z so by the arc length formula,

b 2
s:/\/l—i—(dy) dr =
a dz

b) Applying the formula for expected value:

27
vV1+cos2zdz|
0

34

EX—/b f(x)d —/41d—/412d—”’
= ax xXr)ar = 01‘81‘ x—08x x—24

64 8

024 3

.. . . . -1 . . .
a) This is a geometric series. First, factor out = and rewrite the series so that it
starts at n = 0:

>3 -35G) -F =am T

n=1

b) This is a geometric series:

5 3t _y 3 _Gi(9>”_6. L __6/16_19%
Lol T Laryp a6 74 \16) 7T 1-& 7 7 |49
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oo (_1)nx2n+1

c) Note thatsinz = Z . The given series is the same with 7 plugged

= (2n+1)!
in for z, so
o0 2n+1
(71)717.‘. mn .
S VT G =[0)
— (2n+1)!
2 +si 2+1 1
a) Note that 0 < g;ﬂn < 3:2 =3 The series » -3 converges (p-series,

p = 2 > 1) so by the Comparison Test, the given series ‘ converges absolutely ‘
b) Use the Ratio Test:

’ (n+1)!(n+2)! ‘

o anga] CICESY))
p= nh—%lo ’an’ o nh—>oo ‘n!(n—l—l)! ‘
(2n)!

(n+1)!(n+2)! (2n)!
= lim .
n—oo  (2(n+1))! n!(n+1)!
o (n+2)(n+1) (2n)!
n=oo (20 + 2)! 1
1 (n+2)(n+1)
n—oo (2n +2)(2n + 1)
o n?43n+2 1
= lim ————— = —.
n—oo 4n? 4+ 6n+2 4
(If necessary, use L'Hopital’s Rule twice to get the last step.) Since p < 1, the
series ‘ converges absolutely ‘ by the Ratio Test.

c) * This series is alternating;

. (—1)n+t
* notice that n11_>no10 lan| = nh—>Igo i =0;
1
* note that the terms are decreasing in absolute value: |a,+1| = PNl <
n
1
g Lok
Therefore the series converges by the Alternating Series Test. To determine
. .. . 1
whether the convergence is absolute or conditional, consider Z lan| = Z 1
1 1 1
1 This e . _1. . . ‘ .
1 Z Ve This is a p-series with p 3= 1 which diverges. Therefore the orig

inal series only ’ converges conditionally ‘

a) The series is centered at a = 0. By Abel’s Formula, the radius of convergence is

e (n+1)! )
= lim — - u = lim
n—oo nl entl n—oo e

n+1
= 00.

Since the radius of convergence is infinite, the series converges for all z €

]
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b) Start with the given series, substitute 222 for z and then multiply through by

.%'32
f@) =Y S
n=0
%) =3 S (2at)
n=0
o@) = 2 f2t) = Y (2at)ra
n=0 """

c) By the uniqueness of power series, the coefficient on the 7213 term of the Taylor

g(2013) (O)
series of g(x) is TR This occurs when 2n+3 = 2013, i.e. when 2n = 2010,
’ 100591005
i.e. when n = 1005. So the coefficient on the 2213 term is 05T Therefore
9(2013) () | 100591005 N (2013)(0) [ 2013110052105
2013!  1005! g - 1005!
IEQ IES
a) Let f(z)=e" =1+z+ 5 Tt We are trying to find /e = e!/* = f(1/4).
. 1 1 (1/4)? [41
Th hly P (=) =1+ = =|—
is is roughly 2(4) it 5
2 a8
b) We know In(z + 1) = z — 5 + 3 80 by replacing x with 2 we get

6 9

m@*+1) =2 -2 4+ 2
n(z°+1)==x 2+3

is Ps(z) = 23 — % Therefore

1 1 6 4 1t 5
In(z® + 1) d z/ 3_ Tl gp= | 2| 222
/0 nl ) drs | lx 23 I R VY B R VR T

c) Write the Taylor series of the function you are taking the limit of:

.... Thus the sixth Taylor polynomial of the integrand

arctanx — x . :L“—%B—l—%—x—;%—...—x
im ————— = lim
z—0 2,%3 x—0 21’3
3 5 7
— lim THE -4
x—0 2$3
1 1 n N
= m _— _—— —
50| 610 14
1 —1
=—4+0-0+..=| —
6 6
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d) Following the hint,

.02525252525... = .025 + .00025 + .0000025 + ...
25 25 25

~ 108 T8 o7

_ 2% {1—% 1 + ! + }
103 102 104 7

B[ (LY
- 103 100 100

_ 2 1 _ 2% 10 _2 |5
T 10001 — &5 1000 99 990 | 198]
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8.9 Fall 2011 Final Exam

1. a) (7.3) This semester we saw many different versions of the Triangle In-
equality. Precisely state any one version of the Triangle Inequality.

b) (5.1) Explain why adding up an infinite list of numbers is a “hard” prob-
lem. In particular, why are the ideas of calculus necessary to add up an
infinite list of numbers?

N

1
. (8.2) Consider the integral / V& + 1dx. Approximate this integral by replac-

0
ing the integrand with its second Taylor polynomial.

W

. (2.5) Evaluate one of the following two integrals:
V1+vz x
/\/E dx /(w — 10 dx

4. (2.3, 2.5) Evaluate one of the following two integrals:

2
cos* x )
/ dx / sin? z cos® z dx

sin? x

o

a) (4.1) Find the area enclosed by the graphs of y = 5z — 2? and y = 9z + 3.
Simplify your answer.

2
b) (4.3) Find the length of the graph of y = g(x —1)¥% fromz=0tox = 2.

Simplify your answer.

6. Find the sum of each of the following series; simplify your answers.

9 2 92 9
P A
A 62 g+ m gty T
1 1 1 1 1
b) 82)1 — = 4 = — =4~ — — 4.

35 7 9 11

N

* 71 1
. Consider the infinite series » | ( e 2).
n n

n=1

a) (5.2) Find the third partial sum of the series. Simplify your answer com-
pletely.

b) (5.2) Find a formula (in terms of N) for the N partial sum of the se-
ries. Your formula should be in “closed form”, i.e. should not have any
Y—notation or “...” in it.

¢) (5.2) Use your answer to part (b) to find the sum of the infinite series.
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8. (7.4) Determine whether or not each of the following series converges abso-
lutely, converges conditionally, or diverges. Justify your reasoning.

> /3 2" > n!
n; (n * 3n> nz:% 2012"

9. (8.1) Write the Taylor series (centered at x = 0) for each of the following

functions.
a) f(z) =1In(1+ 32)
b) g(z) = 4a%e”’
C) h(x):: Ziijzﬁg

10. (8.2) Evaluate the following limit:

. 12coszb + 6212 — 12
lim
z—0 x24

Solutions

1. a) Triangle Inequality for real numbers: For any real numbers a and b, |a + b| <
lal +[b].
Generalized Triangle Inequality for real numbers: Let ay, ..., a,, be real num-
bers. Then |aj + ... + an| < |a1]| + ... + |an]|.
Triangle Inequality for integrals: Let f be integrable on [a, b]. Then

[ s@ar| <[5

Triangle Inequality for infinite series: If an infinite series converges abso-

o0 [ee]
Z an| < Z lan|.

n=1 n=1

lutely, then it converges. Equivalently,
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b) Addition of numbers is defined as a binary operation (there are two inputs

and one output). To add a finite list of numbers, one adds them two at a time
using the associative property. Since the list is finite, this process terminates
since there are less numbers left to add after each addition. But for infinite
series, numbers cannot be added two at a time because the process would never
terminate. Additionally, the associative property fails for infinite series (they
cannot be legally rearranged or regrouped unless they are known to absolutely

converge).

2. We calculate the second Taylor polynomial by the definition. Notice that if we let
1 1
f@) = VaF1, then fO(0) = (0) = 1, /(0) = 50+ )72 =~ and ["(0) =

_Tl 0+ 1)_3/ 2, Therefore the second Taylor polynomial of f centered at zero is
7 1 1
Poa) = 10 + PO+ T = 14 L L2

so the integral is approximated as follows:

1 1 1 1 1

/ \/:B+1dz%/ PQ(.'L')dZE:/ {1+x—x2] dz

0 0 0 2 8
_ 1L, 1 3]1
- [“ 47 T,
S S N P
N 4 24 |24]

1
3. For the first integral, use a u—substitution v = 1 + /z. Then du = —=dz so

2Vr

1
2du = —= dz. Then the integral becomes

NG

14z
/\/E\Fdx:/2\/ﬂdu:2-§u3/2+02 §(1+\/a?)3/2+c.

For the second integral, use the u—substitution u = = — 1, du = dx. Then since

x = u + 1, the integral becomes

x u+1 _9 —10

U8 Uig
- +% 4c
g

-1

4. For the first integral, use trig identities to rewrite the integrand:

2
/COS xd$:/COt2xd£I):/(CSCQ.Z‘—l)d.%':‘—cot.l‘—ilf—l-c‘.

sin? z
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For the second integral, also use trig identities to rewrite the integrand:
1—cos2 1 2
/sin2mcos2xdx:/< o8 x) < - cos $> dx
2 2
1 2
=1 /(1 — cos“(2x)) dx

1
=1 /Sin2(2x) dx

1 1 —cos4x
_Z/ 5

1
= /(1 — cosdx) dx

1 1 1
{x—sinélx} +C =|-x— —sindz +C|.

8
1
8 4 8 32

5. a) First, find the z—coordinates of the points of intersection of the graphs; setting
5r — x? = 9z + 3 yields 22 + 4z + 3 = 0 which has solutions z = —3,2 = —1.
So the area between the graphs is
—1

/1[(5x—x2)—(9x—|—3)]d:p:/ (—2? — 4z — 3) da

-3 -3

-1
= [xS — 272 — 3x]
3 -3

:(;—2+3)—(9—18+9):.

b) First, by direct calculation we have y' = / — 1. Then, by the formula for arc
length, we have

L:/02\/1+[y’]Qdac:/j\/l—i—(a:—l)dac

2 2
_/V@M_Fﬁﬂ _2 93|t gl
0

-1

w

3 o 3 3
6. a) This series is geometric:
2,2 2,2 —2P+1+1+ ]
9 27 81 3 T 9 39
2 1] 23 [1
9 1-1] 9 2 3]

T T e
3 5 7 9 11 ... = arctan 1l = 4 .
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21

1 1 1 1 1 1 1
7w s=(-g)+ (5-0)+(55) =115 = )

b) Notice that most of the numbers in this partial sum cancel, because they are
both added and subtracted:

Sy =a1+ax+..+an

:Q_1)+C—1)+C—1)+“
3 2 4 3 5

1 1 1 1
+(N—1_N+1)+<N_N+2)
1 1 1

14— _ .
TS TNFL Ntz

c) By definitition,

i(i_ni2>'_

n=1

1 1 ]_3
N+2] |2

a) This series splits into the sum of two series, one which converges and one

which diverges:
(3 2" 3 = [2\"
S =Xar26)
The first series diverges since it is a constant times the harmonic series, and the
second series converges since it is geometric with r = 2 Therefore the original
series, being the sum of a convergent and divergent series, .

b) Use the Ratio Test:

(n+1)!

50797 FT nr 20127 1
p = lim [ 1] = lim 72012,“ = lim (n + )1- = lim nt = 00
n—00 |an| n—00 20710-2n n—oo 20127+ n! n—oo 2012

and since p > 1, the series .

a) Start with the Taylor series for In(1 + z) and replace all the z’s with 3z:

2 3 4

z x z
m(l4a)=0— > +2 2 4
n(l+z)==x 5 T 3 1 +

B (3z)%2  (3z)> (3z)*

In(1 4+ 3z) = 3z 5 + 3 1

_l3 3222 3353 34t +
=3z 5 3 1
s

n=1 n
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b) Start with the Taylor series for e?, replace the z’s with 2 and then multiply all
the terms by 4z%:

2 3 4

R b
2)2 23 2\4
22 _ o (@9)° (@) (7
e’ =1+4+2"+ 5 + 3] + m + ..
A g6 .8
—1+x+—+§+—+
4727 = (422)1 + (422)a2 429i4 4 i 4258
x‘e —(:B)+(:U)x+(:C)2+(a:)3'+(a:)4'+...

Ar? 4 g 4 46 L 48 . 4210 iy
= |4x e
2 3! 4!
_ Z 4 2202 |
n=0 n!

c) Start with the Taylor series for i, differentiate twice and then multiply all

the terms by %:

1
o= ltetat bt et et et
1 d 1
(1)2:d<1 ):1—|—2x—|—3m2—|—4$3—|—5m4—|—6m5—|—...
-z z\1l—z
2 d 1 2 3 4
m:% T—2)2 =2+ 6x + 1227 + 202° + 302~ + ...
x

= (2/2)2 + (2/2)6z + (2/2)122% + (x/2)202> + ...

:‘x—i—SxQ+6x3+10x4+15m5+...‘

> nln—1
:Z (2 )xn—l

n=2
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10. Start by writing the Taylor series of the function whose limit is being taken:

cosT = 5 T T
. 212 . 224 36 N x48
coszb=1-"— 44—
2 4! 6! 8!
12 24 36 48
x T x
12cosz® =12 — 12— + 12? — 12ﬁ + 12§ — ..

12 12 12
19 _p 12 | 14 o4 36 48
=12 —-6x° + 1 x ol —z 4+ = 3]
12 12 12
12cos 28 + 6212 — 12 = =24 — Z2436 4 “Z48

_l’_
ar” 6! 8!
12cosaf 4+ 627 =12 12 12 1, 12 o
224 46! 8!

12 12 1
As z — 0, this quantity therefore approaches — T o113
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8.10 Spring 2011 Final Exam

1. (2.2) Evaluate the following three “similar-looking” indefinite integrals:

1 1 1
/x—l—ldx /:c2—|—1dw /(a:—|—1)2dx
2. (2.10) Evaluate two of the following three integrals:
3
/ 242° cos 2z dx / T e / 0 dx
o xt+1 4 — 22

3. a) (4.4) Write an expression involving one or more integral(s) (with respect
to whatever variable you like) that gives the length of the curve y = sinx
fromz =0tozr = .

b) (4.1) Write an expression involving one or more integral(s) (with respect
to whatever variable you like) that gives the area of the region R en-
closed by the graphs of y = z? and y = —4x.

c) (4.2) Let Q be the planar region enclosed by the graphsof y = Inz, y = 3,
and the z— and y— axes. Let S be the solid obtained by revolving @
around the y—axis. Write an eqution involving one or more integral(s)
(with respect to whatever variable you like) that gives the volume of S.

4. (7.4) Determine whether or not the following infinite series converge abso-
lutely, converge conditionally, or diverge. Justify your reasoning.

00 —1)"
5. Let f(x) = go TE!(QT)L)!x".

a) (8.3) Find the domain of f(z) (i.e. find the set of x for which the power
series converges).
b) (8.2) Write a power series for the function f'(z). Write your answer in
Y.—notation.
2f(x) +x—2
x? ’
d) (8.1) Write the Taylor series of f(x). Your answer should be in ¥—notation.

¢) (8.2) Evaluate lim
z—0

6. Find the exact sum of each of the following (finite or infinite) series:

5 5 5 5 5
a) (6.2)?—ﬁ+%—ﬁ+%+...

b) (62)27° +273 4271 4 .. 427 421
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Solutions

1. All these integrals can be done by inspection:

1 1
J R e T N R vy
z+1 2 +1

1 -1
dx = .
/(:104—1)2 v x+1+C

2. The first integral is done via integration by parts: set r = 1222, ds = 2 cos 2z dz so
that dr = 24x dx and s = sin 2z. Then by the parts formula,

/24x20052:vda::/Tds:rs—/sdr: 12xzsin2x—/24xsin2xd:v.

Now for the remaining integral, use parts again: set r = 12z and ds = 2sin 2z dx so
that dr = 12 and s = — cos 2z. Then by the parts formula,

/24msin2wdm. :/TdS:TS—/SdT

= —12x cos 2z — / —12cos 2z
= —12z cos 2z + 6sin 2.
Putting this back into the original integral (and adding the constant C'), we obtain
/ 2422 cos 2x dx = 1222 sin 2z — / 24z sin 2z dx

= 1222 sin 22 — (—12x cos 2z + 6sin 2z)

= ‘ 1222 sin 2 + 122 cos 2z — 6sin 2z + C ‘

1
For the second integral, use the u—substitution u© = 22. Then du = 2z dx and idu =

x dz and the limits of integration (z = 0,7 = 3) become u = 0> = 0 and u = 3> = 9.
Then the integral becomes

9 1/2 1 9 |1
/ / du = —arctanu| =|—arctan9|.
0 u2 + 1 2 0 2

For the third integral, use partial fractions. Write
6 6 A B

=2 -2+ 2-z axa

find common denominators and equate the numerators to obtain 6 = A(2 + z) +

3
B(2 —z). Setx = 2 toobtain 44 = 6,i.e. A = 7 Set © = —2 to obtain 4B = 6, i.e.

6 3/2  3/2 3 3
— dr =212 — 2| + 21 |2 .
dx /(2—:p+2+x> x 2n| $|+2H| +z|+C
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a)

b)

<)

b)

In general the length of the curve y = f(z) fromz = atox = bis L =

ff V14 [f'(2)]? dz. In this case since f(x) = sinz, f'(z) = coszand a = 0,b =
mso we have L = / V14 cos?zdx |
0

The region R is entirely in the second quadrant; the intersection points of the
two graphs are (—4, 16) and (0, 0). The function y = —4x is the “top” function

0
of R so the area of R is given by / [—4.% — xQ] dx |
—4

@ is a region in the first quadrant bounded by three straight line segments
(namely from (0, 0) to (1,0), from (0, 0) to (0,3) and from (0, 3) to (€3, 3)) and
one curve (y = Inz from (1,0) to (e?,3)). Revolving this region around the
y—axis produces a solid with no hole. It is easier to integrate with respect to
y. This way, the direction of integration is parallel to the axis of revolution, so
the disk/washer method applies. Here the cross-sections are disks with radius
r = eY (this comes from solving y = Inx for =) and the solid goes from y = 0
(the bottom) to y = 3 (the top). So the volume is

3 3 3
V= / mrtdy = / m[eY])? dy = / e dy |.
0 0 0

6 6
Observe 0 < < — because the second fraction has the same numer-
n + 3" 3" 6 N
ator but smaller denominator. Now — =6 — | converges as it is a
S =63 (5) convers

constant times a geometric series with common ratio less than one in absolute

‘ converges absolutely ‘

[e.9]
value. So by the Comparison Test,
Let a, = (—=1)"*'n"%/%; the given series Y a,, is alternating. Now lim lan| =

n—oo
1 < 1
(n+1)2/5 = n2/5

. . .
Alternating Series Test, > a,, converges. However, Z lan| = Z 575 diverges
n

lim

Jim 7 = 0 and for all n, |ant1| =

= |ay| so by the

since it is a p—series with p = 5 < 1. Therefore ) a, ‘ converges conditionally ‘

Use Abel’s Formula:
1
n!(2n)! nHI(2 2)!
O 12 S N G A { Cl )
n=o0 |ap41|  mooo n=oo  nl(2n)!

(CESYIPIaESHI
= lim(n+1)2n+2)2n+1) =0

n—o0

so since R = 0o, the series converges absolutely for ‘ all real numbers z ‘
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b) Differentiating term-by-term within the series, we obtain

fl( ) i (_1)71 n—1 i (_1)71 n—1 i (_1)n+1 n
xTr) = nx == T~ == VI
“= n!(2n)! = (n—1)!(2n)! = nl(2n +2)!

c) First, write out some terms of the series defining f(z):
_q_ 1 1 21 3

Now multiply through this series by 2, add « and subtract 2 to obtain

_ .2 2 2 3

Dividing by 22 and letting = go to 0, we obtain

. 2f(x) + -2 2 1
lim ————— = — =| — |
z—0 x2 2141 24

d) By uniqueness of power series, the Taylor series of f must be the series origi-

nally used to define f, i.e. the Taylor series is Z ('_ Y T
¢ n!(2n)!

n

a) This is an infinite geometric series:

5.5 5 5.5,
O G R OO G

b) This is a finite geometric series:

975 4973 197l 4 4 olT 1019 951 192 00 +224]
=925 '1+4+42+...+412}

(413 1] 418 -1
4—1] 96 |
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1. a) (6.4) Give an example of an infinite series for which the Ratio Test, by
itself, does not tell you whether or not the series converges.

b) (8.1) Explain what is meant by the uniqueness of power series.

2. Evaluate the following integrals:

a) (2.6)/3xlnxdx b) (2.5) /02 xf_3dx

3. Let R be the region enclosed by the graphs of y = 2® and y = 22 between
r=0and z = 1.

a) (4.1) Find the exact area of R. Simplify your answer.

b) (4.2) Let S; be the solid formed by revolving R around the y—axis. Write
an expression involving one or more integral(s) with respect to = that
gives the volume of 5.

c) (4.2) Let S, be the solid formed by revolving R around the line y = 5.
Write an expression involving one or more integral(s) with respect to x
that gives the volume of .S,.

4. (2.8) Find the partial fraction decomposition of the following expression:

Tr — 2
3 — 222 +x

5. (7.4) Determine whether or not the following infinite series converge abso-
lutely, converge conditionally, or diverge. Justify your reasoning.

n? (2n)!

2) i 5n — nsin(3n) b) i (n!)

n=1

6. Find the exact sum of each of the following series (simplify your answers):

4 4 4 4 4
a) (62)§+§+?+§+§+
4 4 4 4 4
b) B2)4— - oo

35 7 9 11

7. (8.2) Approximate cos(.25) by using the third Taylor polynomial for an ap-
propriately chosen function. Simplify your answer.

8. The two parts of this problem are unrelated to one another.
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a) (8.2) Let f(z) = xIn(a* + 1). Write the Taylor series (centered at 0) of
1

f(x), and use this series to estimate the integral / f(x) dz by replacing

the integrand with its ninth Taylor polynomial. Simplify your answer to
the integral.

b) (8.2) Evaluate the following limit, and simplify your answer:

3 _ .3
lim & +1In(1 — 2?)

x—0 1’@2355 —x
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Solutions
21
1. a) The Ratio Test does not work for the harmonic series E — (p = 1 here). Nor
n
n=1

does it work for any series where the terms are rational functions of n.

b) If two power series centered at the same number represent the same function,
and both of the power series have positive radius of convergence, then they
(e 9]

must have the same coefficients. This is because f(x) = Z an(x —a)" implies
n=0
f"(a)

for all n.
n!

that the coefficients must satisfy the formula a,, =

1
2. a) Use integration by parts with u = Inz and dv = 3z dz. Then du = - dx and

3
v = §x2, and we have

1
/3x1nxd:r—/udu-uu—/udu-gmglnx—/3x2-dx
2 2 T

3 3
= §x2lnx—/§xd:ﬁ

3 3
= §x2lnx7 1x2+C.

b) Use the u—substitution © = x + 3, du = dx:

2 5., _ 5
/ v dwz/ Y 3du:/ (1—3> du
0o rT+3 3 U 3 U
= [u— 3Inul}
=(5—-3In5)—(3—-3In3)

=[2-3In5+3m3|

3. Notice that between z = 0 and z = 1, 22 > 23 so the graph of 22 is above that of z3.

a) The area of R is given by the integral

1
/1[$2—$3}dx: £3_£4 :l_lzi
0 3 41, 3 4 12 |

b) Use the shell method:

1 1
V= / 2rrhdx = / o2z (z? — %) dx |,
0 0

¢) Use the washer method:

V:/:W[R2—r2}dx: /0171'[(5—1‘3)2—(5—1'2)2} dz |
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4. First factor the denominator to obtain

5.

Tr — 2 Tr — 2 Tr — 2

23222 +z  z(z?2-22+1) x(x-—1)2
Based on this factorization the partial fraction decomposition should have the form

w-2 _A B C
w3 —-222+r =z x-—1 (z-1)%

Find the lowest common denominator on the right-hand side of the above equation
and add the terms; we obtain

Tr —2 A(x —1)2+ Bx(x — 1)+ Cx

23— 22242 z(x —1)2

and then by cancelling the denominators we see
7r — 2= A(x —1)> + Bx(x — 1) + Cx.

Plug in x = 1 to both sides to obtain 5 = C and plug in # = 0 to both sides to
obtain —2 = A. Last, pluginz = 2,4 = —2 and C' = 5 to both sides to obtain
12 = —2 4 2B + 10 which gives B = 2. Therefore the partial fraction decomposition
is

-2 _[-2 2 s
w3 —-2224+x | x  z—-1 (x—1)2]

a) Observe thatsin(3n) is always between 0 and 1, hence n sin(3n) is at most n and

— 1 4
therefore 5n —n s1n(3n) > 5n—n = 4n. This means that 57’LTZ—S111(377,) > no_

4 4 1
—. But — =4 — diverges since it is harmonic, so by the Comparison
n Z n Z n & y p

> 5n — nsin(3n)
Test, ————— also|diverges |

b) Apply the Ratio Test:

n? —n2

n+1)1)2
. ‘ Eé(m)l)))! . (n+ Dl (n+1)!(2n)! . (n+1)(n+1) 1
p= lim ———— = lim = lim =-.
n—+00 E;!))Z' n—00 (2n + 2)Inin! n—oo (2n+2)2n+1) 4

(n))?
2n)!

o
Since p < 1, the series Z

( ’ converges absolutely ‘
n=0

4
a) Factor out 3 from all the terms to obtain

4 11 1 1 1
s ll+s+c+ s+ o+t

3 379727781 3
1 4/3
which is a geometric series with a = =73 So its sum is 1 i ~=1 _/ 1/3 =

13
23~ 2
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b)

Factor out 4 from all the terms to obtain

4(1_1+1_1+1_1+ )
3 5 7 9 11 )’

o0 1 n
now recall that the Taylor series for arctanz is Z 2( 4_)195”. Therefore the
n

series enclosed by the parentheses above is the same series as the power series

for arctan z with = 1 plugged in, i.e. it sums to arctan1 = % Therefore the

.. . ™
original series sums to 4 - 1= [7]

2 $4 6

7. We know the Taylor series of cosz is 1 — — + — — Z_1 4 ..; therefore the third

8.

2 4! 6
2

Taylor polynomial of cosx is P3(z) = 1 — % So cos(.25) = cos(1/4) ~ P3(1/4) =

1—

a)

b)

(1/4)* |31

2 |32f

(-1 n+1
We know the Taylor series of In(1 4+ ) =In(x 4+ 1) is Z =
n
n=1

z with 2% and then multiplying through all the terms by z, we see that

x"; replacing

n 9 13 17

f(z) =zln(z + 1) i gt =

Now to approximate the integral, use the ninth Taylor polynomial which is

z° — % We have

1 1 29 £ 201 1 g 7
dx ~ A R /M |,
/of(x)w /0<x 2) ! [6 20]0 6 20 |60

We find power series for the numerator and denominator. First, the numerator
is obtained by starting with the power series for In(1+z), replacing x with —z3,
then adding x3. We obtain

1 1 1
3 3 6 9 12
In(1 — =——z° — =g — -x° —
x° +In(l — x°) 5% ~ 3% g%
Now the denominator: start with the power series for e”, replace = with 227,
multiply by  and subtract z to get
2x®

4
xe —x:23:6+23:11+§x16—|—...
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Now for the limit:

22+ 1In(1 - 23) B T AR A T
lim = = lim i
20 pe?® — g v—=0 226 4 2211 4 2216
6 1 1.3 1.6
= lim

250 46 (2 + 225 + 4211 + )

1 _1.,3_ 1,6 _
3 — 3% 1T

lim

=0 2 + 225 + %xll + ..
1 103 1n6

—1 103 - 1o6 - .

_ 23
24205+ 3010 + ...
1
_ a3 _|1
2 4
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