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Chapter 1

General information about
these exams

These are the exams I have given between 2010 and 2016 in Calculus 2 courses.
Each exam is given here, followed by what I believe are the solutions (there may
be some number of computational errors or typos in these answers).

I have edited these exams to remove questions that do not match the current syl-
labus of MATH 230; so some of them may contain a less than expected number
questions.

Note that this calculus course has been revised several times over the years, and
what was on “Exam 1” in past years may not match what is on “Exam 1” now.
To help give you some guidance on what questions are appropriate, each question
on each exam is followed by a section number in parenthesis (like “(3.2)”). That
means that question can be solved using material from that section (or from earlier
sections) in the 2023 edition of my Calculus 2 Lecture Notes.

Last, my exam-writing style has evolved over the years; generally speaking, the
more recent the exam, the more likely you are to see something similar on one of
your tests. In particular, the exams prior to Fall 2012 were given at a college other
than Ferris, where the Calculus II course content doesn’t exactly match what is
taught at FSU.



Chapter 2

Exams from 2010 to 2011

2.1 Fall 2010 Exam 1

1.

(2.4, 2.5) Each of the following integrals can be done with an appropriate u-
substitution. Give the substitution which is most appropriate for the integral
(a sample answer might be something like “u = 22 — 5”). You do not need to
calculate the integrals.

a) / cos® x sin® = dx

b) /:U3 sec’(zt — 2) dx
e’ + e‘m

0[S
er —e
(2.8) Calculate one of the following two integrals:
x +4 32 41
/x(m—1)2dx /x3+xdx

(2.6) Calculate one of the following two integrals:

/3:265”‘" dzx /x\/6 —xdx



2.1. Fall 2010 Exam 1

Solutions

1.

2.

a)
b)
S)

a)

b)

Since the power on the sine is odd, substitute u = cos .
u=z*—2.

Since the derivative of the denominator is the numerator, substitute v = the

denominator, i.e. u = ¥ — 7%,

Perform a partial fraction decomposition. First write

x+4 _é_'_ B n c
rz—12 =z -1 (zx—1)2

then write all terms with a common denominator. Clearing this common de-
nominator, we obtain

z+4=Ax—1)*+ B(z)(z — 1) + C(2).

Substitute £ = 0 to obtain 4 = A; substitute x = 1 to obtain C = 5, and
substitutez =2, A =4,C = 5toobtain 6 = 4+ 2B + 10, i.e. B = —4. Therefore

r+4 4 4 5 5
—dr = - — dr =41 —4ln |z—1|——+C.
/x(a:—l)2 v /(:c x—1+(x—1)2) ¢ nlel—4n o] x—1+c

The slick way to do this is with a u—substitution: let u = 2 + z, then du =
(322 + 1) dz so the integral reduces to [ 1 du. The answer is then

In|u| +C =1In|2® + x| + C.
Alternatively ,you can perform a partial fraction decomposition. First write

3z22+1 3241 A Bx+C

w3+ x(x?+1) z 22+17

then write all terms with a common denominator. Clearing this common de-
nominator, we obtain

322 +1=A(z* + 1) + (Bx + O)z.

Combine the like terms on the right-hand side to obtain

322 +1=(A+ B)2® + Cz + A.
Now by equating coefficients we see A+ B =3, C = 0, A = 1. Therefore B = 2
and )

1 1 2
/3$+ dx:/(-i- x)dx.
a3+ r 2241

The second integral is done with the u—substitution v = 22 + 1; the whole
answer is

2

1

/32 + dr =1In|z|+In|z? + 1| + C.
T2+

Notice that by a logarithm rule, this can be rewritten in the same form as the
earlier answer.



2.1. Fall 2010 Exam 1

3.

a) Use integration by parts with v = 22 and dv = €% dz; in this case du = 2z dx

and v = 1€ so the integral becomes, by the IBP formula,

1 2
UY — /vdu = 3x265x - / ga:e5x dx.

For the remaining integral, use integration by parts again with « = Zz and

dv = €% dz so that du = Z dz and v = €. So by the IBP formula the integral
on the right above becomes

2 2 2 2
Uy = /vdu = g — / — Oy = — e — 5%,
25 25 25 125

Finally the whole answer is

1 2 bz ( 2 5z 2 Sz)
- —(ae® — = C.
5x e 25xe 1256 +

b) Use the elementary substitution © = 6 — x, du = —dz to obtain
/(6 —u)Vu(=1)dr = /(—6u1/2 +u3/2) du

= —6(2/3)u’? + (2/5)u’? + C
_ 46— )Y 4 %(6 _aPl24C



2.2. Fall 2010 Exam 2

2.2 Fall 2010 Exam 2

1. a) (3.3) Determine whether or not the following integral converges or di-
verges (explain your answer):

/0<>2—|—e_x0l3j
1

b) (4.4) Write an expression involving one or more integral(s) that gives the
length of the curve y = tanz from z = 0 to x = 7/4.

2. Let R be the region enclosed by the graphs of y = /= + 1,y = £(z — 1), and
=1—-u.

a) (4.1) Write an expression involving one or more integral(s) with respect
to x that gives the area of R.

b) (4.1) Write an expression involving one or more integral(s) with respect
to y that gives the area of R.

3. Let R be the region enclosed by the graphs of y = 2 + 1 and y = 3z + 1.

a) (4.2) Let S; be the solid formed by revolving R around the z—axis. Write
an expression involving one or more integral(s) with respect to = that
gives the volume of 5.

b) (4.2) Let S; be the solid formed by revolving R around the line z = —3.
Write an expression involving one or more integral(s) with respect to
that gives the volume of S,.

¢) (4.2) Write an expression involving one or more integral(s) with respect
to y that gives the volume of the soild S; described in part (b).

d) (4.2) Let S3 be the solid built over base R where cross-sections to the
solid parallel to the x—axis are semicircles whose diameters are in R.
Write an expression involving one or more integral(s) (with respect to
any variable you like) that gives the volume of Ss.

4. (4.5) Consider a wire of length 6 in whose density x inches from the left end-
point of the wire is given by §(x) = 2z + 1 1b/in. Write an expression involv-
ing one or more integral(s) which gives how far from the left endpoint of the
wire its center of mass is.



2.2. Fall 2010 Exam 2

Solutions
1. a) Observe that for any z, e > 0s0 2 + e~* > 2 and therefore

2+e” 2
NV

Now we showed in class that [, ﬁ dz diverges, so [, % dx diverges as well.

Therefore by the Comparison Test, the given integral diverges as it is greater
than or equal to a divergent integral.

b) The arc length formula is L = ff V 1+ [f'(z)]? dz; setting f(z) = tanz we have
f'(x) =sec?zso L = 5/4 V1+sect zdx.

2. The region R has three vertices; two of the vertices are (1,0) and (0, 1). To find the
third vertex, set /z + 1 = %(z — 1). Multiply both sides by 3, then subtract 3 from
both sides to obtain 3\/z = x — 4. Now square both sides to obtain 9z = 2% — 8z + 16;
then subtract 92 from both sides and factor to get 0 = (x — 16)(z — 1). This gives
the solution x = 16 (ignore x = 1 since it is not a solution to the original equation).
Plugging in = = 16 to the equation \/x + 1, we see y = 5 so the third vertex is (16, 5).

a) From x = 0 to x = 1, the top function is \/z+ 1 and the bottom functionis 1 —x.
From z = 1 to z = 16, the top function is v/ + 1 and the bottom function is
1

3(z — 1). So the area is given by

1 16
A= [ e+ -(-o]do+ [ [(ﬁﬂ)—;(x—l) da.

b) Solve all the equations for z to obtainx = (y — 1)2, z =3y + land x = 1 — y.
From y = 0 to y = 1, the right-most function is z = 3y + 1 and the left-most
functionis x = 1—y. Fromy = 1 toy = 16, the right-most function is z = 3y+1
and the left-most function is x = (y — 1)%. So the area is given by

a= [y -0+ [ B+ - 17 a

3. The vertices of the region R are (0, 1) and (3, 10) (seen by setting 2% + 1 = 3z + 1 and
solving for z).

a) Since the direction of integration is parallel to the axis of revolution, we use the
washer method to obtain

V= /abA(:c) dz = /03 n[R? —r?] dz = /037r (B2 +1)* — (2 +1)°] d.

b) Since the direction of integration is perpendicular to the axis of revolution, we
use the shell method to obtain

V:/bSA(l')dl':/()3271'7”}1(111}:/0327T($+3)[(3$—|—1)—(1}2—1—1)](11‘.



2.2. Fall 2010 Exam 2

c) Since we are integrating with respect to y, we solve each equation for x and get
x = %(y — 1) (the left-most function) and x = /y — 1 (the right-most function).
Since the direction of integration is parallel to the axis of revolution, we use the
washer method to obtain

v:LbA(y)dyz/llow[RQ—TQ]dyz/1107r[(;(y—l)w)?—(m+3)2

dz.

d) Since the known cross-sections are parallel to the x—axis, they are perpendic-
ular to the y—direction so we must integrate with respect to 5. At height y,
the cross-section is a semicircle with diameter %(y —1) — /y — 1, so it has area

2
Aly)=mr? =12 [%(y -1)—Vy— 1} . Finally,

b 10111 2
Vz/A(y)dyz/ {(y—l)— y—1| dy.
a 1 413

4. This is a one-dimensional problem, we set our axis so that the wire runs from x = 0
to z = 6, then §(z) = 22 + 1. Now the moment of the wire about the origin is
My = foﬁ zd(z)dx = f06 z(2z + 1) dz and the mass of the wire is M = f06 d(z)dx =
f(? (2x + 1) dz. Finally the center of mass is

My  [Sx(2x+1)da

T=-—2= .
M S8z +1)dx

10



2.3. Fall 2010 Exam 3

2.3 Fall 2010 Exam 3

1. a) (7.2) State the Alternating Series Test.
b) (7.3) Define what it means for a series to be absolutely convergent.

c) (7.3) What is the main theoretical reason why we care whether or not
a series converges absolutely (as opposed to just knowing that it con-
verges)?

2. a) (6.2) Find the exact sum of the infinite series:

> 3.9
107

n=2
b) (6.2) Find the exact sum of the infinite series:

1 1 1 1
YRR, J [ R
8 —4+ +5-1tr et

3. (7.4) Determine whether or not the following infinite series converge abso-
lutely, converge conditionally, or diverge. Justify your reasoning.

ns8

00 n7_3n5
b - -
)nz::ln7+11n4+6

a)

n=4

4. (8.3) Determine the interval of convergence of the power series

n

2 (2n)!

n=1

5. Let f(x) = 3z cos(2z®).

a) (8.1) Write the Taylor series (centered at 0) of f(z).
b) (8.2) Find f(!")(0), the 17*" derivative of f at zero.
c) (8.2) Find f(2°19(0), the 2010 derivative of f at zero.

11



2.3. Fall 2010 Exam 3

Solutions

1. a) The Alternating Series Test says: Let 77, be an infinite series. If the series
is alternating, if |a,| > |ap41| for all n, and if lim,,_,oc @, = 0, then the series
converges.

b) An infinite series > .2 ; ay, is absolutely convergent if 3" ° | |a,| converges.

¢) The terms of an absolutely convergent series can be rearranged and/or re-
grouped arbitrarily without affecting the sum of the series. This is not the case
for conditionally convergent series.

2. a) This is a geometric series, so we write it in the standard form ag >, r"; once
written this way the sum is ag ( ) provided |r| < 1. Here, we have

= 3 2% > 8\ o= [ 8)" 64 1 3.64 48
n; 10" 3ZW 3(10) ;]<10> _3<1oo) (1_180> 20 5
The reason why the second and third terms above are equal is that, for any 7,
we have:

ZT” =r2 434t g :r2(1+7"+7“2+...) :T’ern.

n=2 —

b) Working in a similar fashion to part (a):
()R
2 2 2

X 6+n° X [6 nd /6 1
2 TF :Z<ng+ns):2(ns+m>'

n=4 n=4 =4

8§—442—-1+... =38

Now >, 8 and > 7 4 3 both converge (the first is a constant times a p—series
where p = 8 the second is a p—series with p = 3), so their sum, which is the
original series, converges as well. Since the series given in the problem is posi-
tive, it converges absolutely.

b) This series diverges by the n'" Term Test since

n’ — 3n°

lim ——— =
00 7 +11nt +6
4. Using Abel’s Formula,

1
T 2+ 2)!
lei IS im DN on o) en 1) =

R=li
no ’W‘

Since R = oo, this series converges absolutely for all 2 by the Cauchy-Hadamard
Theorem.

12



2.3. Fall 2010 Exam 3

5. Let f(z) = 3z cos(2z8).

a)

b)

c)

We know the Taylor series of cos x is

oo (_1)n$2n

cosx = Z W;

n=0
replacing = with 22® on both sides of this equation we obtain
00 8)2

cos( 2x Z ;

then multiplying through by 3z we obtain

f(z) = 32 cos(22%) i ngx 8)2n

n=0

This can be rewritten

_ i (—1)"3-2%" SA6nt1 _ i 3 (4" en+1
— (2n)! '

n=0

We need to find a;7, the 17" coefficient of the Taylor series of f(z). Looking
at the last line of the solution to problem (a), we see that the 17¢" term of the
Taylor series of f(z) corresponds to n = 1, because n = 1 produces the term
with 216+ = 217 in it. So a;y = 3'((2__1%)!1 = —6. Finally, by uniqueness of
power series, it must be that

_ 190
air = BT
multiplying through by 17! on both sides we see that

f170) = —6- 17!

As in part (b), to find this we would need to find a1, the 2010%" coefficient of
the Taylor series of f(x). But looking at the formula found at the end of part
(a), we see that the Taylor series of f(x) contains only odd powers of z. So
az010 = 0 and also f(2010)(0) = 0.

13



2.4. Fall 2010 Final Exam

2.4 Fall 2010 Final Exam

1. a) (6.4) Give an example of an infinite series for which the Ratio Test, by
itself, does not tell you whether or not the series converges.

b) (8.1) Explain what is meant by the uniqueness of power series.

2. Evaluate the following integrals:

a) (2.6)/3xlnxdx b) (2.5) /02 xf_3dx

3. Let R be the region enclosed by the graphs of y = 2® and y = 22 between
r=0and z = 1.

a) (4.1) Find the exact area of R. Simplify your answer.

b) (4.2) Let S; be the solid formed by revolving R around the y—axis. Write
an expression involving one or more integral(s) with respect to = that
gives the volume of 5.

c) (4.2) Let S, be the solid formed by revolving R around the line y = 5.
Write an expression involving one or more integral(s) with respect to x
that gives the volume of .S,.

4. (2.8) Find the partial fraction decomposition of the following expression:

Tr — 2
3 — 222 +x

5. (7.4) Determine whether or not the following infinite series converge abso-
lutely, converge conditionally, or diverge. Justify your reasoning.

n? (2n)!

2) i 5n — nsin(3n) b) i (n!)

n=1

6. Find the exact sum of each of the following series (simplify your answers):

4 4 4 4 4
a) (62)§+§+?+§+§+
4 4 4 4 4
b) (82)4— -4 - — 44

35 7 9 11

7. (8.2) Approximate cos(.25) by using the third Taylor polynomial for an ap-
propriately chosen function. Simplify your answer.

8. The two parts of this problem are unrelated to one another.

14



2.4. Fall 2010 Final Exam

a) (8.2) Let f(z) = xIn(a* + 1). Write the Taylor series (centered at 0) of
f(x), and use this series to estimate the integral [, f(z) dz by replacing
the integrand with its ninth Taylor polynomial. Simplify your answer to
the integral.

b) (8.2) Evaluate the following limit, and simplify your answer:

3 1 1_3
hmx—l—n( x?)

z—0 re2r® —

Solutions

1. a) The Ratio Test does not work for the harmonic series Y o2 ; % (p = 1 here). Nor

does it work for any series where the terms are rational functions of n.

b) If two power series centered at the same number represent the same function,
and both of the power series have positive radius of convergence, then they
must have the same coefficients. This is because f(z) = Y 72 an(x—a)" implies

.t . (n)
that the coefficients must satisfy the formula a,, = fT,(“) for all n.

2. a) Use integration by parts with « = Inz and dv = 3z dz. Then du = %dm and

v = 322, and we have

3 3 1
/3xlnxdx:/udv:uv—/vdu = f:czln:v—/f:rQ-—d:L‘
2 2 x
3
= 3x21nx—/md:v
2 2

3 3
= §x21nx— ZxQ + C.

15



2.4. Fall 2010 Final Exam

. N

otice that between z = 0 and z = 1, 22 > 3 so the graph of 2? is above that of 2.

b) Use the u—substitution © = x + 3, du = dx:

2 5, _ 5
/ v d:)::/u 3du = / (1—3>du
0o r+3 3 u 3 u
= [u—3mnul}

= (5—-3In5)—(3—-3In3)
= 2—-3In5+3In3.

3

a) The area of R is given by the integral

=

1 3 471
9 3 T T 1 1
— d = _—— — = — — = —.
/o[x ] dv l?) 4]0 3 12

b) Use the shell method:

1 1
V= / 2rrhdr = / orx(x? — 23) da.
0 0

¢) Use the washer method:

VZ/OITr[RQ—rQ]dJU:/OIW{(5—953)2—(5—302)2} dx.

a) First factor the denominator to obtain

Tr—2 Tr —2 Tr — 2

23 —-222+z z(2?2-22+1) z(zx-—1)2

Based on this factorization the partial fraction decomposition should have the

form
-2 _A B C
2224+ z zx—-1 (x—1)2

Find the lowest common denominator on the right-hand side of the above
equation and add the terms; we obtain

Tr —2 A(x —1)2 + Bx(x — 1)+ Cx

xd— 22241 z(x —1)2

and then by cancelling the denominators we see
7r —2=A(x — 1) + Bx(x — 1) + Cx.

Plug in z = 1 to both sides to obtain 5 = C and plug in = 0 to both sides
to obtain —2 = A. Last, pluginz = 2,4 = —2 and C' = 5 to both sides to
obtain 12 = —2 + 2B + 10 which gives B = 2. Therefore the partial fraction
decomposition is

Tx — 2 -2 2 5

x3—2x2+x:?+x—1+(x—1)2'

16



2.4. Fall 2010 Final Exam

b) First, separate the variables by dividing through by 2. This yields y%y’ = 222,
Rewriting this as an integral, we obtain

1 -1 2
/Qdy—/szdméy—mg—i-C.

Y 3
To find C, plug in the initial condition + = 0, y = —1 to obtain :—% = %03 + C,
i.e. C = 1. So the solution is
1 2,
—_— == 1.
3:L' +

5. a) Observe thatsin(3n) is always between 0 and 1, hence n sin(3n) is at most n and

therefore 5n — nsin(3n) > 5n — n = 4n. This means that 5"_#;“(3”) > =4
But % =43 % diverges since it is a constant times the harmonic series, so by

the Comparison Test, >0 Emf#én(gn) also diverges.

b) Apply the Ratio Test:

((n+1)H?
i [ D D) (e D)
n=o0 Eg!); n=oo  (2n+ 2)!n!n! n=oo (2n42)(2n+1) 4’

Since p < 1, the series > 2 g;;l);, converges absolutely.

6. a) Factor out % from all the terms to obtain

4(1+1+1+1+1+1+ >

3 3 9 27 8 3 7

which is a geometric series with ay = %, r = % So its sum is & = 1f/13}3 =
A5 _ 9

2/3 = =

b) Factor out 4 from all the terms to obtain

4(1 SR )
35 79 11 )

now recall that the Taylor series for arctanz is > o2 (2;2: 2". Therefore the
series enclosed by the parentheses above is the same series as the power series
for arctan x with z = 1 plugged in, i.e. it sums to arctan 1 = 7. Therefore the
original series sums to 4 - 7 = .

7. We know the Taylor series of cosz is 1 — %2 + % — %! + ...; therefore the third Taylor
polynomial of cos z is P3(x) = 1— % So cos(.25) = cos(1/4) ~ P3(1/4) =1— % =
31

372-

17



2.4. Fall 2010 Final Exam

8.

a) We know the Taylor series of In(1+z) =In(z+1)is > 02 (712:&1 x"; replacing
z with 2% and then multiplying through all the terms by z, we see that

n 9 13 17

(o9}
= 2z In( pintl 5 X X T
f(z) =zn(z* +1 z:: x 2+3 4—i—

Now to approximate the integral, use the ninth Taylor polynomial which is
2° — Z-. We have

! ! 2 I R T
dr ~ R P L
/of(x)x /o<x 2) ! l6 QOL 6 20 60

b) We find power series for the numerator and denominator. First, the numerator
is obtained by starting with the power series for In(1+z), replacing = with —z3,
then adding x3. We obtain

6_ 1o 1 1o

T — ST — -

1
3 3
In(1—2%) = —=
x” + In( x”) 5 3 1

Now the denominator: start with the power series for e”, replace = with 227,
multiply by  and subtract z to get

4
ze?’ — g =225+ 22" + §x16 + ...
Now for the limit:
23 +1n(1 — 23) . —%xﬁ — §x9 %xm —
lim = = lim
a—0  xe?r” — g 20 226 + 2211 4 3210 + .
26 (4 - dad — Jat )

= lim

=0 .6 (2+2$5+é$11+_“)
1 1..3 1,.6

— i —2 3" _437
2=0 2+ 225 + Sxll 4
_1_103_%06_

_ 2 3
24+2-0°+ 301 +
1
_ —a_-1
2 4

18



2.5. Spring 2011 Exam 1

2.5 Spring 2011 Exam 1

1. (2.5, 2.6) For each of these integrals, determine whether it is better to use in-
tegration by parts or a u—substitution. If integration by parts is better, write
“PARTS” and indicate what your choice of v and dv would be. If a substitu-
tion is better, write “u—SUB” and indicate what you would set u equal to.

a) /xQSinxda: d) /:L‘lnxdx

b) /xQ sina® dzx e) / cos® z dx

) / Inz dz

x
2. (2.8) Calculate one of the following two integrals:
-2 +2x+5 r?—x+3
[ PR

(x+1)3 3+

3. (2.5) Calculate one of the following two integrals:

2

/x5\/a:2+1dx /\/;7_1@5

4. Let R be the region in the first quadrant bounded by the graphs of y = /z,
x = 27 and the zv—axis.

a) (5.2) Let S; be the solid obtained when R is revolved around the y—axis.
Write an expression involving one or more integral(s) with respect to x
that gives the volume of S;.

b) (5.2) Let S; be as in part (b). Write an expression involving one or more
integral(s) with respect to y that gives the volume of S;.

¢) (5.2) Let S, be the solid obtained when R is revolved around the line y =
8. Write an expression involving one or more integral(s) with respect to
x that gives the volume of S,.

d) (5.2) Let S5 be the solid whose base is R such that cross-sections of S3
parallel to the z—axis are rectangles which are half as tall as they are
wide. Write an expression involving one or more integral(s) with respect
to whatever variable you like that gives the volume of Ss.

5. (4.2) Determine whether or not the following improper integral converges or
diverges. Justify your answer:

© r+1
/ ——dx
1/2 o4 42
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Solutions

1.

2.

a) PARTS: Set u = 22, dv = sin z dz.
b) u—SUB: Set u = 3.

¢) u—SUB: Setu = Inz.

d) PARTS: Set w = Inx, dv = x dz.

e) u—SUB: Set u = sin x. This is because the integral can be rewritten as
/cos3 rdxr = /cosavcos2 rdxr = /cos z(1 — sin® z) dz

and so after this u—substitution the integral would become [(1 — u?) du.

For the first integral, we use partial fractions. The decomposition of the integrand

has the form
224+ 22 +5 B A B C

@+1? o+l @i @r®

writing everything with common denominator we obtain

—z?+2x+5  Alx+1)? Blz+1) c
(x+1)3 (z+1)3 (x+1)3  (x+1)%

cancelling the common denominators we end up with
—2? 420 4+5=A(x+ 1)+ Bz +1)+C.

Pluginz = —1toobtain -1 -2+5=0+0+C,ie. C = 2. Pluginz = 0 and
C =2toobtain5 = A+ B+2,ie. A+ B =3. Pluginz = 1 and C = 2 to obtain
6 =4A+2B+2,ie. 4A+28 = 4,i.e. 2A+ B = 2. The equations A+B = 3,244+ B = 2
can be solved together to obtain A = —1, B = 4. All this gives

—a?4+20+5 -1 4 2
(x+1)3 z+1 (z+1)2 (z+1)3%

So the integral is

/x2+2x+5d —/{1+ 4 2 J
@+ T Jlrrl  @r? @) ™

4 1
z+1 (x+1)?

= —Injz+1]— +C.

For the second integral, we also use partial fractions. Start by factoring the denomi-
nator of the integrand and making a guess as to the form of the decomposition:

?—x+3 2*—z+3 A Bx+C

B4z z@24+1) oz 2241
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Now find a common denominator of this equation:

> —x+3  A@*+1) (Bx+O)x
r(z2+1)  x(2+1)  z(@2+1)

Forgetting the common denominator, we have
22 —x+3=A@*+1)+ (Bz + O)x.

Set z = 0 in this equation to obtain 3 = A + 0, i.e. A = 3. Now by multiplying out
the right-hand side of the above equation and combining like powers of =, we get

2’ —r+3=(A+B)2>+Cex+A=3+B)z>+Cz+3.
It must therefore be that3+ B =1 (i.e. B=—-2)and C = —1, so

$2—$+3_$2—$+3_§+—2x—1
Bz x@2+1) x 22+1°

So the integral becomes

2
¢ —x+3 3 —2x-—1 3 2z 1
——dz = -+ ———| dr = - — — dx.
/ 3+ v /Lc—i_xQ—i—l] v /[az 24+1 22+1 v
The first and third terms of this integral are “just do it” integrals; the middle term is
done by a u—substitution u = 22 + 1. In the end, this integral evaluates to

31n|z| — In|z? + 1| — arctanz + C.

. For the first integral, set u = 2 + 1. Then # = /u — 1 and du = 2z dz. Dividing the
last equation by two, we obtain § du = x dz. So

/x5\/de:/xx4\/de:/%(\/m)‘l\/ﬂdu: %/(u— 1)2vu du.

Multiplying out the integrand, we see that the integral becomes

;/((u2—2u+1)\/a) du:;/(u5/2—2u3/2—|—u1/2) du

Evaluating this integral with the power rule, and back-substituting for x, we see the
answer is

172 70 52 5 23/2] _ 1 72 2, 9 5/2 1, o 3/2
2[7u 200 4 S| 4O = L@+ ) - 2@ 1) 4 S )Y

For the second integral, set u = 2z — 1s0 # = 4 (u + 1) and du = 2dz so 3du = dx.
Plugging all this into the integral, we see

2
/ 2 /[é(wl)} 11wl

——dr= | —————du=- [ ———— du.
Var — 1 Ju 2773 Vi
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Distributing the terms in the integrand and calculating the integral, we obtain

1 3/2 12 |, . —1/2 _ 1(2 5/2 432 1/2>
8/(u +2u’" +u )du = 3\z +2- 3 + 2u +C
= 2%(295 —1)°2 4 é(Qm —1)%2 4 i(zx -2 4.

(This integral could also be done by using integration by parts twice; the answer you
get by this method looks different but is actually the same as the above answer.)

4. The region R is shaped like a triangle with a curved top, having vertices at (0,0),
(27,0) and (27, 3).

a) Since the axis of revolution is vertical and the direction of integration is hori-
zontal, we use the shell method. Here a cylindrical cross section has height /x
and radius z, so the volume is

27

27
V= 2rrhdr = / 2nx v/ d.
0 0

b) Since the axis of revolution is vertical and the direction of integration is also
vertical, cross-sections will be washers. We see that the outer radius of the
washer at height y is R = 27 and the inner radius is r = Y3, 50

V= / 2)dy = /ng 272 = (v*)?] dy.

c) Since the axis of revolution is horizontal and the direction of integration is also
horizontal, cross-sections will be washers. We see that the outer radius of the
washer at horizontal position z is R = 8 and the inner radius is r = 8 — /z, so

V= /27 d:c—/0277r{82—(8—\3/5)2} dx.

d) Since the described cross-sections are parallel to the z—axis, we must choose
y—integration. At height y, the solid has cross section which is a rectangle
with width 27 — 32 and height %(27 —y%), so the area of such a cross-section is
A(y) = 1(27 — y*)2. Thus the volume is

3 31
v= [ Awdy= [ 501y d.
0 0o 2

5. We know [° L dx = [{° % dx and [{° X dz both converge from results in class.
Therefore the integrals of the same functions starting at 1/2 rather than 1 also con-
verge because starting index of an improper integral is irrelevant to convergence.
Finally, by result in class the sum of two convergent improper integrals converges,

S0 we now know g4 1 - o 1
/ Sl dx:/ %dx+/ — dz
12 1/2 1/2 T
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converges. But
rz+1 <7 +1

zt+2 7 ot
since the fractions have the same numerator but the first fraction has larger denom-
inator, so by the Comparison Test for Integrals

© r+1
[zt
1/2 x5+ 2

converges.
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2.6 Spring 2011 Exam 2

1. (7.3) Define what it means for a series to converge, what it means for a series
to absolutely converge, and what it means for a series to conditionally converge.

2. (7.4) For each of the following infinite series, state the test which will best
determine whether the series converges or diverges. You need only state the
test; you do not need to carry out an argument or otherwise explain your
answer.

)n—i—l

4 +sin3n — cosn ©
> 0%

— Inn
d )\ T
0y P TE
3. Find the exact sum of each of these infinite series (simplify your answers).
You may assume that these series converge.

a) (6.2) 24 (i)n

b) 623 (_1173”_
n=0

1 1 1 1 1 1
OB T Ty T 3o
4. (7.4) Determine whether the following infinite series converge absolutely,
converge conditionally, or diverge. Justify your reasoning.

4 9 16 25 36 49 64 92 7

> 2n 4 4"

b) Z n4n

n=1
o0 2011

C)Z 5

n=1

5. (8.3) Find the values of x for which the following power series converges:

6. Let f(x) = x* arctan(22?).
a) (8.1) Write the Taylor series (centered at 0) of f(z).
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b) (8.2) Estimate [, f(x)dx by replacing the integrand with its tenth Taylor
polynomial.

) (8.2) Find f1%)(0), the 13" derivative of f at zero.

1
7. (8.2) Estimate sin 3 by using the Taylor polynomial of order 4 for an appro-
priately chosen function.

8. a) (7.4) Suppose > a, is some convergent infinite series. Do we know

—an

whether or not the series » _ e™*" converges? Explain your answer.

b) (7.4) Suppose ) _ a, is some convergent infinite series. Is it possible for
> a2 to diverge? Explain your answer.

Solutions

1. Given an infinite series }_ a,, we say the series converges if lim,, ., Sy, exists and is
finite, where S, is the n'* partial sum of the series. A series 3" a,, absolutely converges
if 3" |ay| converges, and conditionally converges if it converges but does not absolutely
converge.

2. a) Comparison Test (the terms of the given series are at least 2/n)

b) Ratio Test (the terms contain n")

c) Alternating Series Test (terms decrease in absolute value and approach zero as
n — 00)
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4.

d) nt"—term Test (limit of the terms does not exist as n — c0)

a)
21(5) ()R 6) -5 (wm) 555

b)

i Dl (D) =) L
11" 34 \11/)  3\1-(-9/11)/ 3 20 60

c) First factor out 1/3 from the series; then what is left is the Taylor series for e”
with 1/3 plugged in for z:

1+1+ L + L + L + L +
3 9 27-20  314.31  35.4!  36.5!
= 1P+1+ L + L + L + L +}
3 3 9.21 1 33.31 " 34.41 3.5 7
1 1 (1732 (1/3)*  (1/3)*  (1/3)°
= §1+3+ TR TR T + R
1
— /B
3

a) This series is neither positive nor alternating. We forget the series as it is given
and consider the series of the absolute values of the given terms, which is 1 +
1+ 3%+ & + ..., a convergent p—series (p = 2). The given series then converges
absolutely by definition.

b) Rewrite the terms of the series as follows:

2n—|—4” 2n 4m > /2 1
Z _Z(n4n n4")_nz:1(4"+n)'

Now > 4% is a constant times a geometric series with » = 1/4 so it converges;
> % diverges since it is harmonic. So the original series is a convergent series
plus a divergent series which diverges.

¢) We use the Ratio Test:

+1 2011
P= ngrolo n;(:lll o nlﬁnolo 5 T o 5 ’ - 5 <

so the series converges absolutely by the Ratio Test.

5. This power series is centered at z = 5. We find the radius of convergence by Abel’s

formula: iy
=) .
R = lim I A lim Mzg
n—00 1)n+1 n—00 n
‘?ﬁwﬁ
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so by the Cauchy-Hadamard Theorem, the series converges absolutely when = &
(5—3,543) = (2,8) and diverges when x < 2 or z > 8. Itis left to check convergence
at the endpoints.

00 n [e's)
1
When 2 = 2, the series reduces to Z 3n 2 — 5)" Z = Z —
n=1 n n=1 n:ln
which diverges (harmonic).

. = ( ) - l)n n - (__ "

When 2 = 8, the series reduces to Z o (8 —5)" = Z 3n 3)" = Z

n
=1 n=1 n=1

n
which converges (alternating harmonic; done in class).

So the given series converges when z € (2, 8].

6. a) Weknow arctanz =z — % + %5 - % + ...; replacing z with 223 we obtain

923)3 9:3)5 943)7
arctan(2x3) = 2x3—(:§)) +(5§)) _(557) Lo
23 25 97
= 22° - 32 +—55L‘15 —7:r21+...;

finally multiplying through by z* we obtain

23 25 27
f(z) =227 — §x13 i Exlg 79625 T
b) From (a), we see that Pio(z) = 227 as the Taylor series contains no other terms
of power less than or equal to 10. Therefore

1

1 1 28
/ f(x)dx%/ 22" dor = ~-
0 0 41,

¢) By the uniqueness of power series, f (13) (0) = 13! a13 where a3 is the coefficient
on the 13*" power term of the Taylor series of f(z) centered at zero. From (a)
this coefficient is —23/3 = —8/3. So f1%)(0) = 13! - (—8/3).

1
1

7. We know sinz =z — & + £ — . sosin(1/3) ~ Py(1/3) = (1/3) — 132

8. a) If)" a, converges, then by the nt" term test, lim,, o0 @y, = 0. Then lim,,_,o e % =
e~0 = 1 s0 by the n'" term test, the series 3" e =% must diverge.

b) Yes; let a,, = - \/)T The series > ,2; a, converges by the Alternating Series

_1\n+1 2 . .
test. But for this choice of a,, a2 = (%) = 1 50 @2 is the harmonic

series, which diverges.
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2.7 Spring 2011 Final Exam

1. (2.2) Evaluate the following three “similar-looking” indefinite integrals:

1 1 1
/x—l—ldx /:c2—|—1dw /(a:—|—1)2dx
2. (2.10) Evaluate two of the following three integrals:
3
/ 242° cos 2z dx / T e / 0 dx
o xt+1 4 — 22

3. a) (4.4) Write an expression involving one or more integral(s) (with respect
to whatever variable you like) that gives the length of the curve y = sinx
fromz =0tozr = .

b) (4.1) Write an expression involving one or more integral(s) (with respect
to whatever variable you like) that gives the area of the region R en-
closed by the graphs of y = z? and y = —4x.

c) (4.2) Let Q be the planar region enclosed by the graphsof y = Inz, y = 3,
and the z— and y— axes. Let S be the solid obtained by revolving @
around the y—axis. Write an eqution involving one or more integral(s)
(with respect to whatever variable you like) that gives the volume of S.

4. (7.4) Determine whether or not the following infinite series converge abso-
lutely, converge conditionally, or diverge. Justify your reasoning.

00 —1)"
5. Let f(z) = go TE!(QT)L)!x".

a) (8.3) Find the domain of f(z) (i.e. find the set of x for which the power
series converges).
b) (8.2) Write a power series for the function f'(z). Write your answer in
Y.—notation.
2f(x) +x—2
x? ’
d) (8.1) Write the Taylor series of f(x). Your answer should be in ¥—notation.

¢) (8.2) Evaluate lim
z—0

6. Find the exact sum of each of the following (finite or infinite) series:

5 5 5 5 5
a) (6.2)?—ﬁ+%—ﬁ+%+...

b) (62)27° +273 4271 4 .. 427 421
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Solutions
1. a) Wehave Ax = Z’_T“ = % =2s0x90=0,21 =2, 29 =4, 23 =6, x4 = 8 Now
by Simpson’s Rule,
8 b—a
[ i@+ nde = 2t f @) + 4 () + 2 (2) + 4 (@) + F @)
= 1% In1+4In3+2In5+4In7+1n9]
= %(61n3—|—21n5+41n7).

b) First, let f(z) = In(z + 1). Then f*)(z), the fifth derivative of x, is —6/(x +
1)3. The absolute value of this expression, 6/(x + 1)3, is maximized when z is
smallest, i.e. when z = 0, so My = max{|f®(z)| : z € [0,8]} = 6/(0 + 1)% = 6.
Now by the error formula for Simpson’s Rule,

(b—a)y & ()_g
1800 Tt T 18044V T 15

Eg <

¢) In Simpson’s Rule, it takes two subintervals to make each parabolic region.
Therefore since there are 4 subintervals, there are 2 parabolic regions whose
areas are calculated.

2. All these integrals can be done by inspection:

1 1
/ de =In|z+ 1]+ C; / dx = arctanx 4 C;
r+1 z?+1

1 -1
/(:p+1)2dx_x+1+0'

3. The first integral is done via integration by parts: set u = 1222, dv = 2 cos 2z dx so
that du = 24x dx and v = sin 2z. Then by the integration by parts formula,

/24x20082xdx:/udv:uv—/vdu: 12x251n2:1:—/24xsin2xdx.

Now for the remaining integral, use integration by parts again: set v = 12z and
dv = 2sin 2z dx so that du = 12 and v = — cos 2z. Then by the integration by parts

formula,
/24:Usin2$d:z:. :/udv = uv—/vdu

= —12x0052x—/—120032x
= —12xcos2x + 6sin 2x.

29



2.7. Spring 2011 Final Exam

4.

Putting this back into the original integral (and adding the constant C'), we obtain

/ 242 cos2xdr = 122%sin2z — / 24x sin 2z dx

= 1227 sin 22 — (=122 cos 2 + 6 sin 2z)
= 122%sin 2z + 12z cos 2z — 6sin 2z + C.

For the second integral, use the u—substitution u = z%. Then du = 2z dz and $du =
x dz and the limits of integration (z = 0,z = 3) become u = 0> = 0and u = 3* = 9.
Then the integral becomes

9 1/2 1 o 1
/ du = - arctanul|y = < arctan9.
0 u?+1 2 2

For the third integral, use partial fractions. Write
6 6 A B

I—2 (2-2)2+2) 2-z 242
find common denominators and equate the numerators to obtain 6 = A(2 + x) +
B(2 — ). Set z = 2 to obtain 4A = 6,i.e. A = 3. Setz = —2 to obtain 4B = 6, i.e.
B=3%.5S0
2

6 3/2  3/2 3 3
dz = P2 Vg =22 -2+ 2ln2 .
/4—:52 v /(2—x+2—|—x) v=—ghR-al+sh2+af+C

a) In general the length of the curve y = f(z) fromz = atox = bis L =

fab V14 [f(z)]? dz. In this case since f(z) = sinz, f'(z) = cosz and a = 0,b =
msowehave L = [ 1+ cos? z dz.

b) The region R is entirely in the second quadrant; the intersection points of the
two graphs are (—4,16) and (0, 0). The function y = —4x is the “top” function
of R so the area of R is given by [*, [~4x — 2?] dz.

¢) Q is a region in the first quadrant bounded by three straight line segments
(namely from (0, 0) to (1,0), from (0, 0) to (0,3) and from (0, 3) to (3, 3)) and
one curve (y = Inz from (1,0) to (¢3,3)). Revolving this region around the
y—axis produces a solid with no hole. It is easier to integrate with respect to
y. This way, the direction of integration is parallel to the axis of revolution, so
the disk/washer method applies. Here the cross-sections are disks with radius
r = €Y (this comes from solving y = Inx for =) and the solid goes from y = 0
(the bottom) to y = 3 (the top). So the volume is

3 3 3
Vv :/ 2 dy :/ W[ey]Qdy :/ eV dy.
0 0 0

a) Observe 0 < TH-% < 3% because the second fraction has the same numerator

n
but smaller denominator. Now > 3% =6 (%) converges as it is a constant
times a geometric series with common ratio less than one in absolute value. So
. o0 (4] . . . . . “ge .
by the Comparison Test, > =% converges; since this series is positive it
converges absolutely.

30



2.7. Spring 2011 Final Exam

b) Leta, = (—1)"*'n~2/%; the given series " a,, is alternating. Now lim,, o |an| =
lim,, oo ﬁ = 0 and for all n, |ap+1| = m < n21ﬁ = |ay| so by the Alter-

nating Series Test, > a,, converges. However, 3 |a,| = > nTl/S diverges since it
is a p—series with p = % < 1. Therefore ) a,, converges conditionally.

a) Use Abel’s Formula:
1

SR e Rt p——— N TCTOE
ntl (CESVIPICESHE : :
= 7Lli_>ngo(n+1)(2n+2)(2n+1):oo

so since R = oo, the series converges absolutely for all real numbers x.

b) Differentiating term-by-term within the series, we obtain

f,($) _ i (_1)77, nxn—l — i (_1)n :Bn—l — i (_l)nJrl "
— n!(2n)! = (n—1)!(2n)! = nl(2n +2)!
c) First, write out some terms of the series defining f(z):

Now multiply through this series by 2, add « and subtract 2 to obtain
2 22 3
2f(ar)+x—2:+ﬂm ~ 56" + ..
Dividing by 22 and letting = go to 0, we obtain
. 2f(x) + -2 2 1
lim ————— = == —.
z—0 z 24l 24

d) By uniqueness of power series, the Taylor series of f must be the series origi-

nally used to define f, i.e. the Taylor series is Z (D" n
n=0

— n!(2n)!x

a) This is an infinite geometric series:

L S B A U S S R
O C R O 7 7 7
S D O DA
ST -F] 7T 8 8
b) This is a finite geometric series:
2754278 4o 44214210 = 2P 149240ty 4 9]

- T5ﬁ+4+4?w_+&ﬂ

(41— 1] 4B -1
4—1]: 9%

— 975
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2.8 Fall 2011 Exam 1

1. (2.6) Evaluate one of the following two integrals:

1 1
/ arcsin x dx / xIn(3x) dz
0 1/3

2. (2.5) Evaluate one of the following two integrals:

2x
d
2 +1°

/ cos® x dx

3. (2.8) Evaluate one of the following two integrals:

dx

/ 323 + 1922 4 21z — 9 p / 222
I’ e —
xt 4 623 + 922 (x —1)3

4. Given the improper integrals below, determine whether or not they converge.
Explain your answer.

42 0 222 + x?sinx
a) (3.2) /2 m dx b) (3.3) /5 i dx

5. Let R be the region under the graph of y = arctanz (and above the z—axis)
fromz =1tox = /3.

a) (4.2) Suppose R is revolved around the x—axis to produce a solid. Write
an integral with respect to « that gives the volume of this solid.

b) (4.2) Suppose R is revolved around the line z = —2 to produce a solid.
Write an integral with respect to x that gives the volume of this solid.

c) (4.2) Suppose R is revolved around the line y = 3 to produce a solid.
Write an integral with respect to x that gives the volume of this solid.
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Solutions

1. For the first integral, use integration by parts with u = arcsinz and dv = dx. Then
du = ﬁdm and v = z so by the integration by parts formula,

1 Lo

arcsinz do = /udv = uv — /Udu = rarcsin x| — / ——dx
/0 o) Vise
To handle the integral at the right, perform a u—substitution with v = 1 — 22, du =
—2zdx s0 S-du = zdz (and change the limits fromz =0toz = 1tou=1—-0% =1
tou =1 — 12 = 0) to obtain

1 0_1 1
/ arcsin x do = x arcsin z|§ — / ——du
0 J1 2 Vu

= (larcsin1 — Oarcsin 0) — (—v/u)|?

= g - (0+1)
T

=21
2

For the second integral, use integration by parts with v = In 3z and dv = x dz. Then

du = 3-3dx = Ldzand v = % so by the integration by parts formula,

2

1
1
/ xln(Sx)dx:/udv:uv—/vdu: x—ln(3x)
1/3 2 1/3

I3  z?| In3 <1 1)
2 4, 2 436
~In3 2
29

2. Rewrite the first integral as
/Cos?’xdm = /cos2xcosxd:c = /(1 — sin? x) cos = dz

and perform the u—substitution u = sin z, du = cos x dx to obtain

3 .3
/(1—u2)du:u—u§—|—C:sinx—SH;:U—}—C’.

For the second integral, use the substitution v = 2z + 1, du = 2dx and z = “7*1 to

obtain

2 u—11 11 11
= — = —_— — = — ——1
w1 /1 > u ™ /°<2 2u) du=gu—ghu/+C

1 1
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3. Both these integrals use partial fractions. For the first integral, start by factoring the
denominator:
zt + 62° + 927 = 22(2® + 62 + 9) = 2% (= + 3)?

Now the “guessed” form of the decomposition is

341902 +2l0-9 A B C D
rd 4623 +922 2 22 x4+3  (z+3)%

add the fractions on the right-hand side and clear denominators to obtain
323 + 1922 + 21z — 9 = Az(z + 3)*> + B(x + 3)® + Cx?(x + 3) + D>

Plug in 2 = 0 to both sides to obtain —9 = 9B, i.e. B = —1. Plug in x = —3 to both
sides to obtain —81 4+ 171 — 63 —9 = 9D, i.e. 18 = 9D, i.e. D = 2. Now our equation
is

323 + 1922 + 21z — 9 = Ax(x 4+ 3)? — (z + 3)2 + C?(x + 3) + 22%;

plugging in z = 1 to both sides yields 3 + 19 4+ 21 — 9 = 164 — 16 + 4C + 2, i.e.
48 = 16A +4C,i.e. 12 = 4A + C. Plugging in v = —1 to both sides yields —3 4 19 —
21-9=—-4A-4+2C+2,ie. —12 = —4A+ 2C. Now solve the two equations

12=4A+C, —12=—-4A+2C
for Aand C to get A = 3,C = 0. Thus the partial fraction decomposition is

334+ 1922 +212—9 3 1 2

xt + 623 + 92 _§_x2+(:1:—|—3)2
so the integral is
323 + 1922 + 21z — 9 31 2
dx = -+ —5)d
/ x* + 623 + 92 v /(x m2+(x+3)2> v
2

1
=3l|z|+ - - ——=+C.
z x+3

For the second integral, the denominator is already factored. The “guessed” form of
the decomposition is

222 A B C

@17 2-1 @=-12 " @=1p

add the fractions on the right-hand side and clear denominators to obtain
202 = A(x — 1)2 + B(z — 1) + C;
substitute in z = 1 to both sides to get 2 = C'. Now the equation reduces to

202 = A(x — 1) + B(z — 1) + 2;
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pluginz = 0Otoget0 = A—-B+2,ie. A= B -2, and pluginz = 2 to get
8 = A+ B+ 2. Therefore A =2and B =4 so
222 2 4 2

@—1P a1 @12 @1y

and the integral is therefore

/@2—9521)3“:/@31*<x—41>2+(x—21>3> -

4 1
=2fe 1|~ Ty - g +C

4.  a) Notice that the integrand has a vertical asymptote at = = 2, the left-hand limit
of this improper integral. Rewriting this as a limit of a definite integral and
evaluating, we see that

4 2 4 2
r= i 2y
/g (x —2)4 Dy (x—2)4 v

= (3(4_—22)3 B 3(b_—22)3)

Therefore the integral diverges.

b) Notice that 222 + z%sinz = 2%(2 + sinz) < 22(2 + 1) = 322. Dividing through
by 425, we see that

222 + 2% sinz < 322 _ 3
426 — 46 4at”
We know that
>~ 3 3 [ 1
= - —dz

—F AT
5 4zt 4 )5 a4

converges (it is a constant times the convergent integral [° -1 dz where p =
4 > 1), so by the Comparison Test for Integrals,

dx converges.

/OO 222 + x?sinz
5 4.7:6

5. a) Since the direction of integration is parallel to the axis of revolution, we use
washers (in this case, disks as the solid hasno “hole”): A(z) = 7r? = 7arctan® x
SO

V3
V = / marctan? z du.
1

Note: the notation arctan? x means (arctan z)2.
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b) Now the direction of integration is perpendicular to the axis of revolution, so
we use the shell method. A(z) = 27nrh where r = z — (-2) = = + 2 and
h = arctan x; we have

V3
V= / 27(z + 2) arctan z dx.
1

¢) As in part (a), the direction of integration is parallel to the axis of revolution,
so we use washers as our cross-sections. Notice that arctan /3 = 7 /3 < 3,80
the axis of revolution is above the region R. Therefore, we have R = 3 and
r =3 —arctanz, so A(z) = TR? — 7r? = 97 — (3 — arctan x)2. Therefore

V3
V= / {977 — (3 — arctan 16)2} dx.
1
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2.9 Fall 2011 Exam 2

1.

(8.3) Two concepts we have encountered in our study of series are power series
and Taylor series. Explain how these two concepts relate to one another and
explain the distinction between the two concepts.

. Find the sum of each of the following series (you may assume without jus-

tification that each series converges). Your answers should be completely
simplified:

1+3"
a)(ez)z
8 8 8 8 8
D72 —U48— 4o °
b) (6.2) 7 R
3 5 7
@8 r— 4 T T

22.30  24.51  26.7
(10.1) Determine whether or not each of the following series converges abso-
lutely, converges conditionally, or diverges. Justify your reasoning.

1)n+1

g b) (74)2\/7

a) (7.4) Z

(8.3) Find the interval of convergence of the following power series:
(x+ 1)
>

(8.2) Use the third Taylor polynomial for an appropriately chosen function to
estimate \/e. Simplify your answer, writing it as a fraction in lowest terms.

o] 2,.m

Suppose f(z) = z—:o ?25)!.

a) (8.3) Show that the domain of f(z) is the set of all real numbers.
b) (8.2) Find f(°1Y)(0), the 2011*" derivative of f at zero.

¢) (8.2) Find a power series representation of f”(z). Write your answer in
Y;—notation.

a) (8.1) Suppose you were to write the Taylor series centered at z = 4 of

the function f(z) =

6
i Without actually writing this series, what
would you expect the radius of convergence of this Taylor series to be?
Why?

b) (8.3) Determine whether or not the series > °° , (61/ " 1) converges.
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Solutions
o0
1. A power series is an arbitrary function of the form » _ a,(z — a)". A Taylor series is
n=0

a specific power series associated to a function f; in particular the Taylor series of f

( )

centered at a is Z (z — a)" and is the only possible power series centered at

a that can represent the function f on an open interval containing a.

2. a) This series can be split into the sum of two convergent geometric series:

1-}-3” > > /3\" 1 1 7T 7 35
Z -2 (7)) +X(G) =it eticw

1
= n=0 7

b) This is a geometric series; begin by factoring out the first term:

8 8 8 8 8
224 48—+ — — —
7 8-+t gt

n2[i-5+5]
i () (3 (3]

e EHEE

c) This is (almost) the power series for sin x with § plugged in for x:

3 7o '

52 31 Vot 5 6.7
3 5

_2 v T + v 71'7 +
ST 2 23.31 0 25.51 27.7l T

. [U B 6 6

1! 3! 5! 7!

—9sin (”) —9.1=2.
2

3. a) Observe that +8 S 3 and Y 3 =3 ( ) converges (since it is a geomet-
ric series withr =1/ e). Therefore by the Comparison Test, WF% converges
as well; it must converge absolutely since it is a positive series.

1)n+1

T

T —

+ ..

b) Observe that Z is an alternating series; we see

i | L
nLH;o n2 —4 _nlﬁngo,/nQ_Zl_
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and

|an| = |ant1]
1 1

<:>\/712—42 Vin+1)2 -4
@\/7<\/m
en’—4<(n+1)° -4
@n2§(n+1)2.

Since the last inequality is clearly true, so is the first one. Therefore by the
1)n+1

=i converges.
( 1)n+1 Z
n, Vn? —4 < vVn? = n, so taking rec1procals of both sides of this inequality
yields \/7;7_4 > 1 Now Z% diverges (it is the harmonic series, so by the

Alternating Series Test, Z

Now we look at the series Z Notice that for positive

1
Comparison Test, Z T diverges as well. Putting this together, we can
1)n+1

T

4. Notice that this power series is centered at —1 since it contains powers of x4 1. Now,
find the radius of convergence using Abel’s Formula:

conclude that the or1g1na1 series Z converges conditionally.

.o n+1 1
= lim =

T R
=l |an+1] nh_{gol 2)"“ T nse 2n 27

n+1

This tells us that the series converges absolutely for |z + 1| < 3, ie. whenz €

(—3/2,-1/2) and diverges when > —1/2 or # < —3/2. Last, we check the end-
points:

When z = —1/2, the series becomes ) & =5 % which converges (it is
the alternating harmonic series).

When z = —3/2, the series becomes ) % Z which diverges (this is
the harmonic series).

Thus, the interval of convergence of the power series is (_73, _71} .

o0 12 3
5. Wehave e” = Z —at =14z —l— + ? . so its third Taylor polynomial is P3(z) =
=0 n.

1+x+ Z—? + gg—f Therefore

1/2)2 1/2)3 1 1 1 179
1L, /2 T
2 2! 3! 2 8 48 48

Ve=e?~ P3(1)2) =
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6. a) We find the radius of convergence by Abel’s Formula:

’an| _ ‘

R=1 = (nt )
n—=% |apq1|  no0 ‘[ e
n?(2n + 2)!

= iS5 (n+ 1)2(2n)!
2
~ lim n*(2n+2)(2n +1) _
n—00 (n + 1)2

since the numerator has degree 4 and the denominator has degree 2. Since
R = oo, the series converges absolutely for all z by the Cauchy-Hadamard
Theorem, and therefore the domain of this function is all real numbers.
o)
b) Thinking of the power series as Z a,x", we see that azp11 = 3 20011112) = %1212?.
n=0
At the same time, by uniqueness of coefficients of power series, we know that

(2011) . . .
asn11l = an!(O)' Equating the two known expressions for as11, we obtain

20112 B f(2011)(0>
4022!  2011!

so we can solve for f(2011)(0) to obtain

201122011!

_ £(2011) () —
/ (0) 4022!

c) Differentiating the series twice term-by-term, we obtain

o -2

Z n—l .

Notice that the series starts at n = 2 since the n = 0 and n = 1 terms of the
series of f(x) become zero when differentiated twice.

7. a) Notice that this function is continuous for all values of = except x = 1. This
means that the Taylor series of this function, being a power series, cannot con-
verge at x = 1 (since power series are continuous everywhere they converge).
It stands to reason, therefore, that the radius of convergence of the Taylor series
is the distance from the place the power series is centered (namely z = 4) to
the closest value of x where the series cannot converge (namely x = 1). This
distance is 4 — 1 = 3. Therefore we should expect the radius of convergence to
be 3.

b) We know that e® = 1+x+:§—?+%+... for all z, and therefore e* —1 = :c+%?+§—?.
Note that e” — 1 > x since you have to add positive terms to z to get the power
series of e” — 1. Therefore, by substituting in = for « in the above inequality, we
see

6l/n 1>

Sl
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(Notice that the inequality does not reverse, i.e. we are not taking reciprocals

of both sides, we are just doing a substitution.) Since Z — diverges (it is har-
n

monic), so does Z (el/ " 1) by the Comparison Test.
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2.10 Fall 2011 Final Exam

1. a) (7.3) This semester we saw many different versions of the Triangle In-
equality. Precisely state any one version of the Triangle Inequality.

b) (5.1) Explain why adding up an infinite list of numbers is a “hard” prob-
lem. In particular, why are the ideas of calculus necessary to add up an
infinite list of numbers?

N

. (8.2) Consider the integral [, /= + 1 dz. Approximate this integral by replac-
ing the integrand with its second Taylor polynomial.

W

. (2.5) Evaluate one of the following two integrals:

/Vl\—/g\/id:c /Ldl'

(x —1)10

N

. (2.3,2.5) Evaluate one of the following two integrals:

2
cos*x )
/ dx / sin? z cos? z dx

sin?

o

a) (4.1) Find the area enclosed by the graphs of y = 5z — 2? and y = 9z + 3.
Simplify your answer.

b) (4.3) Find the length of the graph of y = 2(z — 1)¥2 fromz = 0 to = = 2.
Simplify your answer.

6. Find the sum of each of the following series; simplify your answers.

2 2 2 2
2) -+ —+ =+ =+ ..
a)(6)9+27+81+35+
1 1 1 1 1
b) 82)1— -+ - —-+-——+

35 7 9 11

N

* 71 1
. Consider the infinite series » | ( e 2).
n n

n=1

a) (5.2) Find the third partial sum of the series. Simplify your answer com-
pletely.

b) (5.2) Find a formula (in terms of N) for the N* partial sum of the se-
ries. Your formula should be in “closed form”, i.e. should not have any
Y—notation or “...” in it.

¢) (5.2) Use your answer to part (b) to find the sum of the infinite series.
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8. (7.4) Determine whether or not each of the following series converges abso-
lutely, converges conditionally, or diverges. Justify your reasoning.

> /3 2" > n!
n; (n * 3n> nz:% 2012"

9. (8.1) Write the Taylor series (centered at x = 0) for each of the following

functions.
a) f(x)=1In(1+ 3x)
b) g(z) = 4a%e”’
O h(z) = 5

10. (8.2) Evaluate the following limit:

. 12coszb + 6212 — 12
lim

z—0 24

Solutions

1. a) Triangle Inequality for real numbers: For any real numbers a and b, |a + b| <
jal +[b]-
Generalized Triangle Inequality for real numbers: Let a4, ..., a,, be real num-
bers. Then |aj + ... + an| < |a1]| + ... + |an|.
Triangle Inequality for integrals: Let f be integrable on [a, b]. Then

[ s@ar| < [l an

Triangle Inequality for infinite series: If an infinite series converges abso-
lutely, then it converges. Equivalently, |>°7° ; ap| < 302 |an].
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b) Addition of numbers is defined as a binary operation (there are two inputs
and one output). To add a finite list of numbers, one adds them two at a time
using the associative property. Since the list is finite, this process terminates
since there are less numbers left to add after each addition. But for infinite
series, numbers cannot be added two at a time because the process would never
terminate. Additionally, the associative property fails for infinite series (they
cannot be legally rearranged or regrouped unless they are known to absolutely
converge).

2. We calculate the second Taylor polynomial by the definition. Notice that if we let
f(@) = Va+1, then fO(0) = f(0) =1, f'(0) = 3(0+1)""/2 = L and f"(0) =

Z+(0 4 1)7%/2. Therefore the second Taylor polynomial of f centered at zero is

Py(x) = f(0) + f(0)z + fl;(!o)x? — 1+ %x _ %xz

so the integral is approximated as follows:

1 1 1 1

/ \/a:+1d:px/ PQ(x)dx:/ {1—#33—3:2] dx

0 0 0 2 8
_ 1, 1 4]
—[x+4a: 2495]0
.l 1 2
424 24

3. For the first integral, use a u—substitution v = 1 + \/z. Then du = ﬁ dz so 2du =
1

7z da. Then the integral becomes

1+ ) .
/\/E\fdm:/%/ﬂdu:lgus/?—i—(}’:§(1+\/5)3/2+C.

For the second integral, use the u—substitution u = = — 1, du = dx. Then since
x = u + 1, the integral becomes

z u+1 —9 . —10

w8 u™?
S e,
-8 * -9 +
-1 1
= ?(3’: — 1)78 — §($ — 1)79 + C

4. For the first integral, use trig identities to rewrite the integrand:

2
/COS xdx:/cotzxd:r:/(csc2x—1)dx:—cotx—a:—i—C.

sin? z
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For the second integral, also use trig identities to rewrite the integrand:
1- 2 1 2
/Sin2ZL’COSQ$d£L':/< o8 x) < T cos x) dx
2 2
1 2
= Z/(l — cos”(2x)) dx
1
= / sin?(2x) dx

1/1—cos4x
4

/ 1 — cosdz)dx

1 1
[:c—smllx} +C—§x—§sm4x+0

5. a) First, find the z—coordinates of the points of intersection of the graphs; setting
5x — 2% = 9z + 3 yields 2% + 4z + 3 = 0 which has solutions z = -3,z = —1.
So the area between the graphs is

-1 -1
/ [(51:7x2)7(9x+3)]d:1::/ (—a® — 4 — 3) do
—3 -3
_ {—1 3_9,2_ 3 !
= 396 xr xr

:(%—2—%3)—(9—18—1—9):—

-3

b) First, by direct calculation we have ¢/ = v/ — 1. Then, by the formula for arc
length, we have

L—/02\/1—|—[y’]de—/:\/l—i-(a:—l)dx

2 2 ap]® 2 30 4
:/\/de:{x ] =2.252 =\
0 3 0 3 3

6. a) This series is geometric:

2 2 2 2
Sttt =

1 1
1+ -+-+..
9 27 81 3 [+3+9+]

[ 1 3
. S
1-1 2

b) This is the Taylor series for arctan x with z = 1 plugged in:

1 1 1 1 1 T
l— -4+ — =4+ =-——=+. .:arctanlzz.

1 1 1 1 1 1 1 21
7. Syg=(1—-= - —= —Z)=1+= o=
a) s ( 3)+<2 4)+(3 5) t175 %

2
9

2
9
2 1
5 =
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b) Notice that most of the numbers in this partial sum cancel, because they are
both added and subtracted:

Sy =a1+az+ ... +an
:(1_1)+(1_1)+(1_1)+...+
3 2 4 3 5
1 1 1
2 N+1 N+2

( 1 1 >+<1 1
N—-1 N+1 N N+2

c) By definitition,

f:l 1 — lim Sy — lim |14 . 1 L3
n n+t2) T NN T ML 2 N+1 N+2| 2

n=1

a) This series splits into the sum of two series, one which converges and one
which diverges:

X /3 o X3 X /2\"
;(ﬁw):;n*;(g)

The first series diverges since it is a constant times the harmonic series, and the
second series converges since it is geometric with r = % Therefore the original
series, being the sum of a convergent and divergent series, diverges.

b) Use the Ratio Test:

(nt 1!

50TonFT 1)! 2012™ 1
p— tim 1l _ g 2T g (R DL = lim 22 =

and since p > 1, the series diverges.

a) Start with the Taylor series for In(1 + x) and replace all the x’s with 3x:

2 3 4
ln(l—i—a:):x—%—i—%—%—i—...
(3z)?  (3z)°  (32)*
In(1 =3z — -
n(l+3z) =3z 5 + 3 1 +
3222 333 3
=3z — 5 + 3 T 4 + ..

oo n3n n
—Z
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b) Start with the Taylor series for e?, replace the z’s with 2 and then multiply all

the terms by 4z%:
_1 22 2 gt
e =1+a+ gt
22 213 214
N o N i LR C L
+x° + 9 + 3l + 1 +
R
2 2\ 2 2954 0 2958
dz2e”” = (4291 + (42 —|—(4:U)2 (4$)3'+(4$ )E—I—
426 428 4210 4
42 4, AT AT _ 2 on42
= 4a* + 4ot + s T T +..._Z J?re,

c) Start with the Taylor series for -1

—, differentiate twice and then multiply all the
terms by 3:

1
17=1+x+x2+x3+x4+m5+x6+...
—x

1 d [ 1
(l—x)2_da:<1—x>:1+2x+3$2+4$3+5m4+6x5+...
2 d<1> = 2+ 62 + 1222 + 2027 + 302" +
(1—x) de\(1-2)2) z z b T+ ...
A—ap = (/2)2 + (£/2)6z + (2/2)122% + (2/2)202° + ...

o0
—1
=+ 32% + 62% + 102 + 1527 + .. = Y "("2)3:"1
n=2

10. Start by writing the Taylor series of the function whose limit is being taken:

o ) x2 N ZC4 $6 N .1‘8
z=1-—+t— =4+ — —
2 4! 6! 8!
COS$6_1_L12+L24_L36+L48_
- 2 4 6! 8!
12 24 36 48
xr X xr
12 12 12
_ 12 224 36 | 14 48
=12 —-6x“ 4+ — 1 6!30 + 30
12 12 12
6 12 _ -2.24 —-=_36 —<,48
12 cosx” + 62 —12—4'33 6'$ —1-8!;3
12cosa® + 622 — 12 12 12 o2 12 o
x4 T 8!

12 12 1
As z — 0, this quantity therefore approaches — TR

2 2
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Chapter 3

Exams from 2012 to 2014

3.1 Spring 2013 Exam 1

1. (2.10) Each of the following integrals is evaluated either by a u—substitution
or by integration by parts. If the integral is to be evaluated with a u—substitution,
write “U—SUB” and say what u should be (for example, “u = z3”). If the inte-
gral should be evaluated by parts, write “PARTS” and write what you would
assign to be v and dv. You do not need to completely evaluate the integrals.

a) /3x2e5z dx ) /arctan xdx
x
- 2
b) [ e d) [40*nade
2. Evaluate each of the following three integrals:

a) @1 | (?i+2x4 _ \/E) i b) 22) [2sineda
) (24) /21‘ cos(z? + 1) dx

3. (2.6) Evaluate one of the following two integrals:

/xsechdx /de
eCC

4. (2.5) Evaluate one of the following two integrals:

2
/ sin® z dx sz dx
20+ 1

5. (2.8) Evaluate one of the following two integrals:
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/4x2—3x+2d /2x+3d
————dx ——dz
3 — a? (x —1)3

6. Given the improper integrals below, determine whether or not they converge.
You must give sufficient reasoning or calculations to justify your answer.

a) (3.2) /2 4(95_22)4‘”” b) (3.4) /1 OOTCII

7. (Bonus) (2.9) Evaluate the following integral:

/6ﬁdx

Solutions

1. a) PARTS: u = 322 and dv = °* dx.
b) U-SUB: u = 42 + 3.
¢) PARTS: u = arctan x and dv = dz.
d) PARTS: v = Inz and dv = 422 dz.

1 2
2. a) /(;5—1—23:4—\/%) dng/;d:r+2/x4d:c—/a:1/2da;:gln|x\+5x5—
2
5%’3/24—6(.

-2
b) /281n5xdx:2/sin5xdm: ?0055.%—1—0.
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c) Let u = 22 + 1 so that du = 2z dz. Then /2:6005(962 +1)dz = /cosudu =
sinu + C = sin(z? 4+ 1) + C.

. For the first integral, use parts: set v = z and dv = sec? z dz so that du = dz and
v = tan . Then, by the parts formula,

/xsec2mdx:/udv:uv—/vdu:xtanx—/tanxdx.

The remaining integral is done with a u—substitution: set «w = cos x dx so that du =
—sinz dz and —du = sin z dz. Then

i —1
/tan:l:dx:/smxd;v:/—du:—ln|u|+C’:—ln|cosx|+C.
cos u

Putting this together, we see that

/xsecQ:Ud:r:xtan:U+ln\cos:c| +C.

For the second integral, rewrite the integral as [ xze ® dz. Then use parts, setting
u=x and du = e~* dz. Then du = dx and v = —e~*. By the parts formula,

/xe_xdx = /udv =uv — /vdu =—xe ¥ — /—e_xdx =—xe T —e T+C.
. For the first integral, start by rewriting it:
/sin3 rdxr = /sin2 rsinx dr = /(1 — cos? x) sin z dz.

Now perform a u—substitution on this integral; set © = cos z so that du = —sinz dx
and —du = sin z dz. The integral then becomes
3

1
/—(1—u2)du:/—(1—u2)du:—u—i—%-l—C':—cosa:—Fgcost—FC.

For the second integral, first think of it as

2
S dx:/4:1:2- -2dzx
2z +1 2z +1
This suggests the u—substitution u = 2z + 1; du = 2 dz. Now we solve for 422 to get
z=3(u—1)soz? = 1(u—1)?s042? = (u — 1)%. Now the integral becomes
2 -1 2 2 _ 2 1
S dm:/Mdu:/quu
2z +1 U U

—/(u—2+i)du
2

:%—Qu—i—ln]ul—i—c

27 + 1)2
:U:;F)—Q(2x—|—1)+ln]2x+1|+0.
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5. The first integral uses partial fractions:

472 — 3042  4da® —3x+2 A B, C
-2z  22(z—1) T2 22 o1

Multiplying out, this produces the equation
4a® =32+ 2= Ax(z — 1) + B(xz — 1) + Cz*

Substituting in = 0 to this equation, we get 2 = 0 — B 4- 0 so B = —2. Substituting
in z = 1 to the same equation, we get4 — 3+ 2 =0+ 0+ C so C = 3. Substituting
inx =2,B = —-2and C = 3 to this equation, we get 16 — 6 + 2 = 24 — 2 + 12, i.e.
A = 1. So the integral becomes

4a% — 32 + 2 12 3 2
/”ﬁ”?dw/(—#) dr =In|z|4+ = +3In|z - 1]+ C.
0 —x T rz—1 T

For the second integral, there are two methods of solution. The first solution is to
use partial fractions:

2z + 3 A B C

@19 z-1 @=-12f @o1p

Multiplying out, this produces the equation
20 +3=A(x —1)? + B(x — 1)+ C.

Substituting in x = 1 to this equation gives 5 = C and substitutinginz = 0,C =5
gives 3 = A — B +5,i.e. A— B = —2. Substituting in z = 2,C = 5 to the same
equation yields 7 = A + B + 5,i.e. A+ B = 2. Solving the two equations together
for A and B yields A = 0, B = 2. Thus

2z +3 2 5 -2 —5/2
——dx = dx = C.
/(x—l)?’ ’ /<(ﬂc—1)2 (w—1)3) EEE RN
An alternate solution to the second integral is to perform the u—substitution u = z—1
so du = dx. Solving for x we see x = u + 1 so altogether this substitution yields

2x +3 3

+

2 5
_ u+ du

_/ 2u + 5u” )d

9
2u 1—1—7 _2-1—0

2 5/2
_.%‘71—'_(1?71)2—’_0'
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6.

a) This integral is improper because the integrand has a vertical asymptote when
x =2

-2 1

= lim [_2 12 : ! ]
bt | 323 3 (b—2)3
= lim [_14— 2 }
bzt [ 12 3(b— 2)3
12 T30 ™

Thus the integral diverges.
b) Apply the Comparison Test for Improper Integrals. Notice that

22 4e® 22 11
T st o2
423 T 4x3 4z

Now we proved in class that [, % dz diverges; therefore so does [ i% dx. By
the Comparison Test,
00 2 —x
/ e
1

4a3

also diverges.

Perform the t—substitution (like a u—sub but I will use the letter ¢t) ¢ = /2. Then
dt = - dx = %dm so dx = 2t dt. Now

2vz

/eﬁdsn = /et2tdt.

Now perform integration by parts on the right-hand integral: set u = 2t and dv =
e’ dt so that du = 2dt and v = ¢'. By the parts formula,

/etQtdt:/udv:uv—/vdu:2tet—/2etdt:2tet—26t+C’.

Finally, back-substitute for = to get

/eﬁd:z = 2\/9?6\/5 —2eV® 4+ C.
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3.2 Spring 2013 Exam 2

1. Let R be the region enclosed by the graphs of y = 2%,y = 0,and y = —2z+12.

a) (4.1) Write an expression involving one or more integral(s) with respect
to x that gives the area of R.

b) (4.1) Write an expression involving one or more integral(s) with respect
to y that gives the area of R.

c) (4.2) Let S, be the solid formed by revolving R around the y—axis. Write
an expression involving one or more integrals with respect to x that
gives the volume of 5.

d) (4.2) Write an expression involving one or more integrals with respect
to y that gives the volume of S;, where S; is the solid in the previous
problem.

e) (4.2) Let S, be the solid formed by revolving R around the line y =
—2. Write an expression involving one or more integrals with respect to
whatever variable you like that gives the volume of 5.

2. a) (4.5) Consider a wire of length 4 m whose density x inches from the
left endpoint of the wire is given by §(x) = cosz + 1 mg/m. Write an
expression involving one or more integral(s) which gives how far from
the left endpoint of the wire its center of mass is.

b) (4.6) Write expressions involving one or more integral(s) which find the
center of mass of the triangle whose vertices are (0,0), (0,1) and (1,0),
assuming the triangle has constant density.

3. Suppose that X is a random variable whose range is [0, 2] and whose density
function is f(z) = cz? + x for some constant c.
a) (4.8) Find c.
b) (4.8) Find the probability that X is less than 1.
¢) (4.8) Find the expected value of X.

4. (4.4) Write an expression which gives the length of the curve y = €3* from
r=1tox =28.

5. (4.3) In physics, if the net current going through a wire at time ¢ is a constant
I, then the electric charge () transferred over At units of time is given by ) =
I'- At. Suppose the net current going through a wire at time ¢ is not constant,
and is equal to /(t) = 2t — 3. What is the electric charge () transferred from
time ¢t = 0 to time ¢ = 2? (I actually want you to find the answer.)
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Solutions
1. Solve for the corner points of R:

e the curves y = 2 and y = 0 meet at (0, 0);
e the curves y = 2% and y = —2x + 12 meet at (2,8);
¢ the curves y = 0 and y = —2z + 12 meet at (6, 0).

Then:
a) A= / ac— daH—/ —2x +12) —O]dac—/xdx—i-/ (=22 +12) dx.
0
b) Solve the equations for z in terms of y: y = 23 is x = Yyandy = —2x + 12 s

=12 HT_Z’ Then:
8 _
A :/ {12 Y_s y] dy.
0 2

2
c) Since the direction of integration is horizontal but the axis of revolution is ver-
tical, this is the shell method (the cross-sectional area is 27rh):

2 6
V= / oz () dx + / 2rx(—2x + 12) d.
0 2

d) Since the direction of integration and axis of revolution are vertical, this is the
washer method (the cross-sectional area is 7 R? — 7r?):

V= / [ (12_ ) —77(\3/37)2] dy.

e) If one integrates with respect to z, this is the washer method since both the
direction of integration and axis of revolution are horizontal:

V= / m(z® 4 2)% — 722 dx—i—/ (—2z + 12+ 2)? —wzﬂ dz.

If one integrates with respect to y, this is the shell method since the direction of
integration is vertical but the axis of revolution is horizontal:

V:/O827T(y+2) (122_3/—3/17> dy.

2. a) Wehave
My f04 ro(x)dr fgl x(cosz + 1) dx

fzi

M [ts(z)de  [l(cosx +1)dx
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b) The top of this triangle is the line y = —z + 1. So this is a region bounded above

by f(z) = —x + 1 =1 — x and below by y = 0 from = 0 to = 1. So by the
formulas derived in class, the center of mass is (Z, ) where

=My Jo @8(2)[f(z) — g(a)]dz _ fy 2(1 —z)dx
9(

M fy(@)[f(@) - g(@)de  fy(1-=z)dz’
g Mo _ Jo 256(@)[(f(2))* — (9(x))’]de _ Jy 32(1 — z)’dx.
M Jo 8(@)[f (x) — g(x)] dz Jo (1~ 2)de

(By symmetry, it is clear that 7 = 7.)

3. Suppose that X is a random variable whose range is [0, 2] and whose density func-
tion is f(x) = cx? + x for some constant c.

a) We know the density function must integrate to 1, so we have

2 1 2
1:/(cx2+x)dx—[c:v + -z ] :%—1—2.
0 3 2

3
Solving the equatlon ¢ +2=1forc, weseec= §3.
b P <= [ e = [ (Earra) ar= [ 430 =5 g =
I A S N 8 2", 8 27
3
5
2 2 2 c 1.2 7
C) EX:/ ;Uf(ﬂ:)dx:/ :U(cx2+x)d:r:/ (cad+2?) dr = {le—l—xg} = -.
0 0 0 4 3 ]p 6

4. If f(z) = 3%, then f'(z) = 3e3" so the length is

o= /18\/1+ ()2 da = /18,/1+(3e3w)2dx.

5. By the general principal of applications of integration, the formula @ = I - At trans-
lates into the formula Q = [* I(t) dt. Here the answer is given by

Q:/OQ(Qt—3)dt: [t2—3t}z = 2.
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3.3 Spring 2013 Exam 3

1. a) (7.3) Define precisely what it means for a series }_ a,, to converge abso-
lutely.

b) (7.3) Give a specific example of a series that converges absolutely (no
justification required).

¢) (7.3) Define precisely what it means for a series }_ a,, to converge condi-
tionally.

d) (7.3) Give a specific example of a series that converges conditionally (no
justification required).

e) (7.3) Why do we care whether or not a series converges absolutely (as
opposed to just knowing whether or not a series converges)?
2. Find the sum of each of these series. Please simplify your answer:
>© 3. 23n—1

2) (62) Y =
n=0

2 2 2 2

b) 62)18—6+2— -+ - — —+ — —

) (62 " 3+9 27+81
(=3

n

<) (8.2) i

3. (7.4) Determine, with justification, whether each of the following series con-
verges absolutely, converges conditionally, or diverges:

"y 9 3 (5 5)

5

n—1

4. (8.3) Determine, with justification, the set of « for which the following power
series converges:

5. a) (8.2) Approximate cos ; by computing the third Taylor polynomial for
an appropriately chosen function.

b) (8.2) Approximate the integral f; ¢=** dx by replacing the integrand with
its fourth Taylor polynomial.

c) (8.2) Evaluate the following limit without using L'Hopital’s Rule:

_ sinz? —2?
lim —
z—0 cosxs — 1
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Solutions

1.

a) Y. ay, converges absolutely if ¥ |a,| converges.
1
b) s
c) > ay converges conditionally if 3~ a,, converges but ) |a, | diverges.

n+1
d) Z

e) The terms of a series can be rearranged /regrouped without changing the sum
if and only if the series converges absolutely.

3.23n—1  3.9-1 X gn 1 1 9
a)25,32n+1_ 3 _Z(> 9 1— 9

2. 2 2 1 3\ 27
b) 1 2— 4 —18(2) =28
) 18625+ 27+81 82( ) [1——1] 8(4) 2
n—i—l n+1

c) Z Z 3" =3In(3+1) =3In4.

a) Notice that 0 <

\‘} dlverges (it is a p—series with p =

5
3 < 1), by the Comparison Test Z N d1verges as well.
b) Notice Z converges (it is a p—series with p = 8 > 1) and S g+ converges (it
1 1
i tric with r = 1). Therefore th i — + — | isth f tw
is geometric with r = g). Therefore the series nz::l <n8 + 8”) is the sum of two

convergent series, hence converges. Since this series is positive, it converges
absolutely.

Apply Abel’s Formula to find the radius of convergence:

(=n"

R = lim M — lim %
n—00 |an+1| n—oo | (-1)
2n+l,/n4+1
_ 1 ontl /41
=1 .
n—0o0 21,/ 1
o 2vn+1
1
2 %im /P — 2 lim (14— =2
n—00 n n—00 n

Thus the interval of convergence goes froma - R=5—-2=3toa+ R=5+2=1T.
Now test the endpoints:

<1)

m\»—*

r=3= Z ;;i/);l 3-5)"= Z (2”\f Z dlverges (p—series, p =
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r=7= Z (2;1)2 (7-5)" = Z ;;i/); (2)" = Z (?/lﬁ)n converges (Alt. Series Test))

Summarizing, this series converges when x € (3, 7].

a) cosz = 1—§+%—§+...SOP3(:U) —=1— 2 =1— 122 Therefore

2! 2

1 P(1) ) 1<1)2 31
cos — = )=1—-—35\7] =35
LY 2 \4 32

b) ¥ = 1+x+”§—?+%+...soe‘x2 = 1—x2+§—§+...andtherefore
Py(z) =1 — 22 + 12 Therefore

_ L s 15}
—[:L’ 3x+10:n0
g, 12
B 310 30

c) Write Taylor series for the functions sin #2 and cos 2® and substitute:

. 6 10
. sinz? — 22 i x2—§—.+”35—,..—x2
lim ————— = lim R
z—0 cosz® —1 =0 -4 +%4r.. -1
I6 xlO
lim — 80 5T
- r—0 _ 28 + z12
2! 4!
6| —1 zt
= lim
z—0 2.6 | =1 T z0
2! 41
—1 x4
= lim —3= +
—0 | =1 x0
o0 |+ o]
-1 1
_ 3 _5 _ 1L
=I=1=3
> 2 3
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1. For each part of this problem, you are given two integrals. For each part,
choose one of the two integrals and evaluate it :

a) (2.3)
/tan rdx /tan2 rdx
b) (2.8) . op 3
/x2+3x+2dx /(x—|—1)2dw
c) (2.6)

/Bx cos 2x dx /$2<£L’ — 1) dx

2. a) (3.3) Determine whether the following improper integral converges or
diverges:
©  3x
—d
A 7

b) (3.2) Determine whether the following improper integral converges or

diverges:
]
/ 2
1 Zz

3. Let R be the region in the zy—plane lying below the graph of y = /z, above
the x—axis and to the left of the line z = 4.
a) (4.1) Find the area of R.

b) (4.2) Write an integral (or integrals) in whatever variable you like that
gives the volume of the solid obtained by revolving R around the line

y=—1
c) (4.2) Write an integral (or integrals) in whatever variable you like that
gives the volume of the solid obtained by revolving R around the y—axis.
4. a) (4.4) Write an integral which gives the arc length of the curve y = sinz
from z = 0 to = = 2.
b) (4.8) Suppose X is a random variable taking values between 0 and 4
whose density function is f(z) = tz. Find the expected value of X.

5. Find the sum of each of these series. Please simplify your answer:

00 32n+1 n 2n+1

a) (6.2) i (_51)” b) (6.2) Z S 82)2 i
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6. (7.4) Choose two of the following three series. For the two series you choose,
determine (with justification) whether each of the following series converges
absolutely, converges conditionally, or diverges:

i 2 +sinn i nl(n 4+ 1)! i 1)’”rl
n=3 3n? n=0 (Qn)' n=1
7. Consider the power series f(x Z e—' .

a) (8.3) Find the set of « for which the power series converges.
b) (8.2) Let g(x) = 2 f(22?). Write the power series for g in ¥ —notation.
) (8.2) Find ¢®'3)(0), the 2013"" derivative of g at zero.

8. a) (8.2) Approximate /e (the fourth root of e¢) by computing the second
Taylor polynomial for an appropriately chosen function.

1
b) (8.2) Approximate the integral / In(2°+1) dz by replacing the integrand
0
with its sixth Taylor polynomial.
¢) (8.2) Evaluate the following limit without using L'Hopital’s Rule:

arctanx — x
lim ——m
x—0 21’3

d) (6.3) Write the repeating decimal .02525252525... as a fraction in lowest
terms. Hint: write the fraction as a geometric series.
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Solutions

1.

a)

b)

i

i.

ii.

sin x

Start by rewriting the integral as [ 53:Z dx. Then use the u-sub u = cosz,
du = —sinzdr so —du = sinzdz to obtain [—1du = —Inu+ C =
—Incosz + C.

Start by rewriting the integral as [ (sec? x — 1) dz. This can be done directly
to obtain tanz — 2 4 C.

Rewrite the integrand using partial fractions. The denominator factors
as (z + 1)(xz + 2) so we have ﬁl + % = #_;H Finding a common
denominator and then clearing denominators, we obtain A(x +2) + B(x +
1)=x2—1.Pluginz = —2toget —B = —3,i.e. B=3. Pluginz = —1 to

get A = —2. Thus the integral is
/m_ld —/( 2 + 5 )dx——2ln(:c+1)+31n(x+2)+6’.

213420 T \ox1 T 2 x2

This integral can be done with either partial fractions or a u-substitution.
For the partial fractions method, the appropriate guessed form of the de-
composition is J%Ll + ﬁ ; after finding common denominators and then
clearing denominators, we obtain A(z 4+ 1) + B = 2z — 3. Thus A = 2 and
B = —5. Therefore the integral is

/md$:/(x—2kl + (x:—51)2> dr=2n(z +1)+5(z +1)7" +C.

For the u-substitution method, let v = z-+1 so du = dx. Therefore z = u—1
so the integral becomes

2(u—1) —3 2u—5 2
/(UQ)du:/ u2 du:/<—5u_2>du
U U U

=2lnu+5ut4+C
=2In(z+1)+5(xz+1)"1 +C.

Use parts with v = 3z and dv = cos 2z dz. Therefore du = 3dz and v =
[ dv = [cos2zdx = 5 sin 2z. Therefore by the parts formula, we have

/SxCOSQxdx:/udv:uv—/vdu

1 1
:Sx-isin2x—/3~§sin2xdm

3 3
= 5xsin2x— i/sin%‘dw

3 3 -1
= fmsin2m—f.7cos2x+0

2 2
3 3
= §$Sin21:+10082x+0.
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ii. This integral is best handled with the u-substitution v = = — 1. Therefore
x =u+ 1 and du = dx so the integral becomes

/(u + 123 du = /(u2 +2u + 1)u?? du
= / <u8/3 + 2053 4 u2/3) du
_ sy 3 gu5/3 +C.

11 4

(This can also be done by using integration by parts twice (starting with
u = 2% and dv = (x — 1)?/3) but I won't give that solution here.)
2. a) Notice that 0 < 1317 < 3% = 3 Since [;° 3 dx converges (it is a p-integral
with p = 3 > 1), so does [;* xf’% dx by the Comparison Test.
b) This integral is computed directly:

00 b
/ 1n—gcda:: lim 1m—%da:
1

xT b—mooJ1 T

1
u-subu = Inz,du = — dx
T
Inb

= lim udu

Therefore the integral diverges.

3. Let R be the region in the zy—plane lying below the graph of y = /z, above the
x—axis and to the left of the line z = 4.

a) Integrate the function from 0 to 4:

— 243/2 — E

A—/4\/Ed;l?— gw3/24
~Jo —3" 7,73 3

b) Integrating with respect to z, the direction of integration is parallel to the axis
of revolution, so you get washers:

V= /04 |[R? — mr?| do = /04 (Va+1)? = m(1)?] da.

Integrating with respect to y (solve the equation y = / for y to get = = y?),
the direction of integration is perpendicular to the axis of revolution, so you
get shells. Notice also that the top corner of the region is the point (4,2) so y
goes from 0 to 2:

2
V= / 2nrhdy = 27 (y + 1)(2 — y?) dy.
0
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c) Integrating with respect to z, the direction of integration is perpendicular to
the axis of revolution, so you get shells:

4
V= /0 2rrhdz = 27 (z)(v/z) dx.

Integrating with respect to y, the direction of integration is parallel to the axis
of revolution, so you get washers:

V= /02 [ﬂ'RQ — 777“2} dr = /2 [W(42)2 — 7T(y2)2} dx.

0

a) Note % = cos x so by the arc length formula,

b d 2 27
s:/ ”1+<dy) d:c:/ V1 + cos? z dzx.
a X 0

b) Applying the formula for expected value:

b 4 41 S0 64 8
EX: d = — d — 72d = — = — = —,
/a xf(x)dx /0 x8x T /0 81‘ T 51 ) 51 =3

a) This is a geometric series. First, factor out = and rewrite the series so that it
starts at n = 0:

>3 -35E) - F=amT i

b) This is a geometric series:

DA S _6§<9)"_6. L __6.16_096
Ler.2insl 712160 T \16) T 1-2 7T 7T 49

c) Note thatsinz = ;2 %

in for z, so

. The given series is the same with 7w plugged

0 (_1)n7.r2n+1

Z (2n+1)!

n=0

=sinmT = 0.

a) Note that 0 < 2*;% < % = # The series 3 n—12 converges (p-series, p = 2 >

1) so by the Comparison Test, the given series converges as well.
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b) Use the Ratio Test:

’ (n+1)!(n+2)! ’

B lans1] . 2(n+1))!
p =t lan] = ‘n!(n—l-l)!’
(2n)!
L (D2 (2n))

n—oo  (2(n+1))! nl(n+1)!
_ lim (n+2)(n+1) (2n)!
Cn—oo (2n+2)! 1
B (n+2)(n+1)

Tt (2n+2)(2n + 1)
n?+3n+2 1

m ————— = —.
n>oodn? +6n+2 4

(If necessary, use L'Hopital’s Rule twice to get the last step.) Since p < 1, the
series converges absolutely by the Ratio Test.

c) * This series is alternating;

_1\n+1
e notice that lim,,~ |a,| = lim;, 00 ’% =0;
* note that the terms are decreasing in absolute value: |a,4+1| = ﬁ <

1
T = lanl

Therefore the series converges by the Alternating Series Test. To determine

whether the convergence is absolute or conditional, consider }° |a,| = 3 ; \%/ﬁ =

i > ﬁ This is a p-series with p = % < 1 which diverges. Therefore the origi-

nal series only converges conditionally.

oco e", ..n
rx’.

7. Consider the power series f(z) = Y07 &

a) The series is centered at a = 0. By Abel’s Formula, the radius of convergence is

e"l

nl

|an|

R = lim = lim —
n—00 |an+1‘ n—00 (2+1)'
. €' (n+1)!
= lim — - —%—
n—oo nl entl
.o n+1
= lim = 0.
n—oo e

Since the radius of convergence is infinite, the series converges for all x ¢
(—00,00).

b) Start with the given series, substitute 222 for # and then multiply through by
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flay=3 S
n=0
f2a?) =3 S (22%)"
n=0
o) =2 f(20%) = 3 (a2
n=0 """

c) By the uniqueness of power series, the coefficient on the 22013 term of the Taylor
series of g(x) is 9(22001;);,(0) This occurs when 2n + 3 = 2013, i.e. when 2n = 2010,

i.e. when n = 1005. So the coefficient on the 22913 term is %. Therefore

9(2013)(0) B 100591005
2013! 1005!

2013!6100521005
1005!

N 9(2013) (0) —

a) Let f(x) =P =14+x+ LQ + %‘T’ + ... We are tryingtofind \4/52 el/d — f(1/4).
This is roughly Pg(l) = 1 +1 Ly (1/4) %‘

2

b) We know ln(x + 1) =r— %+ % — ... 0 by replacing = with z® we get In(z? +
1) = 23 - % + %-.... Thus the sixth Taylor polynomial of the integrand is
Ps(x) = a3 — 2. Therefore

z? :U71 1 1 )
1 1d -_ = _—— — = - —_—— = —,
/nx+ v /lx ] o [4 14, "4 14" 28

lmarctan:zr—:n:hma:—%s+%5—‘”—77+...—a:
z—0 223 z—0 213
3 5 7
:lim_%—i_%_%—i_
x—0 2373
1 1+x2 $4+
50| 610 14
- oo ="
6 6
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d) Following the hint,

.02525252525...

T 103

25y L (LY
- 103 100 100

.025 + .00025 + .0000025 + ...
25 25 25

=108 1 T 107

25 [1+ 1 n 1 n }
102 10¢ 7

25 1

~ 10001 — L

100
25 100 25 5

T 1000 99 990 198
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3.5 Fall 2013 Exam 1

1. a) Suppose that a student is trying to differentiate f(z) = ¢**~3 using Math-

b)

ematica, and types in the commands you see below:

flx ] =e(x"2 - 3)

£ [x]

This won't give the right answer. What is wrong with what the student
typed in?

Write the Mathematica code that will produce a plot of the function f(z) =
In z, for x—values between 0 and 7.

Suppose you were to type in the following command into Mathematica:
Integrate[x~2/3 Sin[x], {x, 0, 3}]

This will compute some definite integral of some function. Write the
integral that is being computed in handwritten notation (i.e. with an

integral sign, upper and lower limits, integrand, etc. written as you
would write these things by hand).

2. (2.10) For each of the given integrals, determine what the first step is in the
best method to compute the integral by hand. For each integral, your choices

are:

. Just write the answer.
. Rewrite the integrand with a trig identity.

. Use integration by parts.

A
B
C. Use a u—substitution.
D
E

. Find a partial fraction decomposition.

a) /tanxdw d) /xsinzmdx
b) / csc? v dx e) / sin® z cos z dx
) /sin2 xdx

T
0

3. (2.2) Compute/ cos (Z) dx.

4. (3.3) Determine, with justification, whether the following integral converges
or diverges:

/OO (x_Q/?’ — 27> dx
4 x

5. (2.5) Evaluate one of the following two integrals.

2
/2x2\/2—xdx / * 3dx

2x +
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6. (2.6) Evaluate one of the following two integrals.

/32:2 sin x dx /x2/3 Inzdx

7. (2.8) Find the partial fraction decomposition of one of the following two ex-
pressions.
z? — 10z — 3 10 + 3z

z(z —3)(z+1) (x +2)?

8. a) (3.1) Given the following improper integral:

/ 2¢ Fdx
1

rewrite the integral as a limit, and then compute the value to which the
integral converges. (Trust me, this integral does converge.)

b) (3.3) Using part (a), determine (with appropriate justification) whether
the following improper integral converges or diverges:

o 2
/ e *sin® z dzx
1
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Solutions

1.

a) In Mathematica the number e is E, not e.

b) Plot[Logl[x], {x, 0, 7}]

3 2 o
0 / x smxdx
0 3

sin x

a) B (write tanw as -7

b) A (answer is — cot z + C)

c) B (write sin?z as 3(1 — cos 2z))

d) D (u = z,dv = sin? z will eventually lead to the answer)
e) C(u=sinx)

The integral is done either with the u—sub v = %, or by the linear replacement
principle:

/0 cos (Z) dx = 4sin% ;
o0 2 >~ 1 >~ 1
-2/3 _ =2 — I -

A (a: 337) da:—[1 TE dx 2[1 = dzx

Both of these integrals are p—integrals. The first integral diverges (p = 2/3 < 1);
the second integral converges (p = 7 > 1), so the whole thing, being a sum of a
divergent integral and a convergent integral, diverges.

T

:4sinZ—4sinO:4<\g§) —4.0=2V2.

For the first integral, set © = 2 — z so that du = —dx and therefore —du = dz. Solving
for =, we also see that = 2 — u so the integral becomes

/2(2 — )%/ (—du) = /—2(4 ~ du+ ) du
= / (—8 + 8u — 2u2) w2 du
= / (—8u1/2 + Sud/? — 2u5/2) du

_ . 2B g 2 _ 0 2 o
5 7

3
= PR+ - S -2t
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For the second integral, set u = 2z 4 3 so du = 2dx and dz = %du. Also, solving for

z we get z = 3(u — 3) so the integral becomes

2
Lw—-3 2 _
/[2( )} ‘1du:1/u 6ut9
2 8 U

u
1
—8/(u—6+3> du
1

w2
=3 ?—6u—|—91n|u| +C

1 , 3 9

6. For the first integral, use integration by parts twice. First, set u = 322, dv = sinz dx
and solve for du = 6z dx and v = — cosz. Thus

/3$251n$da¢:/udv:uv—/vdu: —3x2cosx+/6xcosxdx.

Now use integration by parts again on the remaining integral. Set v = 6x and dv =
cos x and solve for du = 6 dx and v = sin = to obtain

/6:Ucosmdx = /udv = uv—/vdu = 6:Usinx—/6$inmdx =6xsinz+6cosx+C
and substitute back into the original problem to get

/3:c2sin:cd:1: = —32%cosz + 6zsinz + 6cosx + C.

For the second integral, use integration by parts with v = Inz, dv = z2/3 dx. Then
du=1drandv = 22°3so0

3 3 1
/x2/3lnxd:v:/udv:uv—/vdu:5x5/3lnx—/5;p5/3;dx
:3x5/3lnx—3/x2/3dx
) 5

3 9
= gx5/3lnx— %1’5/3 +C.

7. For the first expression, all the factors in the denominator are distinct, so the appro-
priate guess is
?—10x-3 A B C

w(x—3)(:v+1):5+x—3+x+1'

Find a common denominator and clear denominators to obtain

22 =10z —3=A(z — 3)(z + 1) + B(z)(z 4+ 1) + C(z)(x — 3)
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8.

Now substitute to solve for A, B, C:

r=0=>-3=A(-3)1404+0=>-3=-34=A4=1
t=3=>9-30-3=0+B3)4+0= —24=12B= B = -2
r=-1=21+10-3=0+0+C(-1)(-4) =8=4C=C =2

Thus the partial fraction decomposition is

x2 — 10z — 3 1 2 2

x(z—3)(x+1) E_x—3+x+1'

For the second expression, the appropriate guess is

10 + 3x A B

= + '
(x+2)2 2z+42 (x+2)2

Find a common denominator and clear denominators to obtain
10+3z=A(z+2)+B

Pluginz = —2to obtain 10 -6 = 0+ B,i.e. B=4. Now pluginz =0and B =4 to
get 10 = 2A + 4, i.e. A = 3. Thus the partial fraction decomposition is

10 + 3z 3 4

@+2? z+2 @r2?

a) This region is horizontally unbounded since the upper limit is oo:

(9] b
/ 2¢ " dx = lim / 2¢ T dzx
1 b—oo J1

= lim —2€_z|l;

b—o0
I B _o9,—b o -1
—blgglo( 2e 2e )
(T +)
= lim { — +—
b—o0 e e
2 2
=04 -=-.
e e

b) Notice that0 < sin? z < 1, so multiplying through by e~ gives 0 < e ®sin?z <
e~?. From part (a) (and linearity), / e " dx converges, so / e % sin? z da
1 1

also converges by the Comparison Test.
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3.6 Fall 2013 Exam 2

1. Let R be the region of points in the zy—plane which are located to the right

1
of y = 3z, above the equation y = 5952, and below the curve y = (z — 2)? + 2.

A picture of this region is shown below:

a) (4.1) Write down an expression involving one or more integrals with
respect to x which gives the area of R.

b) (4.1) Write down an expression involving one or more integrals with
respect to y which gives the area of R.

2. Let @ be the region of points in the zy—plane located to the right of the
y—axis, below the line y = 4, and above the curve y = /x.

a) (4.2) Suppose ( is revolved around the z—axis to produce a solid. Write
down an expression involving one or more integrals with respect to x
which will compute the volume of this solid.

b) (4.2) Suppose Q is revolved around the y—axis to produce a solid. Write
down an expression involving one or more integrals with respect to
which will compute the volume of this solid.

c) (4.2) Suppose @ is revolved around the line y = —3 to produce a solid.
Write down an expression involving one or more integrals (with respect
to whatever variable you like) which will compute the volume of this
solid.
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d) (4.2) Suppose ( is revolved around the line x = 20 to produce a solid.
Write down an expression involving one or more integrals (with respect
to whatever variable you like) which will compute the volume of this
solid.

3. (4.6) Write down formulas (in terms of integrals) that could be used to find
the centroid of the triangle whose vertices are (0, 0), (0,9) and (1, 3). (You do
not need to evaluate any of the integrals.)

Hint: Write the equation of the lines which comprise two of the sides of the
triangle.

4. Suppose X is a random variable whose density function is

fa)={ 1z

L ifl<zx<9
0 else

a) (4.8) Find the probability that X < 4.
b) (4.8) Find the expected value of X.
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Solutions

1. a) You need two integrals; each integral is the “top function” minus the “bottom

function”:
2 1
A= / {3x—x2] d$+/ [(l‘—2)2—|—2—2$2:| dz
1

b) Again, youneed two integrals; each integral is the “right-most function” minus
the “left-most” function. To integrate with respect to y, you need to solve all
the equations for x:

= [ e [ o

2. The corner points of the region are (0, 0), (0,4) and (16, 4). The last point is found by
solving y = /z with y = 4.

a) Since the direction of integration and the axis of revolution are both horizontal,
use the washer formula:

V= /016 [ﬂ'R2 — 717"2} dr = /016 [7142 — 77(\/5)2} dx.

b) Since the direction of integration is horizontal, but the axis of revolution is
vertical, use shells:

16 16
V= / 2nrhdx = / 21x(4 — /x) dx
0 0

c) Since the axis of revolution is horizontal, to write an integral with respect to
one must use the washer formula:

V= /016 {WR2 —7Tr2] dr = /016 [W(4+3)2 _77(\/5+3)2] dx

To write an integral with respect to y, use shells and solve the equation y = /x
for z:

4 4
V= / 2rrhdy = / 2m(y + 3)y* dy.
0 0

d) Since the axis of revolution is vertical, to write an integral with respect to « one
must use the shell formula:

16 16
V= / 2rrhdx = / 271(20 — z)(4 — V) dz
0 0

To write an integral with respect to y, use washers:
4
V= / 7rR2 dy = / [71‘(20)2 —7(20 — y2)2} dy.
0
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3. The left side of the triangle is the y—axis; the bottom-right side of the triangle pass-
ing through (0,0) and (1, 3) has equation y = 3z; the top-right side of the triangle
passing through (0,9) and (1, 3) has equation y = 9 — 6. Now use the formulas
from class with a = 0, b = 1, the top function 9 — 62 and the bottom function 3x:

f—%_folx(9—6$—3x)dx_ M 01%[(9—695)2—(337)2] dx
M J3 (9 — 62 — 3z) dx YT (9 — 62 — 3z) dz
4. a)
P(X<4)—/4f(a:)d:(:— ZILdzr:—E\/JEZl—l—l—1
-7 h oAy T2 T 2
b)
EX = 9f()d_ gl\fd_li%/? 2r _1_1
= | #fwde= | TVode= o T6 673
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3.7 Fall 2013 Exam 3

1. (7.4) Tell me whether each of the following series converges or diverges (no
justification is required in this question, and you do not need to distinguish
between absolute and conditional convergence):

a)iﬂll d)1-1+1—-141—1+..
> 3 > -3
LT "L
2. a) (7.2) Find the third partial sum of the series
, L 11 1

2 8 16 32
Simplity your answer.
b) (7.3) Why do we care whether or not a series converges absolutely (as
opposed to just knowing whether or not it converges)?

3. (7.4) Choose three of the following four series, and for the series you choose,
determine with justification whether each of the following series converge
absolutely, converge conditionally, or diverge.

(—1)"n! 4n? A(—1)

sinn + 3 !
Z 5n Z 10n Z In2 + 5n4 Z n2/5

4. a) (8.2) Estimate the following integral by replacing the integrand with its
sixth Taylor polynomial (simplify your answer)

2,
/ 2¢” dx
0

b) (8.2) Evaluate the following limit without using L'Hopital’s Rule (sim-
plify your answer):

et —x—1
lim ——
z—0 cos8xr — 1

¢) (8.2) Approximate cos (é) by evaluating the third Taylor polynomial for
an appropriately chosen function. Simplify your answer.

5. Find and simplify the sum of each of the following series (you may assume
that all these series converge):
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3 3 3 3 3
6234 — 4o 4
R AT

42 3 44 45
b) B2 14+ ot ot r b ot

> 4. 3n— 1
Q623 2
nz::2 22n5n

6. (8.3) Find the interval of convergence of the following power series:

>

n=0

(=2)"(z +1)"
n26n
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Solutions

1.

a) Z diverges (harmonic)

b)

<)
d)

e)

f)

a)
b)

b)

c)

d)

n= 1
n+1
Z converges (alternating harmonic)

Z — converges (geometric r = 1/7)

n= 1

1-1+1-1+1-1+ .. diverges (geometric r = —1)

Z — converges (p—series p = 5)
n= 1
Z dlverges (p—series p = 1/2)
1 1 13
S3=2—-+-=—.
’ 27878

Because the terms of an absolutely convergent series can be rearranged and /or
regrouped arbitrarily without affecting the sum of the series, but the terms of a
conditionally convergent series cannot be regrouped legally.

sinn + 3 4 . o .
Observe 0 < = S Now > % converges since it is geometric with
r = 1, so the original series 3~ S22 converges as well by the Comparison Test.
Since the series is positive, it converges absolutely.

Apply the Ratio Test:
(=" (nt1)!
hm"Wﬂ—liA——Eﬁi—l—l (ot DL 107, mtd
p= n—00 |an| T n5oo ‘ (—1)nn!‘ n—oo 10nt1 n!  nSoo 10

Since p > 1, the series diverges by the Ratio Test.
. 4 Y .
Observe 0 < % < % = #. Since Z =2 converges (it is a p—series

. 4n
Wlthp =2> 1), so does Z m
is positive, it converges absolutely.

by the Comparison Test. Since the series

This is an alternating series;
. 4=
g land =l || = 38 e = O

and as n increases, |a,| = # decreases. Thus by the Alternating Series Test
the series converges. However, if one considers the series

4

Z’an’ :Zm7
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this is a p—series with p
E:Q*U”

n2/5

4.

converges conditionally.

2! + ... Multiply everything by 2 to get 2¢*" = 2 + 2% + 2® 4 ... Now

12 1/2
/ 2e” dr ~
0 0

1/2 2
Ps(z) dx = / (2 +22Y) dox = [21’ + 5&05}
0

2<1)5—2+
1) =

1/2
0

—94 =
+5

b) Write the Taylor series for both the numerator and denominator:

e:B

lim

z—0 cos8xr — 1

2 4
c) We know cosz = 1 — & + 47 —

Ps(z) =1— 322 Now

(1)

5. The first series is geometric:

~
~

3 3

125

3
54

, 3,3

5 25 *

—xr —

1

l+z+2 48 4. -1

1m
20 1_(8;)2+(8Z!)4_ 1
Ty
‘ -+ 5+
8z)2 | (8z)%
wﬁo_%_k(j!)
1
= lim 2 gt
- 4.2
z—0 %4_849!0 —
. 3+0+0+
i
2
1 -2 -1
=lim—--—=—
z—02 64 64

X

1

6

— =

R
32(?)‘%‘%

2/5 < 1, so Y |ay| diverges. Thus the series

a) Startwithe* =142+ 3—? + gg—? + ... and replace z with 2 to get e** = 1+ 24 +

5 37

15

6

The second series is the Taylor series for e* with 4 plugged in for z. Therefore

42

43 44 45

1444 — 4+ —+—+ —+...=¢€*.

2!

3 4! 5!

16 16

... so the third Taylor polynomial for cosz is

5

5"
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The last series is geometric:

X 4.3nml X 4.30 4 X 3m
2_: 25 Z_: 3. 4n5n 252_: 207
n=2 n=2 n=2

4 3\? /3\"
“3(m) % (=)
)

- 3\20/ 1-3/20

4 <3)220
3 \20 17

313
© 2017 85
6. By Abel’s Formula, the radius of convergence is
(=2)"
n n<6m 1 2
R= tim 1%L _ | i N N U i Y
n—00 ’an+1| n—00 ‘ (—2) n—00 n2 2
(n+1)26n+1

Since the power series is centered at —1, by the Cauchy-Hadamard Theorem the
series converges absolutely on (¢ — R,a+ R) = (-1 —-3,-1+3) = (—4,2) and

diverges on (—oo, —4) and (2, c0). Last, we test the endpoints z = —4 and = = 2:
e 1 = —4: Here the series becomes > % =53 #, a convergent p—series.

e 1 = 2: Here the series becomes > (*721)22(3)“ =y (;12)” , which converges by the
Alternating Series Test.

Thus the interval of convergence includes both endpoints; this interval is [—4, 2].
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1. a) (2.6) Evaluate one of the following two integrals.

/ 22% cos x dx /xe‘“ dx
b) (2.8) Evaluate one of the following two integrals.
2 _ _
/x 3x+1d:c /Sx gdx
4z 2 —1
¢) (2.5) Evaluate one of the following two integrals.
, 2
/x(2+x)2/5 dx / b dx
. 1—=

2. Let R be the region in the xy—plane which lies above the parabola y = x?, to
the right of the line x = 1, and below the line y = 16.

a) (4.1) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the area of R.

b) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the z—axis.

c) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the y—axis.

3. Let X be a random variable taking values in [0, 4] whose density function is

3

f(z) = ﬁx(él —x).

a) (4.8) Find the probability that X < 2.
b) (4.8) Find the probability that X = 3.
¢) (4.8) Find the expected value of X.
4. (7.4) Choose three of the following four series, and for the series you choose,

determine with justification whether each of the following series converge
absolutely, converge conditionally, or diverge.

o +5 X n
Zn >

—on+2
(LT 2 > Inn
2(3%%) Zw
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5. a) (8.2) Estimate the following integral by replacing the integrand with its
eighth Taylor polynomial:

1
/ 2% sin(z?) do
0

b) (8.2) Estimate In (%) by computing the third Taylor polynomial for an
appropriately chosen function.

c) (8.2) Let f be an infinitely differentiable function such that f(0) = 0; f'(0) =
1; f"(0) = 2; £(0) = 3; fM(0) = 4; etc. (i.e. in general, f(0) = n). Find
the exact value of f(2).

d) (6.3) A ball is dropped from a height of 8 meters. Each time the ball

bounces, it rebounds to 1/4 of its previous height. Find the total distance
travelled by the ball before it comes to rest.

6. Find the sum of each of these series:

111
12— 24— — — p

a) (62) T3 108
4 8 16 32

104 n
) (6.2) ngijo (;‘)
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Hints and some solutions

Solutions to all problems on this exam have not been typed yet. Here are some solutions,
and hints to the other problems:

1. a) For the first integral, use integration by parts twice. For the second integral,
use parts once.
b) Both integrals use partial fractions.
c) For the first integral, use the u-sub u = 2 + z. For the second integral, use the

u-subu =1 — z.

2. a) If using z as the variable of integration, integrate from the left to the right,
where the integrand is the top function minus the bottom function:

4
A:/ (16 — 2?) da
1

If using y, integrate from the bottom to the top, where the integrand is the
right-most function minus the left-most function:

a= [T vay

16

V= / 7(16%) — 7( )2] de = . 2my(Vy — 1) dy

b)

V= [ome(i6 - e de= [ [ryp)? - 717 dy

3. &) P(X<2)= [} f(a)de = [§ Ho(d—a)de = [§ (32— $a?) da.
b) P(X =3) = [; f(z)dz = 0.
c) EX = f: xf(z)dx = f04 w4 —z)de = fgl (%:1:2 — 3%953) dx.
4. a) converges absolutely (use Ratio Test)
b) diverges (converges minus diverges = diverges)
c) diverges (use N term test)

d) converges absolutely (use Integral Test)

5. a) The Taylor series of sinz is z — & + Z.... Substitute 22 for z to get sinz? =

z2 — g—? + %, then multiply by z? to get

A .T8 LU12

2 2 s s
rsinz® =« 31 + 51

So the eighth Taylor polynomial of the integrand is Ps(z) = z*

—%xg. Therefore
! 1 1 51 10 11

/ 2 sin(:EQ) dr =~ / (x4 - 73;8) dr = T el
0 0 6 0
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3

b) Use the function f(x) = In(z + 1). The Taylor series of f is z — % +%5 —...80

the third Taylor polynomial is P3(z) = = — % + % So

7 oo 1 1 (1/6)*  (1/6)
lnng(g)NP?)(g)—g— 5 + 5

) Write the Taylor series of f, using the given information that f(™)(0) = n (drop
the n = 0 term because it doesn’t contribute to the sum since it is zero)

>, (0 =n = 1
f(l")—X:Of '( )xn:Z xn:Z(n_l)ymn

n!
n! = nl =

Now rewrite the series so that its initial term is n = 0:

0 $n+1 o "
f(l’)zz I :xzﬁzazez.
n=0 n=0

Therefore f(2) = 2¢2.
d) The total distance travelled by the ball is

11 1 1 1
84242+ 4ottt =844+ 4.

2 2 8 8
4 4

=8+4) (i)n
n=0

=844

—8+4-
-1
4 40
— 8442 =—.
3T

Note that every term other than the 8 appears twice because the ball bounces
up, then down each time it bounces.

a) This series is geometric:

1 1 1 < /—1\" 1 6
12-24-——+— —..=12 ) =12 =12. =2,
371" 108 Z<6) 1—(=1/6) 77

n=0

b) Use the Taylor series for the exponential function:

4 8 16 32 < (=2,
2ty gty Tl Ty
n—=

c) Use the finite sum formula for geometric series:
% (4>” 1 (4/7)'05
7)) 1—4)7

n=0
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3.9 Spring 2014 Exam 1

1. a) Write down the Mathematica code that would be used to define the func-
tion f(z) = xcosz.
b) Suppose you type the following code into Mathematica:
Plot[x"2 + 1/x, {x, -3, 5}, PlotRange -> {-4,10}]

7

i. What function is being graphed? Write the answer in “hand-written”
notation.

ii. What is the right-most z—value that will appear on the graph?

c) Write down the Mathematica code that evaluates the integral

7
/ Inzdz.
4

2. (2.10) For each of the given integrals, determine what the best method to
compute the integral by hand (there might be more than one “best method”).

e If the best method is to just write the answer, write “JUST DO IT” and
write the answer.

e If the best method is to use a u—substitution, write “U-SUB” and write
what the u would be in your u—sub.

¢ [If the best method is integration by parts, write “PARTS” and write what
you would assign to be u and dv.

¢ If the best method is partial fractions, write “PARTIAL FRACTIONS”
and write your ‘guessed’ form of the decomposition.

You do not need to actually compute these integrals unless you can “just do

it”.
1 T
d/ d
a)/(x+1)2dx ) 241
1 x3
b)/x2+1dx e)/x2_1d:€
1
c)/xQ_ld:z:

3. (2.1) Compute each of the following integrals:

o f (o552

b) /(2sinx+63> dx
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C) / (csc x cot x — 4 csc? x) dx
4. (3.2) Determine, with justification, whether the following integral converges

or diverges:
42
/ dx
2 VT —2

5. (2.8) Compute the partial fraction decomposition of the following expression:

T2* —x+4
z(r —2)(x+1)

6. (2.5) Evaluate one of the following two integrals.

—1)2
/tan7xsec4:vdx / (@ ) dx
T+ 2

7. (2.6) Evaluate one of the following two integrals.

/ arctan z dz / 4x sec® x dx
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Solutions

1.

a) f[x_] = x Cos[x]
b) i f(r) =2+ L
ii. 5
¢) Integrate[Loglx], {x, 4, 7}]

a) Either “JUST DO IT” (using the linear replacement principle, the answer is
—(z+1)"'+C)or “U-SUB” u =z + 1.

b) JUST DOIT: arctanz + C
c¢) PARTIAL FRACTIONS: -4 + £

z+1°
d) U-SUB:u = 2% + 1
e) U-SUB: u = 2% — 1 (this will be a more complicated u-sub)

4 1 4
a) /(63:2—5\/:54-) dx:2x3——0x3/2+flna:+C’
Tx 3 7
. e’ e’
b) /(281nx+3) da::—2cosx+§+0

Q) / (CSC$COtCL‘—4CSC2:L‘) dr = —cscx+4cotx +C

4. Compute the improper integral directly:

The guessed form of the decomposition is
inator and clearing denominators, we obtain

4 2 4 2
/ dr = lim / dx
2 Tr— 2 b—2t+ Jp x—2

4
= lim 2z —2)" V2 dx

b—2t+ Jp
4
= lim 4(z — 2)1/2’
b—2+ b
— lm [4f — 4 = 2]
b—2+
= 4V2 — 40 = 4V2.

Therefore the integral converges to 44/2.

A

T

B C . : -
+ 25+ 21 finding a common denom

Alx —2)(x+ 1)+ Bz(z+ 1)+ Cx(x — 2) = 72? —z + 4.

Substitute z = 2 to get 68 = 28 — 2 + 4, i.e. B = 5. Substitute x = —1 to get
3C =7+ 1+4,ie C = 4. Substitute z = 0 to get —24 = 4,i.e. A = —2. Therefore

Tx? —x+4 -2 5 4

x(x—2)(z+1) ?+:L‘—2+x—|—1'
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6. a) For the first integral, rewrite with a trig identity and then use a u-sub:
/tan7 zsec xdr = / tan’ x sec® rsec’ x dx
= /tan7 z(tan? z + 1) sec® z dx
= /(tan9 z + tan’ x)sec® x dx
(u-sub u = tan z; du = sec? z dx)

= /(u9 +u’)du
W0 8

u

=—+ —+4+C
10 + 8 +
tanl®z  tan®z
= C.
10 + 8 +

b) For the second integral, use a u-substitution v = z+2sodu = dr and v = u—2.
Therefore

/(x_1)2d:n:/(u_2_1)2du

T+ 2 U

- [

2 _6u+9
:/u U+ du
u

— [(u-6+2) du

U2
:?—6u+9lnu+C

_ (x4 2)?

5 —6(r+2)+9In(x +2)+ C.

7. a) Use parts with v = arctanz and dv = dx. Then du = I%H and v = [dv = .
Therefore, by the parts formula

/arctan:ccm:/udv:uv—/vdu:l‘arctanx—/ :E dx
241

Now, use a u-sub u = 22 + 1; du = 2zdx on the second integral to obtain

x
arctan z dr = x arctanx — T
2 +1
11
=garctanz — [ ——du
2u

1
= garctanx — §1nu+C

1
= rarctanz — 3 In(z? + 1) + C.
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b) Use parts with u = 4z and dv = sec? zdz, so that du = 4dz and v = [dv =
tan z. Therefore, by the parts formula,

/4:cseCdea::/udv:uv—/vdu:4mtanx—/4tanxd:c.

To do the last integral, rewrite and use a u-substitution u = cos z; du = — sin x dx:

4si —4
/4tanxd1::/ Smmdx:/—du:—4lnu+C:—4ln(cosx)+C’.
cos x u

Putting all this together, we have

/4xsec2:cdx:4xtanx—/4tanxdw

=4z tanx + 41n(cosz) + C.
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1. Let @) be the region of points in the
ry—plane located to the right of the ,

line + = 1, below the graph of y = 4
and above both of the curves y =
vz and y = z?. The graphs of
all these equations are given at right, ?/
and the r— and y— coordinates of the
intersection points of these curves are

given on the axes.

| |
0 1 4 4 \/?

a) (4.1) Write an expression involving one or more integrals with respect to
the variable  which gives the area of Q).

b) (4.1) Write an expression involving one or more integrals with respect to
the variable y which gives the area of region Q).

2. Let R be the region of points in the
ry—plane which are located to the
right of the y—axis, above the equa-
tion y = 3% and below the line y =
4. A picture of this region is shown to
the right:

a) (4.2) Suppose R is revolved around the x—axis to produce a solid. Write
an integral with respect to the variable x which gives the volume of this
solid.

b) (4.2) Write an integral with respect to y which gives the volume of the
same solid as in part (a).

c) (4.2) Suppose R is revolved around the y—axis to produce a solid. Write
an integral with respect to whatever variable you like that gives the vol-
ume of this solid.

d) (4.2) Suppose R is revolved around the line y = —3 to produce a solid.
Write an integral with respect to whatever variable you like that gives
the volume of this solid.

90



3.10. Spring 2014 Exam 2

3. Suppose X is a continuous random variable whose density function is

f(x):{cx?’ fo<z<2

0 else

a) (4.8) Find the value of c.

b) (4.8) Find the probability that X = 1.
) (4.8) Find the probability that X > 1.
d) (4.8) Find the expected value of X.

4. (4.4) Write an integral which gives the length of the curve y = 5sin 2z from
r=0tox =2m.

Solutions

1. a) Integrate the (top function minus the bottom function) from the left to the right

to get
4 44/2 1
A:/ (4—\/§)dx+/ (4— 2o?) da.
1 4

b) Solve the equations for x to get = y? and = = /8y. Thus the area is the inte-
gral of (the right-most function minus the left-most function) from the bottom

to the top, i.e.

A= [0~ vdy+ [y

2. Notice first that the corner point of the region is (2, 4) (to get the z-coordinate, solve

%x?’ = 4 for z).
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a) Since the direction of integration (left to right) is parallel to the axis of revolu-
tion, you get washers:

V= /ab [TrR2 - 777'2] dx = /02 [ﬂ(4)2 - W(%IL’S)2 dx.

b) Solve the equation y = %xS for x to obtain x = ¥2y. Since the direction of
integration (bottom to top) is perpendicula to the axis of revolution, you get

shells: ; .
V= / 2rrhdy = / 27y (/2y) dy
c 0

c) With respect to x, use shells; with respect to y, use washers (actually disks
because there is no hole):

V= /27rrhdﬂs—/ 27r$ L 3
4
:/ 7TR2—7T’I”2} dy:/ {77(%/@)2} dy
c 0

d) With respect to z, use washers; with respect to y, use shells:
2 1
V= / WRQ—WT} dac—/ [ (4 +3)? 7r(2:v3+3)2] dz
0

—/ 27Trhdy—/ 2m(y + 3)(3/2y) dy

3. a) Weknow [ (f f(z)dx = 1 for any density function f, so
2
1 :/ cx® dx
0
4 1

16 1
1= TC:>1—4C:>C—Z

b) P(X =1) = 0since X is continuous.

2
1 15
P(X >1) )dx = “xdr = -1 = ===
C) /fx/m”f[]l 16~ 16

b 2 $3 2$4 ZC5 2 32 8
EX = dr= [ 2 o= [ T g = 22 %
9 /axf(x) o /0 ST /0 16"~ [20] 20 5

4. First, gy = 10 cos 2z by the Chain Rule. Now by the formula for arc length,

b dy 2 2T
_ / ay _ 2
s—/a 1+<dm> da:—/o \/1+(10cos2:z) dzx.
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1. a) (5.2) Find the third partial sum of the series » (n + 1)2" (simplify your
n=0

answer).
b) (5.3) Write the following series in ¥ notation:
3 3 3 3

1. §—|—13+18+23+...

.. 1 1 1
11. 3—?4—?—@#—...
c) (5.5) Rewrite the series » | 7( D so that its initial index is n = 0.
n=3 n-— :

2. (7.4) Choose three of the following four series, and for the series you choose,
determine with justification whether each of the following series converge
absolutely, converge conditionally, or diverge.

£5n+3n+2 ;::2 39/n
> nl8" /3 4
2 (o) > (30)

3. a) (8.2) Estimate the following integral by replacing the integrand with its
seventh Taylor polynomial (simplify your answer)

1
/ sin(2?) dx
0

b) (8.2) Evaluate the following limit without using L'Hopital’s Rule (sim-

plify your answer):

arctan x® — a8

im >
z—0 cosxl? —1

c) (8.2) Approximate ¢!/ by evaluating the second Taylor polynomial for
an appropriately chosen function. Simplify your answer.

4. Find and simplify the sum of each of the following series (you may assume
that all these series converge):

1 1 1 1
) R
) 62) g+ttt
11 1 1 1
2) = — _ _
B mtym  ratse
003_22n+1

0 (62) ) T

n=0
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5. (8.2) Suppose f(z) is a function such that for each n, the n'" derivative of f at
x=0is fM(0) = 5. If g(x) = 227 f(2*), find ¢("")(0), the 70th derivative of
gatx =0.

6. (7.4) Classify each of the following statements as true or false (circle your an-
swer; no justification is required):

(@ TRUE FALSE IfY a, and Y b, both converge, then " (a,b,) must also
converge.

(b) TRUE FALSE If} a, and b, both diverge, then > (a,b,) must also
diverge.

(o TRUE FALSE If3 a, converges but ) b, diverges, then }(a,b,) must
diverge.

(Bonus) Justify any one of your answers to Question 6, either by explaining why
the statement is true or giving a counterexample showing that it is false.
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Solutions
1. a) S5=(0+1)2°+(1+1)2' +(2+1)22+ (3+1)2° =1+4+ 12+ 32 =49.
b) Answers may vary:
.33 3 3 = 3
Lo+ —=+—=+—-+...=
8+13+18+23+ nz::15n—|—3
o1 1 1 1 > (—1)n
11. 5—3*44‘?—3@4—...:20733”_’_1
n—=
o0 on 0 2n+3
¢) Replace each n with n + 3 to get — = —_—
P & ;(n—l)! ;(nu)!

2. a) Notice 0 < ﬁ"nw <%= (%)n Now > (%)n converges (geometric with
r o= %), so the original series converges by the Comparison Test (since it is
positive, it converges absolutely).

b) Use the Ratio Test:

(n+1)187+1
1 ’an-i-l’ T 2n+2)! .. (TL + 1)8 o B

p= lim —hmT—th (2 5 = Am s 7=
so the series converges absolutely since p < 1.

¢) This series alternates; lim,, ’(3—71}:‘ = 0 and as n increases, the absolute val-
ues of the terms decrease. Therefore the series converges by the Alternating
Series Test. However, > ’ (3_ \51/); ‘ => n11/5 diverges (p-series with p < 1) so the
original series converges conditionally.

d) Split this series; the first part converges (it is geometric with r = 1) and the
second part diverges (it is harmonic) so the whole thing diverges.

3. a) Sincesinz =z — % + .., sina? =22 — & + .50 Py(z) = 2% — £ Thus

! 1/3 8 2 270 1 1 13
2 2
~ di ~ i Ve = ==
/obm(x)x /o (" =g )de l?) 2,73 2 B
b) Replace the numerator and denominator with their Taylor series:
arctan z® — 28 . xB—%—i—...—xS . —%1'24—1—... 2
im ————— = lim o =lim —§——7—=-.
z—=0 coszl?2 -1 z—0 1_51?7'4_._ -1 x—>0—§x24+... 3
z z?  at 1.2 1/5 1,1 (1)?
c) e = 1+$+§+§+...SOP2({L‘) =1+x+52°. Thuse/° ~ 1+ +3 (g) =
1+ 3+ 5 = &
T S U Y U J. (S
. 173 = )=\ = —.

16~ 32 4 2 4 2

(1/2)
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5.

6.

b)

11 1 1 1 a? 2
- - [ - —In(1+1/2) =
2 222395 1.21 5.5 [x 2 " L—m n(1+1/2)

()

L3-8l 2242 4n (A" 1 7
Q) = =42 () =42 —— —42.- =08
nz:% -1 nz:% ™m 7;) 7 1—(4/7) 3
Wehave f(z) = nz::() o= nz:% mx = nzz%) nt 1)!:10 . Therefore g(x) =
s 2
222 f(z1) = Z it 1)‘334””. Thus the 70" derivative of g at zero is related to the
n=0 :

coefficient on the 270 term, which is when 4n + 2 = 70, i.e. n = 17. So by uniqueness
of power series,
()
181 70!

so g(1(0) = 2.
a) is FALSE:seta, = b, = % Both }" a,, and }_ b, converge by the Alternating
Series Test, but > (a,b,) = > % is harmonic.
b) is FALSE: set a,, = b, = % Both 3" a,, and }_ b, are harmonic, so they diverge.
But Y (anb,) =3 n—lg is a convergent p-series.
¢) is FALSE: set a,, = n% and b, = % > ay converges; b, diverges; > a,b, =
> % converges.
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1. (2.6) Evaluate one of the following two integrals.
/ rsec® v dr / 122263 dx
2. (2.8) Evaluate one of the following two integrals.
24 —30
d / d
/x2—16 v 2zt 2)x—3) "

3. Determine, with justification, whether or not the following two improper in-
tegrals converge or diverge:

a) (3.2) /24 (2_3:1;)2 dz b) (3.4) /Ooo re % dx

4. Let R be the region in the zy—plane which lies above the graph of y = 1z, to
the right of the y—axis, and below the graph of y = /= + 4.

Note: The x—coordinate of one corner point of this region is 16.
a) (4.1) Write an expression involving one or more integrals (with respect
to the variable x) which gives the area of R.

b) (4.1) Write an expression involving one or more integrals (with respect
to the variable y) which gives the area of R.

c) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the z—axis.

d) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the y—axis.

5. Let X be a random variable taking values in [0, 1] whose density function is
f(z) = ca®(1 — ).

a) (4.8) Find c.
b) (4.8) Find the probability that X < ;.
¢) (4.8) Find the expected value of X.
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6. (7.4) Choose three of the following four series, and for the series you choose,
determine with justification whether each of the following series converge
absolutely, converge conditionally, or diverge.

i (—=1)"(n!)? i n

n=0 4(271)‘ n=1 n+ 3\/ﬁ
S (s S
—\4 ndyn =mdS 4 Tn? 42

7. (7.4) For each series, determine whether or not the series converges or di-
verges, along with a “quick” reason:

1 _ 1\n+1
)Y oy
3
b2 i om f)ZZ:
3

927 h) Y(~1)"

8. a) (8.2) Estimate the following integral by replacing the integrand with its
eighth Taylor polynomial:

1/2
/ r? arctan(z?) dx
0

b) (8.2) Estimate sin(3) by computing the fourth Taylor polynomial for an
appropriately chosen function.

9. (6.2) Find the sum of each of these series:

0 2. 571—3 104 4>n

) 5314 (2)" b 2 g )2 (7
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Solutions

1. a) i. Use parts with u = z and dv = sec’xdx so that du = dr and v =
[ sec? z dx = tan z. Therefore by the parts formula,

/xse02xdm:/udv:uv—/vdu::ctanx—/tanz:dx.

To integrate tan x, rewrite it using a trig identity and then use the u-substitution
u = cosx, du = —sinx dz:

i 1
/tanxdx:/Sm:ﬂda::/—fdu:—lnu:—ln(cosx)+C
u

COsST

Putting all this together,
/:Esec2 rdr =xtanzx — /tanxdx = ztanz + In(cosx) + C.

ii. Use integration by parts twice. For the first step, set u = 2% and dv =
2e3% dz so that du = 2z dr and v = [ dv = [ 12¢%® dz = 4¢3%. Now by the
parts formula,

/12$2631 dr = /udv = uv — /vdu = 4x%e3® — /83063"” dz.

Now in the remaining integral, use parts again with v = x and dv = 8¢%*
so that du = dz and v = €. By the parts formula,

/Sxegxdx:/udv:/vdu—f /8 SIdm—fa;eS 263“’"

so putting all this together we have

/12:13263:8 dr = 4223 — /Sxegx dx

8 8
:423x_|: 3:):_3:1::| C
xe 3376 96 +
8 8
= 4523 — §$€3x + §€3$ + C.

b) i Use partial fractions: first, factor the denominator as (x — 4)(x + 4) so that
the guessed form of the decomposition is
24 A B
2 = + ;
x»—-16 xz—-4 x+4

finding common denominator and clearing denominators, we obtain

24 = A(z + 4) + B(z — 4).
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Now plug in values of z:

r=—-4=-24=-8B=DB=3
r=4=-24=8A=A=-3

Therefore

/ 24 d /(—3+ 3
J x2—-16 v

= pr— $+4) dr = —-3In(r —4) +3In(x +4) + C.

ii. Use partial fractions: the guessed form of the decomposition is

80 _A B C
x+2 x-3

z(z+2)(z—3) _E—i_

finding common denominator and clearing denominators, we obtain

—30 = A(z + 2)(z — 3) + Bx(x — 3) + Cx(x + 2)

Now plug in values of z:

z=0=-30=-6A=A=5
r=-2=-30=10B= B =-3
r=3=-30=15C=C=-2
Therefore

/m(a:+_2z)3(0x—3)d$:/(353+ - * = >d$

r+2 x-3
=5lnz —3ln(zx+2) —2In(z —3) + C.

This integral is vertically unbounded at = 2. So it is rewritten as
4 3 ) 4 3

b—2+ Jp (2—1’)2
3 4
= lim [ ]
b2t |2 —x

b

= lim [3 _ 3 ]
b2t [2-4 2-0
3 35
2 0 7
Therefore this integral diverges.

ii. For this integral, use parts with u = z and dv = e™* dz. Therefore du = dx

and v = [ e ¥ dx = —e™* so by the parts formula (together with rewriting

100



3.12. Spring 2014 Final Exam

the improper integral as a limit),

0o b
/ ze Tdr = lim ze Tdx
0 b—o00 JQ
b

= lim u dv
b—o0 JQ

b
J— 1 b J—
—blggo <[uv]0 /0 vdu)

1 _73,—b__ _—xb
—blgrolo( be e |Odu)
I _1,—b xb
—blig)lo( be e |Odu)
= lim (—be‘b—e b+1du)
b—00
_ 1 _1,-b\ _
—blg]élo( be ) 0+1
= lim ——-0+1
b—oo €
Zlim 5 —0+1=0-0+1=1
b—oo €

Therefore the integral converges to 1.
2. First, quickly sketching the given graphs gives the following picture of R:

8L

I I I
5 10 15

Plug in z = 16 to either y = 4z or y = /2 + 4 to find the corresponding y-coordinate
of the upper-right corner, which is y = 8.

a) Integrate from the left to the right, where the integrand is the top function
minus the bottom function:

16 1
A:/ (\/§+4—§x)d:n
0
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b) First, solve the equations for z in terms of y to get z = 2y and = = (y — 4)2.
Now integrate from the bottom to the top, where the integrand is the right-
most function minus the left-most function (you need two integrals because
the left-most function changes at y = 4):

A=/04(2y—0)dy+[18(2y—(y—4)2)dy

c) Using z as the variable, we see that the direction of integration (left to right) is
parallel to the axis of revolution, so use washers:

16 16 1
V= /0 [rR% — 72| dax = /0 [r(vVr +4)% - w(gx)Q] dz

(Using y as the variable, you use shells (and need two integrals).)

8 4 8
V= / 2rrhdy = / 2ry(2y — 0) dy + / 2my(2y — (y — 4)%) dy
0 0 4

d) Using x as the variable, we see that the direction of integration (left to right) is
perpendicular to the axis of revolution, so use shells:

16 16 1
V= 2nrhdx = / 2rx(vVr +4 - 530) dx
0 0

(Using y as the variable, you use washers (and need two integrals).)

= /OS[WRQ —mr?]dy = /04 [7(29)* = 70| dy+A8 [(29)? — m((y — 42)7] ay

a) The density function must integrate to 1:

1 1
1:/ cxz(l—x)d:);’:/(cx2—cx3)dm: _— - —
0 0 3 4
€
3

Therefore ¢ = 12.

1/4 1/4 1/4
b) P(X < i) = / 122%(1 — 2) da = / (1227 — 122%) dz = |42® — 32" 0/ =
0 0

4 3 9
4(1/4)° =3(1/4) = — — —— = .
(1/4)" = 3(1/4) 64 256 256
b 1 1 12 11
c) EX :/ zf(z)dx :/ 21222 (1—2) da :/ (122°—122%) dx = [3x4 — 5965] =
0 0 0
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4.

a) Use the Ratio Test:

‘ (=)™ (n+1)H?

o anga] 12(n+1)!
p= lan|  nooo ‘(,1)n(n,)2
4(2n)!
(En+1)!))2
ERT 2n+2)!
= e
(2n)!
~ im (n+Di(n+ 1)1 (2n)!
n—co  (2n 4 2)! n!n!

B (n+1)(n+1)

~ Bt (20 +2)(2n + 1)
n+1)(n+1)

ntoo (2(n+1)(2n + 1)
n+1 s}

lim — - _ -2
60 22n+1) oo

[~
—_
—_

Since p < 1, the series converges absolutely by the Ratio Test.

n
b) The first part of the series can be rewritten using exponent rules as ) (%) ;

this is a geometric series with r = % € (—1,1) so it converges absolutely by the
Geometric Series Test.

The second part of the series can be rewritten as n;% ; this is a p-series with
p =1 > 1so it converges absolutely.

Since the difference of two absolutely convergent series is absolutely conver-
gent, the entire series absolutely converges.

c) Use the N*'-term test:

lim |ay| I N x I i 1 1 .
1um |a = Jim ——— = — = lim — =1.
N—oo N N—oo N 4+ 3v/N o0 N_>001+ﬁ 1+0

Since this limit is not zero, the series diverges by the N* term test.
2
n

d) Notice 0 < -2 >5 < 75 = % Since % converges (it is a p-series with
p = 3 > 1), so does the given series by the Comparison Test. Since the given
series is positive, it must converge absolutely.

1
a) Z - diverges (harmonic)

3 . .
b) Z iTon diverges (harmonic)

3
Q) Z 3 converges (p-series, p =4 > 1)

d) Y \/55 diverges (p-series, p = 1 < 1)
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-1 n+1
e) Z (\/)ﬁ converges (Alternating Series Test)

n—1 . th
f) Z " diverges (N*" term Test)

1
g) Z 3n converges (geometric, r = 1)

h) Z(—l)” diverges (geometric, r = —1)

a) First, the Taylor series of arctan = is x — % + % — ... Substitute 2 for x to obtain

5 5 29 15
arctanz” =1° — — + — — ...

3 5
and multiply through to get the Taylor series of the integrand:

5 .’Ell xl?

2 3
x“arctanz” =" — — + — — ...
3 5

So the eighth Taylor polynomial of the integrand is Ps(z) = 2°. Therefore

1/2 1/2 611/2 6
/ 2% arctan(z?) dz z/ 22 dx = lx] _ (1/2) 1
0 0

6], 6 384

b) The Taylor series of sin x is x — g—? + %? — ... so the fourth Taylor polynomial of

z3

Sinxisp4($):$—3!Zx—%x3.Theref0re
1 1. 1 1/1\% 1 1 53
sinsp4():<) 1158
3 373 61\3 3 162 162

a) This series is geometric:

216 B 6) e

b) This series is geometric:

i’ 2. 573 2.573 .2 5

ot| 0o
w| ot

11-32n7n+l — 11.7 4= gnyn
n=0
0 5 n
T 11-7-53 z_: <63)
n=0
1

11 -

n=0

[\)

5% 1-5/63
63

11-7-5 58

SN CREN | I CREEN

11-5%-29°
c) This series is a finite geometric series, so by the finite sum formula for geomet-

ric series we have
%(4)71_ 1_(4/7)105
7)  1—4)7

n=0
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1. a) Suppose you want to define the function f(x) = In(z* + 1) in Mathemat-
ica. If you type f[x_] = Ln[x~4 + 1], you will get an error. Why?

b) Suppose you want to compute the integral [ sin 2z dz in Mathematica. If
you type Integrate[sin[2x], {x, 0, 3}], the command won’t work.
Why?

c) Suppose you want to define the function f(z) = €** in Mathematica.
If you type f[x_] = E"3x, your function will not be defined correctly.
Why not?

2. (2.1, 2.2) Evaluate each of the following integrals:

2

4
/72 1 dx /46‘”/2 dx /x(:z: — 2)2 dx / (se(; T + 3SiIl[L‘> dx
x

3. (2.3) Evaluate one of the following two integrals.

2
—1
/ —3cot? xdx / :EQ dx
¢ +1
4. (2.5) Evaluate one of the following two integrals.
T 12
/12305\/953 +2dx /:c2 (2 — 1) dx
5. (2.8) Evaluate one of the following two integrals.
3a3 — 322 + 22 + 2 x+1
/ dx / ——dx
z(zx+1)(z—1)(x —2) 22 (x —1)

6. (2.6) Evaluate one of the following two integrals.

/ 4z cos 2z dx / In?zdx

7. (3.3) Determine, with justification, whether the following improper integral

converges or diverges:
/00 10 d
——dx
3 22+ 3zx+1
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Solutions

1. a) In Mathematica, you need to type Log for natural log, not Ln.
b) Sinneeds a capital S.
¢) The 3x in the exponent needs parenthesis around it; as typed, the function is
f(z) = e3x.
2. a) 4arctanz + C.

b) By the Linear Replacement Principle, this is 8¢*/2 + C.
4
4
c) First, multiply out to get / (2® — 42% + 42) dz. Then integrate to get % — -+

3
222 + C.
d) %tana:—?)cosx—l—C.

3. a) Rewrite the integrand:
/—3cot2:1:dx = /—B(CSCQx —1)dz = 3cotz + 3z + C.

b) Rewrite the integrand:

2 -1 (22 +1)—2 2
/$2+1d$:/a:2_+_1dx:/<1—x2_|_1) dx:x—QarCtanx-i-C.

4. a) Letu = 2 + 2 so that du = 32% dx and 2> = u — 2. Now write the integral as
&
/12375\/373 +2dx = /4(33:2);63\/963 +2dx = /4(u — 2)Vudu
= /4(u — 2)Vudu
= /(4us/2 — 2u'/?) du
2
= <5> 2%/ — 2 @) w3 4 C
8
= (2" +2)°? - 3(* + 2" + C.

5

b) Letu = 5 — 1 so that du = %dl‘, i.e. dr = 2du. Also, z = 2u + 2 so the integral
becomes

2z _ N\ 2 12
27| 5 1) dx= [(2u+2)*u=2du

= /(8u2 + 16u + 8)u'? du

= / (Su +16u'3 + 8u'?) du
8

16 8
_ % 15 b 9y O 13
—15u —1—14u +13u +C

8 [z 1516 /x 14 8 [z 13
=—|(=-1 — | ==1 —(=—=1 .
15 (2 ) +14 (2 ) +13 (2 > +C
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5.

a) The partial fraction decomposition is

323 — 322 + 23 + 2 A B C D
=—+ + + :
zz+)(z-1)(z—-2) =z z+1 z-1 zx-2

Finding a common denominator and equating the numerators, we obtain

303 =32 + 22 +2=A(x +1)(z — 1)(z — 2) + Bx(z — 1)(z — 2)
+ Czx(x+1)(x — 2) + Dz(x + 1)(z — 1).
Set v = 0 to obtain 2 = 2A4,i.e. A = 1. Next, set z = 1 to obtain 4 = —-2C, i.e.

C = —2. Next, set x = 2 to obtain 18 = 6D, i.e. D = 3. Last, set z = —1 to
obtain —6 = —6B5, i.e. B = 1. So the integral is

/ 30 302 + 20 42 dx_/[1+ e T 1
v+ 1)(z—-1)(z-2) Jlr z+1 -1 =x-2

=lnlz|+In|lz+1]—2ln|lz —1|+3ln|z— 2|+ C.

b) The partial fraction decomposition is

r+1 A B C
- . T2

2?(x—1) =z 22 =x-1

Finding a common denominator and equating the numerators, we obtain
t+1=Az(x—1)+ Bz — 1) + Cz?

Now, setz =0togetl = —B,ie. B = —1. Next,setz = 1to get 2 = C'. Finally,
plug in the known values of B and C, and set + = 2 to get 3 = A(2)(1) +
(—1)(1) +(2)(4),1i.e. 3 =2A+7,i.e. A= —2. Thus the integral is

Tz +1 -2 -1 2 1
——dx = — 4+ =+ ——| dx =-21 —+21 -1 .
/xz(x—l) x /[x—i_x?—i_a:—l} x n|x!+$+ njlz—1+C

a) Use integration by parts; set v = 4z and dv = cos2zx so that du = 4dz and
v = % sin 2z. Now by the parts formula the integral is

1 1
/4x cos 2z dxr = uv — /vdu =4z (2 sin 2x> /3 sin 2z(4)dx

:2:vsin2:v—/2sin2xdx

= 2z sin 2z + cos 2z + C.

b) Use integration by parts; set u = In? x and dv = dz so that du = 2Inz (%) dx
and v = z. So by the parts formula the integral is

1
/ln2:z:da::uv—/vdu:xln2x—/a:21nx<) dxlenQa:—/ﬂnxda:.
T
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To do the last integral, use integration by parts again (if you don’t remember
what it was from class); set u = 2In z and dv = dz so that du = % dr and v = z.
So by the parts formula

/21n$d1’ = uv—/vdu = 2xlna:—/:z:2 dr = 2$lnx—/2d1‘ =2xInz—2x+C.
T
So the entire integral is

mlnzx—/21nxdm:xln2x—2xlnx—|—2x+0.

10 10 > 10
7. Notice that 0 < ———— < —. We know from class that — dx converges
22+ 3z +1 22 3 T
(it is a p-integral with p = 2 > 1 and the starting index is irrelevant), so by the

. o0 10
Comparison Test /
3

————— dx converges as well.
224+ 3rx+1 ;1: &
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3.14 Fall 2014 Exam 2

1. Let R be the region of points in the xy—plane which are located to the right of
the graph of y = 8z, below the graph of y = 8 and above the graph of y = 2.

a) (4.1) Write down an expression involving one or more integrals with
respect to z which gives the area of R.

b) (4.1) Write down an expression involving one or more integrals with
respect to y which gives the area of R.

2. Let @ be the region of points in the zy—plane located below the curve y =
2y/z and above the curve y = 2z* (these curves meet at the origin and at the
point (1,2)).

a) (4.2) Suppose ( is revolved around the x—axis to produce a solid. Write
down an expression involving one or more integrals with respect to «
which will compute the volume of this solid.

b) (4.2) Write down an expression involving one or more integrals with
respect to y which will compute the volume of this solid described in
part (a).

c) (4.2) Suppose @ is revolved around the line y = 10 to produce a solid.
Write down an expression involving one or more integrals (with respect

to whatever variable you like) which will compute the volume of this
solid.

d) (4.2) Suppose a solid is constructing whose base is ) and whose cross-
sections parallel to the y-axis are squares. Write down an expression
involving one or more integrals (with respect to whatever variable you
like) which will compute the volume of this solid.

3. Suppose X is a random variable whose density function is

2e % ifx >0
fla) = { 0 else
a) (4.8) Find the probability that X < 5.

b) (4.8) Write an integral which will compute the expected value of X. Your
integrand should contain no letters other than z, but otherwise does not
need to be simplified or evaluated.

109



3.14. Fall 2014 Exam 2

Solutions

1. Here is a picture of R:

a) Integrate (top function minus bottom function) from left to right:
1 2
A:/ (81’—:133)d$—|—/ (8 — 23) da.
0 1

b) Solve the functions for z: y = x> becomes 2 = ¢y and y = 8x becomes x = §.
Now integrate the (right-most function minus left-most function) from bottom

to top:
Y
A= ; V-3

2. Note that the top function is y = 2\/z (ie. z = %) and the bottom function is
y = 22 (i.e. 7 = {/y/2). Let Q be the region of points in the xy—plane located below
the curve y = 2\/z and above the curve y = 2z* (these curves meet at the origin and
at the point (1, 2)).

a) Since the direction of integration (left to right) is parallel to the axis of revolu-
tion, use washers:

V= /ab [ﬂ'R2 — m"ﬂ dr = /01 {71’(2\/5)2 — ﬂ(2x4)2} dr.

b) Since the direction of integration (bottom to top) is perpendicular to the axis of
revolution, use shells:

d 2 TR
V= / 2nrhdy = / 2my (4/7— = dy.
c 0 2 4

c) Using z as the variable, this is washers:

V= /ab [ﬂ'RQ — 7T’I“2} dx = /01 {77(10 —22M2 — 7(10 - 2\/5)2} dx.

Using y as the variable, use shells:

d 2 Y y2
V:/ 27r7“hdy:/ 2r(10 —y) | /= — = | dy.
c 0 2 4
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d) Since the known cross-sections are parallel to the y-axis, they are perpendicular
to the z-axis and since you need the cross-sections to be perpendicular to the
direction of integration, you have to use z as the variable. The cross-sectional
area is

A(z) = (side leng’ch)2 = (2y/z — 22*)?

so the volume is

V—/;A(x)dx—/ol(2\f—2x4)2dx.

5 5
a) P(X <5)= / 2e7 2 dy = [—e2| =110,
0 0

b o)
b) EX :/ xf(x)dx :/ z2e” 2% dzx.
a 0
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3.15 Fall 2014 Exam 3

1. a) (5.2) Define precisely what it means for a series to converge to a number
L. (It is not sufficient to just write “3" a,, = L”; I want to know what this
notation means.)

b) (5.2) Why is the problem of determining whether an infinite series con-
verges or not difficult? Put another way, why do we need calculus to
study infinite series?

c) (5.2) Suppose that the N partial sum of a series Y a, is Sy = {4

Does the series converge or diverge (or do you not know)? Explain your
answer.

2. Find the sum of each of the following series:

) 623 52;3”

b) (8.2) Z

%'

5 5 5 5
2 S
©) (62)20 =5+ — 1ot~ t e

@(amﬁéﬂ

3. (7.4) Choose three of the following four series, and for the series you choose,
determine with justification whether each of the following series converge
absolutely, converge conditionally, or diverges.

n? = 1
- ) 2. 15e

’fL oo 4
d)nZ::Q:“n 1

i

4. a) (8.2) Approximate sin ( ) by evaluating the fourth Taylor polynomial
for an appropriately chosen function.

b) (8.2) Approximate the following integral by replacing the integrand with
its fifth Taylor polynomial:

2
/ arctan 22 dz
0

c) (8.2) Evaluate the following limit without using L’'Hopital’s Rule (sim-
plify your answer):
1228
lim —————
20 et — 4 — 1
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5. (8.1) Find the Taylor series of each of the following functions (your answer
can be in ¥ notation or written out, but if you write it out you should include
at least four nonzero terms). You do not need to specify the interval of z
values for which the series converges.

a) f(z) = x*cos2x?

b) f(z) =57,
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Solutions

1. a)

b)

c)

2. a)

b)

c)

d)

3. a)

b)

<)

d)

4. a)

> ay converges to L if limy_,oo Sy = L where Sy is the NV th partial sum of
> ay.

Addition is defined as a binary operation (i.e. it has two inputs), so if you add
a finite list of numbers two at a time you eventually run out of numbers to add.
But with an infinite series, you never run out of numbers. Also, with a finite
list of numbers to add, the associative and commutative properties hold, but
infinite series cannot be regrouped or rearranged legally.

N
lim Sy = lim 7—’_1 = 1, so by the definition in part (a) of this problem,

N—oo N—oo —
Z an = 1, i.e. the series converges.

> 5.3" > 3" > /3\" 1
n=0 22n n=0 4an n=0 4 1_1
0o 1 ooxn .
B o I v P
= = —e = e.
nz:%%n! nz‘:)n' ol
5 5 5 5 1
20—54+ - —— - — .= 20 0. — =16.
it et Z( ) 1—(_71)

2 23 424 1 16
;::24n:nz::04n+2 42Z4n_ < 1>:3<424_1>_

Use the Ratio Test (the last step below uses L'Hopital’s Rule):

|(n+1)2 2 2

_ (1) . (n+1)* nl . (n+1) . n+1

p = lim = lim —& - — = lim ———5 = lim —— =0
n—00 |n | n=oo (n+1)! n n—oo (n+ 1)n n—oco m

Since p < 1, the series converges absolutely.

We consider Z lan| = Z ‘ (=L"

1
= Z This is a p-series withp =5 > 1,
3nd’

3n?
so it converges. Therefore the original series converges absolutely.
1 1 1 1
th- g = — = —
Use the n""-Term Test: nh_)rg() Ga) o 100 10 # 0 so the series
diverges.
Ob ! 1 1 di =1c<
serve - —— 7 35 = >0.2 /3 is a divergent p-series (p = 3 < 1)
so by the Comparlson Test, Z an, diverges as well.

3 5 3 ) 9
sinmzm—%%—%—...SOR;(x):x—y Thussin(3> %P4<3> =
2 @B° _2 82 _2 4 _50
3 3 3 6 3 8 8
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3 5 6 10
b) arctanz = x — % - % — ...soarctanz? = 2% — % + % — ... 50 Ps(x) = 22
Thus )
2 2 3 8
/arctanx2dxz/ 22 dr = ;1? = —.
0 0 3 0
2 3 8 12
c) ex:1+1§+$2+;+...soez4—x4—1:1+x4+z+x3!+...—x4—1:
1 ¢ =
53: +?+.... Thus
. 1248 , 1228 , 12 12
lim ————— &~ lim -————— = lim - 1 =7 = 24.
z—0 et — x4 _ 1 $—>0§1‘8+%+.. x—>05+%—|—... §+0+0+--~

> —1)" 2n o —1)*(2 2\2n
a) cosz = Y _ & Substitute 222 for x to get cos2z® = > (=D (@2)™

n=0 (2’0)' n—=0 (2”)'
and multiply by z?2 to get
_ o8 (_1)n(2$2)2nx2 _ 00 (_1)n4nx4n+2 o 4 6 16 10 43 1 44
J(z) = ZO (2n)! - Z_‘; C TR T AT

1 1 >
b) f(z) = _3 :;)( ).Nowweknow —Zm"so
=0

2 -5z 1-3 l—z
n—=
3( 1 3 (5 \" X3 (5\" ,
f(x)_2<1—gx>_2z<2x> ->5(3) =
n=0 n=0
3 B T 3 35
—2 41’ 81? 241' 25$ .
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3.16 Fall 2014 Final Exam

1. (2.1, 2.2) Evaluate each of the following integrals:

1 1 1

1 1 1

- - f / _

b) [do d) [ d ) [ e
2. a) (2.8) Find the partial fraction decomposition of one of the following two
expressions.

16 — 122 — 2? x4+ 2 —1
% — 222 — 8z x? + a3

b) (2.6) Evaluate one of the following two integrals.

/\/E Inzdx /12m2 cos 2x dx
¢) (2.5) Evaluate one of the following two integrals.
/ tan® z dx / sin’ z dx

3. Let R be the region in the zy—plane which lies below the graph of y = €%, to
the right of the y-axis, above the z-axis and to the left of the line z = 8.

a) (4.1) Write an expression involving one or more integrals with respect to
x which gives the area of R.

b) (4.1) Write an expression involving one or more integrals with respect to
y which gives the area of R.

c) (4.3) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the length of the curve which
makes up the top of R.

d) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the line y = 0.

e) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the line z = —2.

4. (7.4) Choose three of the following four series, and for the series you choose,
determine with justification whether each of the following series converges
absolutely, converges conditionally, or diverges.
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oo 72n
) 2 o C)E:(_j
4n > Inn
b’%%ﬁ? d 2T

5. a) (8.2) Estimate the following integral by replacing the integrand with its
tenth Taylor polynomial:
12 1
/0 1— a4 de

b) (8.2) Estimate In2 by computing the fourth Taylor polynomial for an
appropriately chosen function.

6. Find the sum of each of these series (they all converge):

11 1 1
a) (62) 7+ g+ 76 Tt

g8 16 32
b) 821 - 4t _m
o 32n
c) (6.2) Z SIETEE
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Solutions

1
1. a) / - dz = In|z| 4+ C (no penalty for a missing absolute value sign)

1 -1
b) /—2d:c:—+C
a T

1
Q) / P dz =In|z + 1| + C (no penalty for a missing absolute value sign)

1
d) /mdx = arctanz + C

1 —1
e)/(3:—|—1)2d$_x—|—1+0

f) Perform partial fractions: write

A B ...
poa il a1 finding common de-
nominators and clearing denominators we get 1 = A(z + 1) + B(z — 1); sub-
stituting in # = 1 gives 24 = 1ie. A = } and substituting in = —1 gives
—-2B=1,ie. B= *71 Therefore

/ ! dwz/(l/z +_1/2> d:vz%ln(m+1)—%ln(x—1)+0

2 -1 x+1 x—1

(there is no penalty for missing absolute value signs).

2. a) i First, factor the denominator to get

16 — 122 — 22 16 — 122 — 22 16 — 122 — 22

23— 222 —8x  w(x?—2x—8) x(r—4)(x+2)

Now the guessed form of the decomposition is

A B C

x+x—4+$+2

and after finding common denominators and clearing the denominators,
we get

16 — 122 — 22 = A(z — 4)(z 4+ 2) + Ba(x + 2) + Cx(z — 4)
Now plug in values of z:

2 =0:16=A(—4)(2) = A= —2
x=4:16—48 — 16 = B(4)(6) = B = —2
r=-2:164+24—4=C(-2)(—6) = C =3

Therefore the partial fraction decomposition is

16 — 122 — 22 —2 -2 3

3 — 222 —8xr  x x—4 x+2
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b)

ii.

ii.

First, factor the denominator to get

3z2 42 —1 _3x2+:1:—1
22 +23 22z +1)

Now the guessed form of the decomposition is
A B C
r x> z+1

and after finding common denominators and clearing the denominators,
we get
322 +x—1=A(z)(z + 1)+ Bz + 1) + Ca?

Now plug in values of z:
r=0:—1=28B
z=-13-1-1=C=1=C
x=1341-1=2A42B+C=3=2A+2(-1)+1=>A=2

Therefore the partial fraction decomposition is

3 4x—-1 2 -1 1
24+23 o 22 x41

Use integration by parts: set u = Inx so that du = 2, and let dv = \/z dx
sothatv = [dv = [ \/zdz = 22°/2. Therefore by the parts formula,

/\/Elnxd:n:/udv:uvf/vdu

2 2 1
= §x3/2lnx—/§m3/2;da:

2 2
= §$3/21nx —/gxl/de
2

4
3£E3/2 Inz — §m3/2 + C.

Use integration by parts twice: first, set u = 2 so that du = 2z dr and
set dv = 12cos2x dz so that v = [dv = 6sin2z. Therefore by the parts
formula,

/12x26052xdx = /udv =uv — /vdu = 622 sin 22 — /12xsin2xdw.
Now for the remaining integral, use parts again: set u = z so that du = dx
and set dv = 12sin2z dx so that v = —6cos2z. Therefore by the parts

formula,

/12:Usin2:vd:v:/udv:uv—/vdu:—63:c052:v—/—6(3032xdx

= —6x cos2x + 3sin 2z
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so putting all this together,

/ 1222 cos 2z dx = 622 sin 22 — / 12z sin 2z dx
= 622 sin 2z — [—6x cos 22 + 3sin 2z] 4+ C
= 622 sin 2z + 6x cos 2z — 3sin 2z + C.
c) i Rewrite using a trig identity:

/taanda;:/(seczx—l)da?:tana:—x—i—C.

ii. Rewrite using a trig identity:

/siandx:/Hmcdx:/<1—lcos2x) dx
2 2 2

1 1
= §:U— Zsian—i—C.

a) Integrate from the left to the right, where the integrand is the top-most function
minus the bottom-most function (the bottom function in this case is y = 0):

8
A:/ e’ dx
0

b) Solve y = e” for x to get z = Iny. Then integrate from the bottom to the top,
where the integrand is the right-most function minus the left-most function
(you need two integrals because the left-most function is z = 0 from y = 0 to
y = 1 and the left-most function is z = Iny from y = 1 to y = 8):

1 e
A:/ 8dy+/ (8 —Ilny)dy
0 1

c) By the arc length formula, the length is

b 2 -8
5:/\/1—%(2@) dx:/ V14 e2rdx.
a Xz 0

d) Note thaty = 0is the z-axis. Using x as the variable, the direction of integration
is parallel to the axis of revolution so you get washers (actually disks because
there is no hole):

8 8
Vv :/ TR? dx :/ m(e®)? d.
0 0

(When y is the variable, you need shells (and two integrals)):

1 e8
V= / 2my8 dy + / 27my(8 — Iny) dy.
0 1
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e) Using x as the variable, the direction of integration is perpendicular to the axis
of revolution so you get shells:

8 8
V= / 2nrhdr = / 27 (z + 2)e” dx.
0 0

(When y is the variable, use washers (and two integrals)):
1 e
V= / 7[(8 +2)% — (0 +2)?| dy + / m[(8+2)% — (Iny + 2)?] dy.
0 1

a) This series is geometric:

o TP N (49"
> = 2 (=)
n=0 n=0

Since the common ratio is at least 1, the series diverges by the Geometric Series
Test.

b) > % diverges (it is harmonic) and n—32 converges (p-series, p = 2 > 1) so the
whole series diverges (since diverges £ converges = diverges).

¢) Note 0 < nﬁiz < i—@ = %. Since Z% converges (p-series, p = 2 > 1), the
given series converges by the Comparison Test. Since the series is positive, it

converges absolutely.
d) Use the Ratio Test:

In(n+1)

- Nanal . Dt . In(n41)  nl
p = lim :hmf:hmi.i
n=o0 |ap|  nooe I TnSeo (n4 1)l Inm

In(n + 1) 00

=l e~
1
Loy, mh
n—ooInn + (n+ 1)
1
1 0
= lim — " = = 0.
nmeolnpn+ 1+ oco+1+0

1
n

Since p < 1, the series converges absolutely by the Ratio Test.

a) We know that
=l+x+az+2>+..

l1-2z
Replacing z with z*, we get the Taylor series of the integrand:
1
—— =1+t
1—at

1/2

So the tenth Taylor polynomial is Pjo(x) = 1+ z* + 25. Now
T+ —+ =

/2 q 1/2 L s
/0 1—:1:4de/0 (1t wat) dr= ot g 9],

1o/’ (/27
=5t Tt
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6.

3 4

b) We know In(z + 1) =z — % + % — % + ... so the fourth Taylor polynomial of

In(x + 1) is
2?2 2% ot

Now to estimate In2, let x = 1:

1 1
1n2:ln(1+1)zP4(1):1_§_|_§

a) This series is geometric:

L S S S _1i<1>"_1 1,1
48 16 32 7 44—=\2) 4 1-%5 47 2

b) The Taylor series of cosz is 1 — %2 + T

1 7['2 7T4 v
BT TR

c) This series is geometric:
is-?ﬂn 5 i(gy 5 1 5 11
2-1172 211 11 -

n=0 n=0

T2 1-9/11 2 2 4
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Chapter 4

Exams from 2016 to present

4.1 Spring 2016 Exam 1

1. a) Suppose a student is trying to define the function f(z) = ze®~! in Math-
ematica, and they execute

f[x] = xE™x-1

There are three things wrong with this command.

b) Write down the Mathematica code which will find the exact solutions (i.e.
not decimal approximations) of the equation z* — 3z = 5.

c) Write down a Mathematica command (or commands) that will graph the
function f(x) = cos 2z where x ranges from 0 to 6.

2. Compute each of the following integrals:
2 3
a) /(4:1:—1—3:6—6\/5) dx

b) /<4cosx—621> dx

t
) /(W%—S(ﬁ@x—i&) dx

3. Inaprevious lab assignment, we encountered two functions which you prob-
ably had never heard of: “sinh” and “cosh”. Among other things, in the lab
we discovered that

¢ the derivative of sinh x is cosh x; and

e the derivative of cosh z is sinh z.

Use those two facts to evaluate the following integrals:
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a) (2.1) / cosh z d Q) (2.2) / cosh(1 — z) dz

b) (2.2)/sinh(2x) dx d) (2.6)/a:coshxd:v

. (2.8) Evaluate one of the following two integrals:

3z2 —4xr — 1 =222 4+ Tx + 4
/(x+1)(x2+1) v / @22
. (2.6) Evaluate one of the following two integrals:
/ In® z dx / 182% sin 3z dx
. (2.5) Evaluate one of the following two integrals:
¢elnx 2
i dx /_ X ﬁ dx

. (2.3) Evaluate one of the following two integrals:

/ sin® x dx / sin® x dx
. (3.3) Determine, with justification, whether the following integral converges
or diverges:
/00 3T d
———dr
2 xt+ Tx?

2

. (2.10) (Bonus) Evaluate / Gde.
x°+1
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Solutions

1. a) i The student is missing an underscore after the x (it should be f [x_]);
ii. the student needs a space between the x and the E to multiply them;
iii. the student needs parenthesis around the x-1 to group them.
The correct command should be f[x_] = x E~(x-1).

b) Solve[x"3 - 3x == 5, x]
¢) Plot[Cos[2x], {x, 0, 6}]

2. Just “do” all these integrals.

2 2 2 4/3 2
a) /(41’—1—3:6—6\3/5) da::4I2+31nx—6z/3+C’=2x2+31nx—2x4/3+0.

2
b) /<4cosx—x> da::/4cosxd:c—/2e’xdx:4sinx+267"’”+C’.
e
sec x tan x 9 1
C)/ f—i—sec x—3 d:c:?secx—i—tanx—Z%m—i—C.

3. Since sinh and cosh are derivatives of one another, they are also integrals of one
another (since integration is the inverse operation of differentiation). Therefore, we
know

/coshx dx =sinhx +C and /sinhx dx = coshz + C.

Using these facts:

a) /cosha:dx =sinhx + C.

b) Use the Linear Replacement Principle with m = 2,b = 0:
/sinh(2x) dx = %cosh(?a:) +C.
c) Use the Linear Replacement Principle with m = —1,b = 1:
/cosh(l —x)dr = —sinh(1 —z) + C.

d) Start with integration by parts. Let u = 2 and dv = coshz dz. Then du = dx
and v = [ dv = sinh z. By the parts formula,

/a:cosh:rdx:/udv:uv—/vdu

= gsinhz — /sinhxdm

= g sinhz — coshz + C.
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4.

a)

b)

Use partial fractions. The guess should be

322 —dr —1 A B$+C"

G D@+ s+l 21

after finding a common denominator and clearing denominators we get the
equation
322 —dx —1=A@* +1) + (B + C)(z + 1). 4.1)

¢ Letz = —linequation above; this gives 3+4—1 = A(2)+(Bz+C)(0),
ie. 6 =2A4,ie. A=23.

* Letz = 0 and A = 3 in equation above; this gives —1 = (3)(1) +
(B(0)+C)(1),ie. -1 =3+C,ie. C = —4.

* Letx =1, A=3and C = —4 in equation above; this gives 3 —4 -1 =
3(2) + (B —4)(2),ie. =2 =6+ 2B —8,i.e. B = 0.

Therefore
3x2 — 4 —1 3 4
= — 1 1 _ 4 ‘
/(9«“+1)(1‘2+1)d$ /<$+1+x2+1> dr =3In(z +1) — darctanz + C
Use partial fractions. The guess should be
—222 4+ T7x+4 A B C
e N L n ;
x(x —2)? r x—2 (z-—2)2

after finding a common denominator and clearing denominators we get the
equation
—222 + 7z +4 = A(x — 2)? + Bx(x — 2) + Cx. 4.2)

* Let z = 2 in equation above; this gives —2(4) + 14 + 4 = A(0) +
B(2)(0) + C(2), i.e. 10 = 2C, i.e. C = 5.

e Let z = 0 in equation above; this gives 4 = A(4) + B(0) + C(0), i.e.
4=4A4,ie A=1.

¢ Letz =3, A=1and C = 5in equation above; this gives —2(9) 421 +
4=1(1) + B(3)(1) +5(3),i.e. 7= 3B + 16, i.e. B = —3.

Therefore
/—2:c2+7:c+4dx_/<1+ 3 5 )dm
x(z —2)? - x x—2 (x—2)2
:ln:c31n(x2)($5_2)+0.

This integral requires integration by parts twice. First, let v = In?z so that
du=2Inz- % dx (this uses the Chain Rule) and let dv = dx so thatv = [ dv = x.
So by the parts formula,

1
/ln2xd:c:/udv:uv—/vdu:xlrﬂx—/x(?lnx') dzx
T

:xln2x—/2lnxdx.
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b)

b)

Now do parts again on the last integral: let u = 2Inx so that du = 2dx and let
dv = dx so that v = z. Thus by the parts formula we have

2
/21nxdx:/udv:uv—/vdu:x@lnx)—/:L'-Ed:v

=2zlnx — /de =2zlnx — 2z
and therefore the entire answer is
zln?z — (2zlnz —22) + C =zhn’z — 2zlnz + 2z + C.
This integral requires integration by parts twice. First, let u = 22 so that du =

2z dz and let dv = 18sin 3z dz so that v = [dv = 18 - £(—cos 3z) = —6 cos 3z.
So by the parts formula,

/18932 sin3zdr = /udv =uv — /vdu = 2?(—6cos3z) — /2:3(—6 cos 3x) dx
= —627 cos 3z +/12x cos 3z dz.

Now do parts again on the last integral: let v = z so that du = dz and let
dv = 12 cos 3z so that v = 12 - § sin 3z = 4 sin 3z. Thus by the parts formula we
have

/12xcos3xdx:/udv:uv—/vdu:$(4sin3x)—/4sin3xd:c
4
:4xsin3x+§cos3w+0.

Putting this all together, we have

/ 1822 sin 3x dz = —62% cos 3z + / 12z cos 3x dx

4
= — 622 cos 3z + 4x sin 3x + 3 cos3z + C.

Think of the integral as [{ Inz - 1 dz and use the u—substitution u = Inz. Thus

% = % so du = %dm. The limits need to be changed as well; when z = 1,

u=Inl=0andwhenz =¢,u=Ine =1. So

el 1 2
/ﬂdaj:/udu:u—
1 T 0 2

Use the u-substitution v = x + 2. Then % = 1so du = dx. Furthermore,

x = u — 2 and the limits need to be changed: whenx = —1,u = —14+2 =1 and

1

0
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when z = 2, u = 2+ 2 = 4. So the integral is

2 x 449 4
d:U:/ du:/ w2 — 20 Y2 du
/_1\/33—1—2 1 Vu 1( )
4
= [2u3/2 —2. 2u1/2}
3 1

_ (; 432 4(4)1/2> _ (?)13/2 4. 11/2>

—2®)—42)- 2 +4

2
3 3
2

3

7. a) Rewrite with a power-reducing identity:

1 — cos2x 1 1 1 1
in2 = _ = _— = = —p — —si
/sm :cdx—/ 5 dx /(2 2cos2:1c) dx 2:c 481n2x+0.

b) Rewrite with a Pythagorean trig identity:
/sin3 rdr = /sin2 x sinzdr = /(1 — cos? ) sinz dz.

Now use the u-substitution © = cos z so that % = —sin z and therefore —du =
sin x dz. Then the integral becomes

/(1—u2)(—1)du:/( 2—1)du:%u?’—u—kC:%cos:ix—cosx—l—C.

3 3x 3 . . .
———— < — = — since the last fraction has smaller denominator. The
xt 4722 T 2t 23

> 3
integral / —5 dx converges (it is a p-integral with p = 3 > 1), so by the Comparison
2 T

8. First, 0 <

Test / > 3z dz also converges
—_dx \Y .
9 xt4Tx? &

9. The trick is to use the u—substition © = z3. Then % = 322 so du = 3z%dzx so
+du = 2? dz. Then the integral becomes

22 2 L 1 1 ,
[ 1% = = [ @y d = gotenu+ € = gartana® + €.
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4.2 Spring 2016 Exam 2

1. Let @ be the region of points in the zy—plane located to the right of the y-axis,
above the x-axis, above the curve y = v/ — 1 and below the line y = 1—10x + 2.
A picture of this region is given below; the upper-right corner point is (10, 3).

a) (4.1) Write an expression involving one or more integrals with respect to
the variable x which gives the area of Q).

b) (4.1) Write an expression involving one or more integrals with respect to
the variable y which gives the area of region ().

2. Let R be the region of points in the zy—plane which are located above the
z-axis, below the curve y = 2® + 1, to the right of the y-axis, and to the left of
the line = 2.

a) (4.2) Suppose a solid is built whose base is R. If cross-sections of the
solid parallel to the y-axis are squares, write an integral (with respect to
whatever variable you like) which gives the volume of the solid.

b) (4.2) Suppose R is revolved around the y-axis to produce a solid. Write
an integral with respect to the variable x which gives the volume of this
solid.

c) (4.2) Write an integral with respect to y which gives the volume of the
same solid as in part (b).

d) (4.2) Suppose R is revolved around the line y = —2 to produce a solid.
Write an integral with respect to whatever variable you like that gives
the volume of this solid.

e) (4.2) Suppose R is revolved around the line z = 2 to produce a solid.
Write an integral with respect to whatever variable you like that gives
the volume of this solid.

3. Suppose that the time, in seconds, until two particles in a nuclear reactor
collide is given by a continuous random variable whose density function is

Dpr—322 f0<zr<2

f(z) = { v 0 v else
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a) (4.8) Find the probability that the particles collide in less than 1 second.
b) (4.8) Find the expected amount of time until the particles collide.

4. (4.4) Write an integral which will give the length of the curve y = sin x+cos 2z
fromz =0tox = .

130



4.2. Spring 2016 Exam 2

Solutions

1. a) Integrate from left to right; the integrand is the top function minus the bottom
function; the bottom function changes at x = 1 so you need two integrals:

1 10
A:/ {1x—|—2} dx—i—/ {1m+2—\/x—1 dzx
o L10 1 10

b) First, you need to solve the equations for z in terms of y: y = /= — 1 becomes
r=y>+1y= %x + 2 becomes = = 10y — 20. Integrate from the bottom to the
top; the integrand is the right-hand function minus the left-hand function; the
left-hand function changes at y = 2 so you need two integrals:

2 3
A:/ [y2+1—0} dy+/ [y2+1—(10y—20)} dy
0 2

2. First, here is a picture of R:

Notice that the upper-right corner point is (2, 9) because when you plug x = 2 into
y=a2+1,yougety=23+1=09.

a) Integrate with respect to z; the cross-sections are areas with side length 23 + 1.
Therefore the volume is

2
1% :/ (2® + 1) da.
0

b) Again, integrate with respect to x; cross-sections are shells with » = x and
h = 2® + 1. Therefore the volume is

2
V= / 2nx(x® 4 1) d.
0

c) You need to solve the equation for z in terms of y: y = 3 + 1 gives © =
/y — 1. Then, integrating with respect to y, the cross-sections are washers (or
circles). Importantly, you need two integrals because the left-most function of
the region changes at y = 1 (this makes the r of the washer formula change at
y = 1). So the volume is

V= /01 [7(2)? = 7(0)%] dy + /19 [7(2)2 = 7(¥/y —1)?] dy.
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d) Integrate with respect to = (so we only have to write one integral). This makes
the cross-sections washers with R = 23+1—(—2) = 2+ 3and r = 0—(-2) = 2
so the volume is

V= /02 [7(a® +3)? = 7(2)?] da.

e) Integrate with respect to « (so we only have to write one integral). This makes
the cross-sections shells with » = 2 — x and h = 2% + 1 so the volume is

V = /02 2m(2 — x)(m?’ +1)dx.

1 lrog 3 9 1 00 9
PX<1: d: —2d:2—3:|: —
a) PX < 1) /of@) v /0{10”3 10 } v {2037 107, ~ 20
1_7
10 20
2 2 19 3 219 3 3
EX = - AP R :/ 2_3} _{ 3
b) /Oxf(:r)dx /Ox[lox 10x}dw ; [mx 0% dx T
3 3 24 48 6
= — 2 (16) = == - = = =,
10® " 019 =% "0 "5

b ™
4. By the arc length formula, thisis s :/ 14+ [f(2)]?dx :/ 1+ [cos x — 2sin 2z]? da.
y g Vi ePde = |1 |
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4.3 Spring 2016 Exam 3

1
-1

1. Throughout this problem, consider the series )

a) (5.2) Find the fifth term of this series.
b) (5.2) Find the third partial sum of the series (simplify your answer).
¢) (5.5) Rewrite the series so that its initial index is n = 0.

d) (5.7) Does the series converge or diverge?

2. Compute the sum of five of the following six series:

o ,3\n 11
a) (6.2);5(4) d) (6.2) 18 — 3+f—f+5—...
00 1)n+1
b) (62) % 23i+1 e) (8.2) Z
nzo 1 2 3 4 2016 1
0 (8.2)?“ ‘i +‘;+§+i+ D62 =

3. (7.4) Choose three of the following four series, and for the series you choose,
determine with justification whether each of the following series converge
absolutely, converge conditionally, or diverge.

e 5n? ”8”n'
a)zn4+7n3+2 C)nz;
5 > 4 + sin(n?)
b) Z (o 50 * o) D2 — o

4. a) (8.2) Estimate the following integral by replacing the integrand with its
third Taylor polynomial (simplify your answer).

1
/ e da
0
b) (8.1) Find a power series representation of the function f(z) = 22 arctan(x*).

Write your series in ¥-notation, with initial index n = 0.

c) (8.2) Approximate cos ( ) by evaluating the fifth Taylor polynomial for
an appropriately chosen function.

5. (7.3) Why do we care whether or not a series converges absolutely, as opposed
to just knowing whether or not it converges?
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Solutions
1 1
1. S
) 655 T g
1 1 1 1,123
b) S5 = - 1+
) Ss=a1taz+as 2(1)—1+2(2)—1+2(3)—1 37515

c) Replace the n in the series with n + 1 to get Z 2+

n=0 nO

d) This series is harmonic, so it diverges.
2. a) Rewrite the series so that it starts at zero; then use the geometric series formula:

2o(0) 2o (D) () 50 () =)

n=0

b) Use exponent rules to rewrite the series; then use the geometric series formula:
il i1 15":(1)" 1(1)4
n:02"+ =22 2= \8 2\1-g 7
c) Identify this as the power series of e” with x = 4:
PRI
n=0 n! n=0 n!

- ex‘a:=4 =e

=4

d) This is a geometric series, which can be seen after factoring out the initial term:

18— 3+1_1+1_...:18[1 Ty 1, ]
2 72 6 36 216
1 2 —1\3
_18[ (6 ( )+(6)+..,]
B 108
_1—;1_7

W=

e) This is the power series for In(1 + z), with x =

00 n+113 0 n+1n
3y .y B

f) This uses the finite sum formula for a geometric series:
2021:6 2021:6 ( >n B 1— (1/7)2017
™" 1= (1/7)
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3. a) Observe 0 < %:%2 < 57%2 = 5. Since Y -% is a convergent p-series (p =
2 > 1), the series Y a,, converges by the Comparlson Test. Since the series is

positive, it converges absolutely.

b) This is the sum of three convergent p-series, hence converges (and converges
absolutely since it is a positive series).

¢) Use the Ratio Test, since the series contains factorials:

‘( 1 n+18n+1(n+1) ‘

_ iy el _ 2(n+1))!
p= n—)oo |an| T nyoo ‘( ()”Z)inn"
2n)!
. 8" (n+ 1) (2n)!
= 11m .
n—00 (2n + 2)' 81n!
8n

li =
300 2n+1)2n+2)

(The limit is zero because the power in the denominator is 2, and the power in
the numerator is only 1; you could also compute this with L’'Hopital’s Rule.)
Since p < 1, the series converges absolutely by the Ratio Test.

. 4+sin(n2) 4+(=1) _ 3 . 3 . § .
d) Notice that T 2 m T TR 2 0. Since )’ 7 18 a divergent p-series

(p= % < 1), the series ) a,, diverges by the Comparison Test.

4. a) We know e* 1 +x + 22 + 3? + ...; by replacing = with —z? we see that

ZCQ'

=1- 22 +5 -3 .. Thus the third Taylor polynomial of e
Py(z) =1 —2?

and the integral is therefore

/ xda:N/Pg /(1—x2)dx:lx—g§]1:§.

( l)n 2n+1

b) We know arctanz = Z ﬁ
n

n=0

replacing = with 2 gives arctan(z?) =

0 (_1)n(m4)2n+1
Z 2n+1

n=0

and then multiplying by 22 gives

2(_1)n(m4)2n+1 _ i (_1)nx8n+6

o
2 4
x”arctanx” = x
Z 2n+1

n=0

c) We know cosz=1-% 4% — %? + ... so its fifth Taylor polynomial is P5(z) =
1-— + 4, Therefore cos ( ) P ( ) =1— (1/3) + (1/3) _

5. If a series converges absolutely, it can be rearranged legally without changing its
sum. If it only converges conditionally, then rearrangement and/or regrouping is
illegal, because the sum of the series might change.
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1. (2.10) Evaluate each of the following six integrals:

a) /(i—l—él) dx d) /I21_4da:
b) /x—1|—4dx €) ./a;21+4dw

C)/xiéld% f)/in—Zldx

2. a) (2.6) Evaluate one of the following two integrals. If it is not clear from
your work which integral you are trying, please circle the integral you
want graded (I will only grade work from one of the two integrals):

/ S sin 2z dx / arctan x dx

b) (2.5) Evaluate one of the following two integrals. If it is not clear from
your work which integral you are trying, please circle the integral you
want graded (I will only grade work from one of the two integrals):

/46x/5d 3$_2d
—dx ———dx
1z 1 Var+1

¢) (4.3) Determine, with justification, whether or not one of the following
two improper integral converges or diverges.

© © r+sinx
/ ze Tdx / 73dx
1 3 T

3. Let R be the region in the zy—plane which lies above the z-axis, to the right
of the curve y = 23, and to the left of the vertical line z = 3.

a) (4.1) Write an expression involving one or more integrals (with respect
to the variable z) which gives the area of R.

b) (4.1) Write an expression involving one or more integrals (with respect
to the variable y) which gives the area of R.

c) (4.4) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the perimeter of R.

d) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the z—axis.
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e) (4.2) Write an expression involving one or more integrals (with respect
to whatever variable you like) which gives the volume of the solid gen-
erated when R is revolved around the line z = —1.

4. (7.4) Choose three of the following four series, and for the series you choose,
determine with justification whether each of the following series converge
absolutely, converge conditionally, or diverge.

> (n!)? > 2n?+3
D 2 35167 ) 2 ot dn 11
00 17n 1 00 (__1)n
b — d
);<33n+2”\/ﬁ> )nz:;n5+7n2
er’ —1— 2P
5. a) (8.2) Compute hi% Twithout using L'Hopital’s Rule.

1/2
b) (8.2) Estimate / In(1+2?) dz by replacing the integrand with its fourth
0
Taylor polynomial.

1
c) (8.2) Estimate arctan 1 using the fourth Taylor polynomial of an appro-
priately chosen function.

d) (8.1) Let f(x) = z cos(22?). Find the Taylor series of f.
e) (8.2) Use your answer to part (d) to find f(1°(0), where f is as in part
(d).

6. Compute the sum of each series:

00 n 00 . an—3 00
a) (62)3 3 (i) b) (62) )" 112235+ 0) 82) X znln.
n=1 n=0 n=0 ’
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Solutions

1
1. a) /(+4) dr =Inx +4x + C.
J \z

1
b) /x+4dx:1n(x—|—4)+6'.

1
C) /$_4dx:ln(m—4)+0.

d) First use partial fractions on the integrand. The integral works out to be

/ ! d$:/<1/4 +_1/4> dmziln(m—2)—iln(:ﬂ+2)+0

2 —4 zT—2 x+2

-1 1
e) “Justdoit”: / o dx = 3 arctang +C.
f) Use the u-substitution v = 22 + 4. Then & = 2z so du = 2z dz so

dx
sdu = x dz so after substitution, you get

T 1 1 1
= [ — = -1 +C=-1 244+
/x2 4dx /2udu 5 nu+C 5 n(x ) C

2. a) For the first integral, use parts with u = z; dv = 8sin 2z dx. Then du =
ldr = drand v = [ dv = —4 cos 2. Thus the integral becomes

/Smsin2xdx:/udv:uv—/vdu: —4%608233—/—4C082$d.77

= —4x cos 2z + 2sin 2z + C.
For the second integral, use parts with u = arctanx and dv = dz. Then
du = 7= and v = x so by the parts formula, we have

/arctanxdm:/udv:uv—/vdu:xarctanx—/idx.
1+ 22

To do the remaining integral, use a u-substitution v = 1 + 22, so that
du = 2z dz and 1du = x dz. Then we have

. 1 1 1 ,

so the entire integral is

1
/arctanxdx = rarctan v — 3 In(1+ 2%) + C.
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b) For the first integral, use the u-substitution v = /z. Then % = ﬁ SO
2du = ﬁdm. Whenz =1, u=+v1=1andwhenz =4, u = 4 = 2s0
the integral becomes

4 VT

NI
For the second integral, use the u-substitution v = = + 1. Then du = dx
andz=u—1soz—2=u—3. Whenz =1,u =1+ 1 = 2 and when
r=3,u=3+1=4sothe integral becomes
=2

49
du — 1/2 3u*1/2) du

NZES 2 \/_ /

_ [2u3/2 . 6u1/2}

2
= / 2e" du = 2e"? = 2e* — 2¢e! = 2¢* — 2e.
1

3 2
2 2, 5
= 5(8) —6(2) - 5(2 ) 4 6v/2
-20 14
= =4V
3 * 3
c) For the first integral, use parts with u = z, dv = e dz. Then du = dx

and v = —e *dx so

00 b
/ ze Tdr = lim ze Tdx
1 b—o0 J1

b
= lim (—xeﬂ? —/ —e° dx)
b—o0 1

= lim {—xe” — e’“}b

b—oo 1
= lim {—be_b —etr1et — 6_1}
b—o0
-b—-1
=2¢7 ' + lim . :26_1%—@
b—o00 e (0. @]
—1
L2 4 lim —
b—o00 eb

=21 4+0=2""

Therefore the integral converges to 2¢™!

For the second integral, note that sinz < 1 so w < %gl = :%2 + x%
We know [5* ( =+ 963) dx converges (it is the sum of two convergent p-
integrals), so by the Comparison Test, the original integral converges as

well.

3. R is a triangular-shaped region with corner points (0,0), (3,0) and (3,27).
The curve defining the left-side of the triangle can be thought of as y = z* or

T = \3/5
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a) A:/ng?’dx.
27
b) A:/O (3— ) dy.

c) The perimeter of the “triangle” is the length of the bottom line seg-
ment (which is 3) plus the length of the right-hand vertical line segment
(which is 27) plus the length of the curve y = 2® from z = 0 to z = 3. This

length is s = 7 \/1+ [f'(z)]2dz = [ /1 + (322)2 dx. So the perimeter of
Ris
3 3
3427+ [ 1+ (@2 de =30+ [ I+ 907 da.
+27+ | + (322)% dx + ) V1t+9ztde

d) If integrating with respect to z, use the disc method (cross-sections are
circles with radius 2%). So the volume is V = [; 7(2%)? d.

If integrating with respect to y, use the shell method (r =y — 0 = y and
h =3 — {/y) to obtain V' = JZT2my (3 — &y) dy.

e) If integrating with respect to z, use the shell method (cross-sections are
cylinders withr = 2 — (=1) =z + land h = 2°) to get V = [ 2m(w +
1)a3 da.

If integrating with respect to y, use the washer method (with R = 3 —
(=1)=4andr = ¥y — (—1) = y + 1) to obtain

v /27 P (gt )]

a) Use the Ratio Test:

n+1)1?2
lim |ans1] I ‘(2(01%7?31 — lim (n+ 1) £ 2016"
P oS g, e [WE ] e 20167 (nl)?
(n+1)°
= 11m
n—oo 2016
Since p > 1, the series diverges by the Ratio Test.

17 17\" . o 1 1/2

b) > —— o = > (27) is a convergent geometric series; » | TN > 7

is a convergent p-series. Therefore the entire series converges (since con-

verges + converges = converges), and converges absolutely since it is a
positive series.

2n2+3
C) hm |a"| - h_mo 10n2+4n+1
test

d) Consider ¥ |a,| = 3 m Since W < 25 and Y -5 is a convergent
p-series, we know ) |a,| converges by the Compar1son Test. Therefore
> a, converges absolutely by definition.

= % # 0 so the series diverges by the N"-term
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5.

a) Write a power series for the numerator:

02 ] g {14-3: @l @ +...}—1—x5
lim —— = lim
z—0 210 2—0 10
z19 + zd +
— 1 2! 3!
o lli% 210

b) We know In(1 +z) =z —
getIn(1+ 2?) = 22 —%—i—

+ % — % + ... so by replacing x with z?, we

.. Thus Py(z) = 2° — £ so0

S—
>
~
(Y]
—_
+
8
Q,
s
0
c\
Ay
[N}
| —
8
[N}
o 8
| I
QL
s
|
| — |
w| 8,
|
S| &,
| I
=
(Y]

3 10 960°

D Ve 14

_ a® | 2% 2l — z°
c) arctanz =x — 5 + % — & +...50 Py(z) = v — % so

1 1 1 (1/4)3 47
tan— ~ P, (- )| = —
arctatly = <4> 4

3 192

d) cosz = i (=)™

Ten ; replace x with 22 and then multiply in front by =
n=0 :

to get

f(z) = xcos(22?) = i a:(—l();rg)Q'x ™ i

n=0

1)n4n 4n+1

e) The coefficient on the z'%! term in the answer to part (d) occurs when
4n + 1 = 101, i.e. when n = 25. This coefficient is

(_1)25425 _425

(2-25)! 50!
But by uniqueness of power series, this coefficient must be equal to
! (110011)!(0), so 1 (11(:]11)!(0) = ’5%2!5 and by multiplying through by 101!, we can

o 7425
conclude that f1°)(0) = 101! - =t-.

T3S0 S G ST R BER

n=0
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2.3 202-3"-37% X2 3\ 2 1
S AL AR - e S A <): . _
);)11.22”5%1 7;)11-4%%5 7;]33-55 20 27-55 1— 4
8

5049°

1 s 12r
VD i = =

n=0 : :

n=0 n

45 Spring 2023 Exam 1

1. Ineach part of this problem, write Mathematica code which would accomplish

the given task:

a) Define the function f(x)

e,

b) Sketch the graph of g(z) = tan 4z, where x ranges from 0 to 7.

) Solve the equation z* — 3z? = 10.

2. Compute each integral:
1
a)(2J)L/'<4VAE—%
w/3 T
b) (2.2) /O 6 cos 5 da

0 (2.2) / (861’49”) dz

2
— | d
31:) v

3. (2.10) For each of the given integrals, determine what the best method to
compute the integral by hand.

If the best method is to just write the answer, write “JUST DO IT” and
write the answer. (This includes use of the Linear Replacement Princi-
ple.)

If the best method is to rewrite the integrand, write “REWRITE” and
describe how the integrand should be rewritten.

If the best method is to use a u—substitution, write “U-SUB” and write
what the u would be in your u—sub.

If the best method is integration by parts, write “PARTS” and write what
you would assign to be r and ds.

If the best method is partial fractions, write “PARTIAL FRACTIONS”
and write your ‘guessed’ form of the decomposition.
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) /x—li-éldm
b)/kxj4yd
C) /x21_4dx

4. Determine, with justification, whether each integral converges or diverges:

a)@3)/ ( j;>dx

e
b) (33)/ 27+ br + 1

d(&DAjQ*dm

Tx + 29

5. 2.8)C te th tial fraction d iti f———.
a) (2.8) Compute the partial fraction decomposition o T

b) (2.4) Compute/x sec? 2° du.

6. (2.5) Evaluate one of the following two integrals:

/x($+5) dx /COS3ZL‘dl‘
. r—8

7. (2.6) Evaluate one of the following two integrals:

/m4 Inz dzx /4:13635/2 dx

8. (Bonus) Compute / 2'/3 sin 2%/3 d.
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Solutions

1.

a) flx_] = E"(3x)
b) Plot[Tan[4x], {x,0,Pi}]
c) Solve[x™4 - 3x72 == 10, x]

1 2
a) Split and then use the Power Rule on the first term: / (4\/5 + 333) dx =

L i 271 11, 2 1 2
4/35 dx+3/xdx—4 %x +31nx—i—C’— 2\/5+31nx—|—0.

/3
b) Use the Linear Replacement Principle with m = 1 to get / / 6 cos g dr =
/3 -0
= 12sin -

0

1 T /3
6 - —si -
1 Sin 2

2

- 12sin%—1QSinO: 12 (;) —0=[6]

0

c) Use the Linear Replacement Principle with m = —4 to get / (861’45”) dx =
1

1
_4dx: In(x —4)+C|

a) JUST DO IT: / .

dr =|—(z —4)' +C

b) JUST DOIT (with the Lin. Rep. Principle): [ (x_l e
1 A B

PARTIAL FRACTIONS: _ .
) CTIONS: 5 =72 T 22

1
d) JUST DO IT: T =3 arctang + C'| (see Theorem 2.7 in the

notes).
) uSUB: m

f) REWRITE: /

a)/<—

verges (p—mtegral, p=3> 1) but the second does not (p-integral, p =

s < 1), so this is a convergent integral minus a divergent one, which

diverges |

2

dx-/(i—i) di = /@-i) d |

der = 12 / / i dx. The first integral con-

3 CL‘S

1 o 1
b) Note 0 < =—. Also, / — dx converges (p-integral,
T 2 X

'+ b5r+1 ~ a7 ;
oo x

=4 > 1), so by the Compari nTst/ ———— dx | converges |.

p ), so by the Comparison Te s T +5r+1 x
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5.

6.

o0 1 1 1
27—
+ln2

27l =04+ = —— <
+2ln2 2In2

oo,

oo 1
27%dy = ——27% = ———
) /1 v In2 1 In2

so this integral .

a) Factor the denominator as (z + 3)(z + 5); then guess the decomposition

Tr 4+ 29 A _
2 f8x+15 i + - Multiply through by z? + 8z + 15 to

clear denominators; this gives the equation 7z +29 = A(x+5)+ B(z+3).
Now,

as

* by letting + = —5 in this equation, we get —6 = B(—2) so B = 3.
* by letting + = —3 in this equation, we get 8 = A(2) so A = 4.

Tx + 29 4 3
?+85+15 |2+3  z+5]
b) Use the u-sub u = 2°. Then du = 52*dx so t+du = x* dz. Substituting

All together, we have

1 1
in the integral, we get /x4 sec’ 2° dx = /5 sec’ udu = s tanu + ¢ =

1
gtana}5+C.

a) For the first integral, let v = = — 8 so that du = dz and v = u + 8.
Substituting in, we get

/a:;xj—;)dx:/(u+8)(t;+8+5)du
:/(u+8)iu+13)du
:/u2—|—21u—{—104

du
U

104
:/<u+21+0> du
U

1
= §u2+21u+ 104dlnu+ C

= ;(x—8)2+21(x—8)+1041n(x—8) +C|

b) For the second integral, rewrite it as
/cosgxdx = /cos2x cosxdr = /(1 — sin®z) cos v dx

and then use the u-sub © = sin z, du = cos x dx to rewrite it as

1 1
/(1—u2)du:u—§u3+C’: sinx—gsin?’x—l—(].
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a) For the first integral, use parts by setting » = Inz and ds = z* dz. Then

dr = %dx and s = %565. Therefore

/x4lnxdx:/rds:rs—/sdr:;gﬁlnx_/;lﬁ.1(13;

z
1 1

:ga:5lnx—/gx4d:v
1 1

= 5x5lnx—%aj5+(].

b) For the second integral, use parts by setting r = 4x and ds = e*/2 dx.
Then dr = 4dz and s = 2¢*/2. Therefore

/4xex/2 de = /rds =rs— /sdr =4z (2690/2) — /26"’”/2(4)d:c
= 8we®/? — /869”/2 dx

— | 8ze*/? — 16e*% + O,

. Por the bonus question, start with the u-sub u = 2%?. Therefore du = 2273 dx,
so dz = 32'/3 du. Since u = 2?/*, we also can compute z'/? = (22/3)1/2 = u!/2,
Substituting into our equation for dz, we get dz = 3u'/? du. Now, we can
substitute into the integral to get

3 3
/331/3 sin 223 dx = /u1/2 sinu (2u1/2 du) = /iu sin u du.

This integral can now be done with parts. Set r = 2u and ds = sin u du, which
implies dr = 3du and s = — cos u. By the parts formula,

/usinudu:/rds:rs—/sdrz —2ucosu—/—§cosudu

3 cos +38' +C
= ——wucosu+ —sinu }
2 2

3 3
Finally, back-substitute to get —ixz/ Scosa?/? + 2 sinz?? + C'|
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4.6 Spring 2023 Exam 2

1. (4.4) Write an integral which gives the length of the curve y = 2¢** between
the points (0, 2) and (5, 2¢*°).

2. (4.3) In general, if a machine’s efficiency is constant, then its output is given
by multiplying the efficiency by the time the machine works. Now suppose
that a certain machine’s efficiency is nonconstant and that at time ¢, its effi-
ciency is E(t) = 4 + cost. What is the machine’s output between times 0 and
S

2

3. (4.8) Suppose that the time, in days, until the next major solar flare is a con-

tinuous random variable with density function

Lpde=®/2 jfg >0

f(x):{% 0 ifa<0

a) Write an integral which gives the probability that the next major solar
tlare will occur at least 5 days from now.

b) Compute the expected amount of time until the next major solar flare.

4. In this problem, @) refers to the region of points in the zy-plane pictured be-
low:

: y:2\/;

a) (4.1) Write an expression involving one or more integrals with respect to
the variable x that gives the area of ().

b) (4.1) Write an expression involving one or more integrals with respect to
the variable y that gives the area of ().

c) (4.2) Write an expression involving one or more integrals with respect
to any variable you like that gives the volume of the solid whose base is
(), where cross-sections parallel to the y-axis are squares.

5. (4.7) Let R be the region of points in the xy-plane enclosed by the graphs of
y = 42? and y = 4x.
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a) Compute the moment of inertia of R about the z-axis.

b) Compute the moment of inertia of R about the y-axis.

6. (4.6) Compute the centroid of the triangle whose vertices are (0,0), (2,0) and
(2,4).

7. (4.2) In this problem, let S be the region of points in the zy-plane above the
graph of y = ;(x + 1) and below the graph of y = 4%, between x = —1 and

r = 3.

a) Write an expression involving one or more integrals with respect to any
variable you like that would give the volume of the solid obtained when
S is revolved around the line 7 = —2.

b) Write an expression involving one or more integrals with respect to any
variable you like that would give the volume of the solid obtained when
S is revolved around the line y = —4.
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Solutions
1. If f(z) = 2¢*, then f'(x) = 8¢**. Therefore the arc length is

s = /ab\/l—i- [f(x)]?dx = /05\/1+ [8et*]2 dx |.

2. By the general principle of applications of integration, the output is

/ab E(t)dt = /037T/2(4+COS t)dt = [41 + sin t]3”/2 {4 (327r> — 1] ~[0+0] = [67 — 1]

3. a) P(X25):/5°Of(x)dx: 500916

b) This integral uses the Gamma Integral Formula:

3e=2/2 o |.

>~ 1 1 4] 25 . 4]
EX = / p)de= | —alePde=_—- = =

o 96 96 (%)4“ 96

8 days |.

4. a) The areais / ' [t(x) — b(x)] dx. Since the bottom function changes at x =
!

2, you need two integrals:

/0[2\/‘— _z) da:+/ {2[—( (x—2) — )] dz

b) First, you need to solve all the equations for z in terms of y:
Yy=—r=>x=—Y

1
y:2\/5:>y2=4:z:—>x=1y2

3 3 4 4
y:1(w—2)4—2=>y+221(:6—2)4=>g(y+2):(x—2)4:>x: v 3

(y+2)+2

t
Then the area is / [(y) — l(y)] dy. Since the left function changes at
b

y = 0, you need two integrals:

dy—l—/

/_02 {(4;1(y+2)+2)

(W+ 2) (igf)] dy

c) Since the cross-sections are parallel to the y-axis, you have to integrate
with respect to 2. The area of the cross-section at z is A(z) = (side length)? =

(t(x) — b(z))?% as in part (a), you need two integrals:

2\/_—< (w — 2)* 2)

V:/OQ[Q\/_—(—:(: d:c—ir/

2
dx
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5.

6.

7.

First, set the equations equal to one another to find intersection points: 4d2? =
4z gives x = 0 and = = 1, and the corresponding y-values are y = 0 and
y =4.

a) In this problem, we need to solve the equations for z: y = 4a? gives

1 1
x = 5\/37 and y = 4z gives v = 1Y Now, by the formula for moment of

inertia about the z-axis,

t 4 1 ]_
L= [ )~ dy= [ v |5vi- o] d
Cy ) MWl dy = |y |5vy = qy) dy
4] 1
— <y5/2—y3) dy
0 \2
:[1 2 1 4}4:47/2 1

7 1Y

b) By the formula for moment of inertia about the y-axis,

I, = /lr 2% [t(x) — b(x)] do = /01 r? (4o — 42%) dx = /01(4:£3 — 4a*) dx

o)
-4 -0-[]

This region goes from z = 0 to # = 2 and has top function ¢(x) = 2z (this is
the line passing through (0, 0) and (2, 4)) and bottom function b(z) = 0. Since
we are computing a centroid, the density can be assumed to be p(z) = 1.
Therefore, by the formulas for centers of mass:

M = / | p(z dm—/Qa:dx—x‘ = 4;

2 .2 1
M, = / z)] p(x dx—/Qxdx—f :—6;

3 o 3

1 2 2 .2 1
sz/a {Q(t(x))Q—Q(b(x))ﬂ dxz/o 5(2@?@:/0 242 dr — 39030:36.
M, M, 28 44

Finally, the center of mass is (7,7) = (My’M> = <i,i> = (3, 3) )

a) If you use z as your variable of the integral, this is shells with r = z —
(=2) =z +2and h = t(z) — b(z) = 4° — L(x + 1). This gives

b 3 1
v=[omhdr=| [ 2n(+2) [4z—2(x—|—1)] dz
a —1
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b) If you use x as your variable of the integral, this is washers with R =
t(z) — (—4) =4+ 4and r = b(z) — (—4) = L(z + 1) + 4. This gives

V:/ab [TI'RQ_WT‘Q] dr = /3 lw(4¢+4)2_ﬂ(;(x+1)+4>21 dx

-1

Problems 7 (a) and (b) can also be done with respect to y, but they are
much harder that way (you need three integrals added together).
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4.7 Spring 2023 Exam 3

1. In each part of this problem you are given an infinite series, or some infor-
mation about an infinite series.

¢ If you can conclude the series converges or diverges based on the given
information, write “converges” or “diverges” (no further justification is
necessary).

e If the given information is insufficient to conclude whether the series
converges or diverges, write “not enough info”.

> 3
a) (6.2) The series is Z 47
b) (6.2) The series is Z 5 , but you don’t know what K is.

¢) (5.7) The series is

IR

d) (6.2) The terms of the series are less than the terms of a geometric series
with r = 2.

e) (5.7) The terms of the series are less than the terms of a p-series with
p=2.

f) (5.4) The series is the sum of a convergent series and a divergent series.

g) (7.3) The series is 3" a,,, and you know Y |a,| converges.

h) (7.1) The series is 3 a,,, and T}gr{}o la,| = 0.

o0 2 n
2. Throughout this problem, you may assume »  n” () = 30.

n=0

a) (5.5) Compute and simplify »  n? <§> :

n=2
2n

b) (5.5) Compute and simplify Z n

n=0
¢) (7.3) If you rearranged and/or regrouped the terms of this series, must
the series you end up with sum to 30? Why or why not?

3. (7.4) Choose three of the following four series. For each series you choose,
determine (with appropriate justification) whether the series converges ab-
solutely, converges conditionally or diverges.
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a)nz::l7”—|—n C)nz:;ﬁ/n_l
> 1 > (2n)!
b) 712::1 10— d) nzz;) n!2023"

1
4. a) (8.2) Estimate cos - by using the second-order Taylor polynomial for an
appropriately chosen function.

b) (8.2) Consider a function f which is a solution of the differential equa-
tion f"(z) —x f(z) = 0. If f(0) = 1 and f/(0) = 2, estimate f(1) by
computing the fourth Taylor polynomial of f.

1
5. a) (8.2) Estimate / In(1 + z*) dz by replacing the integrand with a Taylor
0
polynomial that has two nonzero terms.

b) (8.2) Compute the following limit without using L'Hopital’s Rule:

arctan(z®) — sin(2%)

1m
z—0 x4

6. Compute the sum of each given series; except in part (d), completely simplify
each answer.

a) (6.2) 25 (i)n
: 21 9

2 4 8
2D1l+-+-F+=+—+=+..
b) (8.2) +1+2+3!+4!+5!+

> 6. 42n+1
0 (62) > g
n=0

d) (6.2) 328 5"

e) (Bonus) in (i)n_l
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Solutions

1. a) This a geometric series with r = 1 Since |r| < 1, this series .

b) Since the starting index is irrelevant to convergence or divergence, this
series (which is the same as the one in (a) with a different starting index)

also|converges|.

¢) This is a p-series with p =

<1,soit|diverges|.

l\D\»—t

d) Being less than a divergent series doesn’t tell you anything: | not enough info |

e) Being less than a convergent series tells you the series by
the Comparison Test.

f) convergent + divergent gives a series that|diverges |

g) By the Triangle Inequality, > a,, (absolutely, in fact).

h) This is | not enough info | (the series could be a p-series with any value
of p, for example).

2. a) Subtractthe n = 0 and n = 1 terms:

> 2\" & 2\" 2\ 2 2 88
2 : 2 2 : 2 2 2

n=2 n=0

b) Use exponent rules and pull out the constants:

00
> n'o
n=0

n TL

[e.9] 1 (o.9] n
Zj 3n33_3—z:j 7(30) =[810].

c) This series is positive, so since it converges, it converges absolutely.
Therefore the series be rearranged without affecting its sum.

3. 2= (i)" The series (%)n converges (it is geomet-
ric with |r| = 2 < 1),50 ¥ = | converges absolutely | by the Compari-
son Test.

b) Jim. ’m—_n = lim ot =+ = 00 # 0,50 ¥ 15 | diverges | by the N
term Test.

c) Notice 0 < \F \/7% The series 3" %ﬁ = Y -5 diverges (p-series with

p = 3 < 1), so by the Comparison Test 3 52— | diverges |
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d) Use the Ratio Test:

(2(n+1))!
p= tim |2l _ o (G|

n—0oo |CL | n—0oo (2n)!
" n!2023"

- 2n+2)!  nl2023"
nSoo (n+ 1)1202371 (2n)!
(2n+2)(2n+1)
nSee (n+ 1) 2023
~ lim 2(n+1)(2n+1)
oo (n+ 1) 2023
= lim M = 00.

n—oo 2023

: > (2n)!
Sincep> 1,y — ol
meer nzzo nl 20237

diverges | by the Ratio Test.

2
a) cosx =1— 5 + ..., 80

21 2 128 128

Ln () B &, 1 _[m

- = P,
cos o 2 (g

b) Let the function be represented by the Taylor series
f(x) = ap + a1z + asx? + a3x3 + agxt + ...

Since f(0) = 1, ap = % = 1 =landsince f'(0) =2, a; = @ =2=2
Therefore
f(x) =14 22 + asx® + asz® + agz® + ..

Now we consider the equation f”(x) — x f(x) = 0. Take two derivatives
of this Taylor series to get

f"(z) = 2ay + 6azx + 12a42° + ...
and multiply f(z) by z to get
rf(z) =z + 22% + ap2® + asz® + agr’® + ..

Since f”(z) — x f(x) = 0, we can subtract the previous two power series
together term-by-term to get

2ay + (6az — 1)x + (12a4 — 2)2° + ... = 0,
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b)

which means
209 =0 = a9 =0

6as —1=0 = a3 =
120 —2=0 = a4 =

D= D=

Finally, the fourth Taylor polynomial of f is

Py(x) = ag + 12 + axx® + asz® + agz’
1420 1 Lab g Lyt
= T+ -x°+ =
6 6

so f(1) ~ Py(1 )_1+2(1)+é(13)+é<14)= 130

Start with the Taylor series In(1 + z) =z — ‘%2 + .... Next, replace each z

with 2* to get In(1 + 2*) = z* — g +..=at— éxg + .... Therefore
1
/lln(l—l—l‘él)dx%/l{x‘l—lxs}dx: $—5—£9 l—i:E.
0 0 2 5 18|, 5 18 90
Start with arctana = z — & + 2 — replace x with 2® to get arctan 2® =
8 — % + % - Next sine = x — % + 5—?, replace = with 2° to get
sina® = 2® — 903—, + 27 — .. Now, plug both these series into the limit:
. 8 z24 z10 8 z
lim arctan(z®) — sin(z®) _ A + 5= - = [m e ]
x—0 3324 z—0 $24
y (—% + 1) z* + higher power terms
= lim

r24

_ 1 1 .
= lim (—3 + ) + positive powers of =
1
6

Change indices so that the series starts at 0, and then use the sum for-
mula for a geometric series:

S5 -50) () 56

n=0
2\ 1
)
7) 1-2
25 7 8
=5. — .- =| =
™5 49
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b) This is the Taylor series for e”, with z = 2:

4 5 o0 9n
2 4 8 2 2 Z:27:

R A I A
R R TI TI T S

c) This series is geometric:
X 647t 206164 24%(

nz::o 38n+2 :;0 2779 9 —
241\ 8 21 [72
9 \1-%2) 3 11 |11

S RO

e) We know the Taylor series -~ = ioj 2". Differentiate both sides of this
n=0

1

formula to get =5 =
in this problem with = = %. Therefore
00 3 n—1 1 1
R

n=1 4 B (1 — %)2 16

(oo}
> na"!, which is exactly the series we are given
n=1
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4.8 Spring 2023 Final Exam

1. Compute each integral:

2 22 [ Ol(a: +3) da 4 61 [ ;9 dx
b) (2.2) / e g o) (3.4) /O T e dy
o 2.1 / <ﬁ+ \2) dz

2. Evaluate four of the following five integrals:
a) (2.1)/cosxdx d) (2.3)/cos2xdx
b) (2.2)/005 21 dx e) (2.9)/(308 z? dx

C) (2.1)/2008xdx

3. (2.6) Evaluate one of the following two integrals:

/41’ e %" dx /ln2 x dx

4. (2.5) Evaluate one of the following two integrals:

23z + 2
T
1 2x—1

/4
/ 24 tan?  sec® x dx
0

5. (2.8) Evaluate one of the following two integrals:

12 3% + 1
——d / —d
/x2—4:v—5 ’ oh— g3
6. (4.1) Let £ be the region of points in the (z, y)-plane located above the graph
2

of y = % and below the graph of y = 2x.

a) Write an integral with respect to the variable x that gives the area of E.

b) Write an integral with respect to the variable y that gives the area of E.
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7. Let R be the region pictured below:

I 2 3 4

For each given quantity, write a formula involving one or more integrals
(with respect to whatever variable you want) that, if computed, would pro-
duce the quantity.

a) (4.2) The volume of the solid formed when R is revolved around the
x-axis.

b) (4.2) The volume of the solid formed when R is revolved around the
y-axis.

¢) (4.7) The moment of inertia of R about the y-axis.

d) (4.4) The length of the curve in the picture indicated with the thick
dashed markings.

e) (4.6) The y-coordinate of the center of mass of planar slab that has shape
R, where the density of the lamina at point (z,y) is p(x) = (2% + 2).

8. (4.8) Suppose X is a continuous random variable with density function

fz) = cx if0<z<4
Y=Y 0 otherwise

where c is an unknown constant.

a) Determine the value of c.

b) Compute the probability that X is between 0 and 2.

9. (7.4) Choose three of the following four series and determine, with appro-
priate justification, whether those series converge absolutely, converge con-
ditionally, or diverge. (If it isn’t clear which problem you don’t want graded,
draw an X through that work. I will only grade three of these four problems.)

SRR b) 3 (31 " (—D")

4n
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d
‘3gw+3 ) 2 o

10. (6.2, 8.2) Compute the sum of each series (you may assume without proof
that all these series converge):

0 (_1)n+1 o) 3n—|—2
a) T;::l 714" C) nZ:O 52n+1
'] —3\"
1 1 1 1 1 Y 4()
b) 1— =4 — — — 4+ — — — 4 .
)=t e s ot n=—a \ 9O

7
e — 2T — 1

11. a) (8.2) Compute lig% m without using L'Hopital’s rule.
z T

2
0
lor polynomial.

b) (8.2) Estimate / w2e dx by replacing the integrand with its sixth Tay-

c) (8.2) Suppose g is an unknown function with ¢(0) = 2, ¢'(0) = —1,
g"(0) =0, ¢""(0) = 3 and ¢ (0) = 6. Compute the fourth Taylor polyno-
mial of g, and use this polynomial to estimate ¢(2).

d) (6.3) Aballis dropped from a height of 24 ft. Every time the ball bounces,

2
it rebounds to a height that is 3 of the height it reached on the previous

bounce. Compute the total amount of vertical distance travelled by the
ball before it comes to rest.
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Solutions

a) Use the Linear Replacement Principle:

/_Ol(x +3)%dx =

T

(3°—27)|

NeN T

1
b) Use the Linear Replacement Principle: / e dy = —Zel_‘m +C'|

c) Integrate term-by-term with the Power Rule:

2 2
/(\/54— \/_> dx:/(x1/2+2x_1/2) dr = §x3/2+4x1/2+0.
T

~ 4 = N S R 1
O [ [Farrase e - oy~ -[1]
) ) wle= ) de= e =5 (0= 5 =13
e) Use the Gamma Integral Formula: / T e dy — Sry_ 40
g " Jo NESRPYE)

a) /Cosxdx :.

1
b) Use the Linear Replacement Principle: / cos 2z dx = 3 sin 2z + C'|.

Q) /2cosxdx :.

d) Use a power-reducing identity, then the Linear Replacement Principle:

1+ cos 2z 1 1 r 1
2 .
dr = | —————dzr = — 4+ —cos2 =|=+-—sin2x+C|
/cosx x / 5 dx /(2 5 008 93) dx 5 +sin2z C

e) / cos #* dx is not doable with our methods (you should not have chosen
to try this problem).

a) Use parts with r = z, ds = 4e?* dz. Therefore dr = dz and s = [ds =
—2e~2*, This makes the integral

/4m e dr = /rds =rs— /sdr = —Qqe —/—26_29” dx

= ’ —Qxe T e L O ‘
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b) Use parts with r = In® x, ds = dx. Therefore dr = 2Inz - % and s = [ds =
x. This makes the integral

21
/ln2xda::/rd5:rs—/sd'r’:xln2x—/:1:( nx) dr
x

= 21nx—/21nxd:c

Now use parts again on the second integral with » = 2Inz, ds = dx.
Therefore dr = 2 dz and s = z, so the second integral is

/21nxd(17:/rds:Ts—/sdr:2xlnx—/w<2) dszxlnx—/2dx:2xlnm—2x.
. x

Substituting this into our answer from above, we get

x lnzx—/anxdx =2Inz—(2rlnar—22)+C = |z In*x — 2zxlnx + 22+ C|.

4. a) Use the u-sub u = tanz, du = sec’ x dzx to rewrite the integral (note the
change in the limits) as

w/4 1
/ 24 tan? z sec® x dx = / 24 dx = {8u3]; = .
0 0

b) Use the u-sub u = 2z —1. That makes z = “}* and du = 2 dz so dz = 1 du
so the integral becomes (note the change in the limits)

23x+2dx:/3 (3(1?1)—1—2) ldu
1 2

1 2z —1 U
3 7
:/3 it 1du
1 U 2
3

33T
_/1 (4*4“ )d“
[3u—i-7lnu}3
4 4 1
3 7 3 7 3 7
= [4(3)+41n3} — [4(1)+4(0)] = 5+11n3.

5. a) Use partial fractions: the denominator factors as (z + 1)(z — 5), so we
guess the decomposition as

@tD)@—5) z+1 z-5 A(xr —5)+ Bz +1) = 12.
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b)

Substitutingin x = 5, we get 68 = 12,i.e. B = 2. Substitutinginz = —1,
we get —6A = 12 s0 A = —2. This makes the integral

12 ) 9
g :/( )d _[—21 1) +2In(z —5) 1 C|
/x2—41:—5 v crltz-35)™ n(+1)+2In(@—5)+

Use partial fractions: the denominator factors as z*(z — 1), so we guess
the decomposition as

3:2+1 A B C D

xt—x3 oz 2?2 23 -1

and after clearing denominators we get
372 +1=A2*(x — 1)+ Br(z — 1)+ C(z — 1) + D2*. (4.3)

Substitute + = 0 to get —C' = 1,i.e. C' = —1. Substitute z = 1 to get
4 = D. Now, substituting in C' = —1 and D = 4, and expanding out (4.3)
and combining like terms gives

377 +1=(4+A)2* +(B—A)x* + (-1 - B)r +1

so4+A=0,ie. A= —4,and B — A = 3,ie. B = —1. All together, this
makes the integral

/3x2+1d /(—4 1 1+ 4 >d
- dx = SR — x
x4 — 3 x 22 2 x—1

1 1
= —41nx+—+§x_2+41n($—1)+0.
T

First, find the intersection points of the graphs by setting the two equa-
tions equal to each other:

T o

3

% = 6x
2 —6x=0
2(r—6)=0=2=0,xz=06

The corresponding y-values are y = 0 and y = 12, so the corner points
are (0,0) and (6, 12). Thus the area of E'is

/ﬂght[top(x) — bot(x)] dx = /06 lQm - x;] dzx |.

left
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2

b) Working with respect to y, we have to solve the equations for y: y = %

1
becomes = = /3y and y = 2x becomes = = SV So the area of F is

/ " [right(y) — left(y)) dy = / - [\/@_ 14 ay

ottom 2
right 2 2
7. a) Use the disk method: V' = TR*dr = / T {2 —2(x — 1)4} dx |.
left 0
right 2
b) Use the shell method: V' = 2rrhdx = / 2 {2 —2(x — 1)4} dz|.
left 0

o I, = /lright 2% [top(z) — bot(x)] dx = /02 z? {2 —2(x — 1)4} dzx |.

eft
d) Use the arc length formula:

3—/ V31+[f(z 2d:L’—/ \/1 8(x —1)32dx = /02\/1+64(x—1)6dx.

(e) The center of mass of planar slab that has shape R, where the density of
the lamina at point (z,y) is p(x) = (2% + 2).

J— % _ /l:;jht; {tOp ( )—botQ(x)} dx _ /02; {2_2(1,_ 1) } de
" /zfj () ltop(e) — bot()] do /0 2?2 — 2(z — 1)* dz

00 4 4
8. a) Weneed 1 = / f(z)dzx = / crdr = [;cmj} = 50(42) = 8¢, so
0

—o0 0
1
c=|g}
2 21 1,12 [1
b)P(O<X<2):/Of(a:)dx: Ogazdx: Ex o:Z'

9. a) Z 3 / 4 Converges by the AST (the series alternates, lim la,| =lim

n—o0

1
5 = 0and |any1| < an]), but Y |an| = > == i which diverges (p-
(=)™

n3/4

series withp =2 <1),s0 ) converges conditionally |
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1 —1)"
b) > 3 converges absolutely (it is geometric with |r| = 3 < 1), > ( 4n) =
> <4> also converges absolutely (it is geometric with |r| = I <

1), so this is the sum of two absolutely convergent series, which must
converge absolutely |.

¢) Notice 0 < = < {5 and ¥ ;% is a convergent p-series (p = 2 > 1).

Therefore by the Comparison Test, Z

converges absolutely |.

= k23
d) Use the Ratio Test:
n 2n)!
p = lim | Tl+1| — lim (2(7451))! — lim 7 ' . ( Z)
7
pu— 1' = 0.
neo (2 + 2)(2n + 1)
(—1)m7 _
Since p < 1, Z @) converges absolutely | by the Ratio Test.
n)!

10.  a) This is the Taylor series for In(1 + ), with z = 1 plugged in:

_ )n+1

i: n4n :i(_1>n+1£

1
= ln(1+l')|x:1/4 =1In <1 + 4) =(ln-|

b) This is the power series for cos z, with x = 1 plugged in:

1,111 —Z 2t
2 a6l s 100 “en T

= COS Ty = .

r=1

c) This series is geometric:

oo g2 > 332 9 /3\" 9 1 9 /25 45
Y=Y e =g (5) —5<1_;5)—(>—'

o \22 22

d) The series is geometric; first, change indices by replacing n with n — 2 to

getni;él(; ) 24( )n : . Then

213 13 @) B iR
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11. a)e* =142+ %2 + ..., 50 by substitution ¢2*" = 1 + 227 + @ +.. =
1+ 227 + 22 + ... Substituting this into the limit, we get

e —2pT -1 1422742 — 227 — 1
hm —_— = hm
z—0 10 z—0 10
22'* + higher power terms
= lim
z—0 10

T 4 .
= lim (2:c + higher power terms)
=[0]

b) e* = 1+x—|—§+...,so by replacing z with —z% we get et = 1—1‘2—1—%4—

—z2 2

Multiplying through by 2 gives x%e -+ ;xﬁ —...,and stopping

at the sixth power term gives Ps(z) = 2? — 2 + 12° This makes the

integral
2 2 2, 1
/xe dxr ~ /PG d:v—/[x —ZE+2ZU}CZ$
[l Loy L [E BT 1
3 5 14 3 5 7| 105°
g™ (0)
¢) By theory, we know that if g(x Zanx then a,, = o . Therefore
n=0 :
1!
0
w=90)=2% a=g0)=-1 a="7 =0
L9 3 1 g% _6 1
T3l 6 270 YT 4 T 24 4

1 1
Thus g(z) =2—2z+ §x3 - Zx‘* + ..., so stopping at the fourth power term,

1 1
we get Py(z) =2 — 2 + 5353 + Z.CE4. Finally,

9(2) % P(2) =2~ 24 L(8) +;(16) =[]

d) (Bonus) The amount the ball travels is the initial drop plus twice the
size of each rebound (because on each rebound, it goes up and the back
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down). This produces the geometric series
2 2\ 2 2\*
24+2(-)24+2 ) 24+2(5) 24+ ...
O OERHOES
[e.9] 2 n
:24+22<3) 24

n=1

a5

n=

0

1
:24+32< 2)
~3

=24 + 32(3) =120 ft]

—_
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