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Chapter 1

General information about
these exams

These are the exams I have given between 2007 and 2016 in stochastic processes
courses. Each exam is given here, followed by what I believe are the solutions
(there may be a small number of computational errors or typos in these answers).

I have edited these exams to remove questions that do not match the current
syllabus of MATH 416; that’s why some of them contain only 1 or 2 questions.

Note that I have revised my probability course several times over the years,
and what was on “Exam 1” in past years may not match what is on “Exam 1” now.
To help give you some guidance on what questions are appropriate, each question
on each exam is followed by a section number in parenthesis (like “(3.2)”). That
means that question can be solved using material from that section (or from earlier

sections) in the 2021 version of my MATH 416 lecture notes, Markov Chains and
Martingales.



Chapter 2

Exams from 2008 to 2010

2.1  Winter 2008 Exam 2

1. Fischer and Spassky are playing for the World Chess Championship. They

play until one player has 6 more wins than the other. In each game there is
a 40% chance that Fischer wins, a 10% chance that Spassky wins, and a 50%
chance that they draw. (For simplicity we ignore the advantage of playing
white. The actual match in 1972 was best of 24 games. Fischer won 12.5-8.5.)

a) (2.5) What is the expected number of games in the match?

b) (2.5) Suppose at some point Fischer is leading 4 wins to 2. What is the
chance that Fischer wins the match?

c) (2.5) With Fischer leading by 4 wins to 2, how many more games are
expected in the match?

. A plant has n + 1 flowers, of which n are arranged in a circle (label these
1,2,...,n clockwise). The last flower is in the center of the circle (label this
flower 0). A bee jumps from flower to flower; its position {X,,} is a Markov
chain with the following properties:

o If the bee is on the center flower, then on the next step it moves to any
of the n outer flowers with probability 1/n.

e If the bee is on any of the outer flowers, then on the next step it moves to
the center flower with probability 1/2 and moves clockwise to the next
flower on the circle with probability 1/2.

a) (1.3) Find the probability that the bee is on the center flower after 5 steps,
given that it is on the center flower after 2 steps.
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¢) (1.7) Is 0 (the center flower) a recurrent or transient state? Justify your
answer.

Solutions

1. a) Let X(¢) be the number of games Fischer is ahead or behind; this is then
an escape problem for a simple random walk withp = 4,¢ = .1, = .5,
xr=0,a=—6and b= 6. So

e = R P = S

1/4)6
- () -

(M)

b) The setup is as in part (a) except that x = 4 — 2 = 2. We have
(a/py*—1 _(1/4°—1 1-4°
(g/p)b-e—1  (1/4)4—1 4% —4%
c) The setup is the same as part (b):

ET:<5—Z> (a/p)* =1 xz—a _ <1§> (/4 -1 8

p—q) (g/p)P -1 p—q (1/4)2 -1 .3

v <<(11//f>)182_—11> 5

44 412 80

P(X(T) = 6) =

2. a) By stationarity, P(X; = 0|X, = 0) = P(X3 = 0|X, = 0). If you are the
bee and you start at 0, then if you are on 0 after the third step you must
have:
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b)

i. stepped to some outer flower on the first step (this happens with
probability 1),

ii. then not stepped back to the center flower on the second step (this
happens with probability ; no matter what outer flower you are at),

iii. and then stepped back to the center flower on the third step (this
happens with probability  no matter what outer flower you are at).

SoP(X;3=0[Xo=0)=1-3-1=1
You could have done this problem by writing the transition matrix P
and calculating (P?)oo. This is not a very good method of reasoning,

however.

First, by symmetry it doesn’t matter which flower you call 1 as long as
it is an outer one. If you start at 0, and the first time you hit flower 1 is
on the third step, then one of two things must have happened:

e Case 1: Your first step is to an outer flower other than 1 (this has
probability “1), then your second step is back to the center (this
has probability 1), and your third step is to 1 (this has probability

1

w)-

e Case 2: Your first step is to flower n—1 (this happens with probability
1), your second step is to flower n (this has probability 1), and your
third step is to flower 1 (this has probability 1). Notice that flower 1
follows flower n clockwise around the circle.

So Py(T) = 3) = P(Case 1) + P(Case 2) = 37—21 + ﬁ _ 3n—2

4n2 *
Whether or not 0 is recurrent depends on the value of fy = fyo. We
calculate this directly:

fo=PFPo(Th < 0) =1 — Py(Th = 0).

Now if you start at 0 and 7; = oo, then you never return to 0. This hap-
pens only if every step after the first step is around the circle clockwise
(and not back to the center). Each of these steps occurs with probability
3, so the probability of never returning to 0 is ”(%)OO”, in other words
Py(Ty = o0) = 0. Thus fy = 1 — 0 = 1 and therefore 0 is a recurrent state.
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2.2  Winter 2008 Final

1. You buy some stock in a company that is currently worth $50 per share. Each
day, the stock price (per share) goes up by $1 with probability 1/4, goes down
by $1 with probability 1/4, and stays the same with probability 1/2.

a) (2.5) How much should you expect your stock to be worth (per share) in
30 days?

b) (2.5) If you hold on to your stock indefinitely, what is the probability
that it is eventually worthless?

¢) (2.5) Suppose you sell your stock when the price either hits $20 or $70
per share. Under these conditions, what is the probability you will be
able to sell your stock at $70 per share?

d) (2.5) Suppose you decide to sell your stock when the price hits $K per
share. What should you choose K to be if you want to be exactly 80%
sure that your stock doesn’t become worthless before you sell it?

2. Here is a greatly simplified version of the game “Snakes and Ladders” (also
called “Chutes and Ladders”). There are six squares in a column numbered
from 1 at the bottom through 6 at the top. There is a ladder from square 2 to
square 4 and a snake from square 5 to square 3. At each turn you toss a fair
coin; one side of the coin is labelled 1 and the other is labelled 2. At each turn
you toss the coin, then move up the column by the number that you roll, and
finally climb the ladder or go down the snake if applicable.

In other words, if you are on square x and roll a, you work out what = + a is.
If x +a=1,3,4 or 6 you end up at square = + a after your turn. If x +a = 2
you end up at square 4, if x + a = 5, you end up at square 3, and if z +a > 6,
you end up at square 6.

a) (1.3) Write down the transition matrix for this process (please arrange it
so that state j corresponds to the ;% column and ;% row of the matrix).

b) (1.7) Which states are transient? recurrent? absorbing?
¢) (1.3) Find the second and fourth powers of the transition matrix.

d) (1.3) What is the probability of getting to square 6 after 4 turns if you
start at square 1?7

e) (1.7) What is the probability of reaching state 4 (at some time) if you start
at state 17
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Solutions

1. Let X,, represent the price of the stock (per share) after the n'" day; this is a
simple random walk with Xy = x = 50, p = ¢ = 1/4, and r = 1/2. Therefore
p=p—q=0.

a) EX,, =x+ un =50+ 0 = 50.
b) This refers to a gambler’s ruin with p = ¢; this probability is 1.

¢) This is an escape with a = 20, b = 70. The question asks for P(X(7') = b)
which is (since p = q)

r—a_30_3
b—a 50 5
d) This is an escape with a =0, b = K. We want P(X(T) = b) = .80 so
r—a 50 4
=. —=-=4K =2 K =62.5.
T 80:>K 5:> 50 = 62.5

2. a) Ifyouareonsquare 1, thenif youroll a1 you end up at square 4 (because
you follow the ladder) and if you roll a 2 you end up at square 3. If you
are on square 2, then if you roll a 1 you end up at square 3 and if you
roll a 2 you end up at square 4. If you are on square 3, then if you roll
a 1 you end up at square 4 and if you roll a 2 you end up at square 3
(because you follow the snake). If you are on square 4, then if you roll a
1 you end up at square 3 (because you follow the snake) and if you roll
a 2 you end up at square 6. If you are on square 5 or square 6, then no
matter what you roll you end up on square 6. So the matrix is

00+ 200

001 100
10035 300
P=10 03 00 3
00000O0°1
00000O0°1

b) Since Fs¢ = 1, 6 is absorbing, hence also a recurrent state. States 1 and
2 are clearly transient because there is no way you can move to either of
these states. State 5 is transient because if you start there, you then move
to state 6 and cannot return to state 5. If you start at state 4 then there is
a probability of 1/2 that you move to state 6 (and in this case you would
never return to state 4). So f,4 < 1/2 and 4 is therefore transient. If you
start at state 3 then there is a probability of 1/4 that you move to state
4 then to state 6 on the first two steps, in which case you would never
return to state 3. So f33 < 3/4 and 3 is therefore a transient state. To
summarize, 6 is absorbing and recurrent; all other states are transient.
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¢) Notice that since the first three rows of P are the same, the first three
rows of P" are the same for every n. Also since the first, second and
fifth columns of P are all zeros, those columns will also be all zeros for
all powers of P.

ERNE
P2 = 2 4 Z;p4_(p2)2: 16 16 2
00 3 032 00 & + 0 3
000O0O01 00 0 0 0 1
000O0O01 00 0 0 0 1

d) This is (P4)1,6 = %

e) The question is asking for f14 = P1(Ty < 0o). Suppose that you started
at state 1 and did not reach state 4 in any amount of time. Then you must
have moved to state 3 and stayed there forever. The probability of this
happening is “(1/2)*”,i.e. is zero. So fis =1—-0=1.

10
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2.3 Spring 2008 Exam 1

1. Let X,, be a Markov chain with state space S = {0,1,2,...} and transition
function defined by

ify=0,y=x+1lory=x+2

1
_J) 3
P(z,y) { 0 otherwise

a) (1.10) Show this chain is positive recurrent.
b) (1.10) Let 7 be the stationary distribution of X,,. Find 7(0) and 7(2).
¢) (1.10) Is 7 steady-state? Why or why not?

2. Let X,, be a Markov chain with state space S = {...,—2,-1,0,1,2,...} and
transition function

Loify=z+1
Plz,y)=% 5 ify=2—-1 .
0 otherwise

(1.8) This irreducible Markov chain is called an unbiased simple random walk
on the integers; in class we showed that this chain is recurrent. Is this Markov
chain positive recurrent or null recurrent? Explain your answer.

3. Let {X,,} be a Markov chain with state space {0, 1, 2, 3} and transition matrix

0100
Lo L
| 2 2
P= 0001
1030

a) (1.5) Find all stationary distributions.

b) (1.10) Suppose 7y = (%, 3,0, 0). Estimate the distribution 7, for large n.

Hint: This answer may involve separate cases.

4. Suppose {X;} is a continuous-time Markov process with state space S =
{0,1,2} and time ¢ transition function

1+6te 3 +8e3  2—6te 3 -2  6—6e3

1
P(t) = 9 1+ 6te 3t — e 3t 2 —6te 3t 4 Te 3t 6 — 6e 3
1—3te 3t —e3t 24 3te 3 — 273 64 373

Assume that (),, = 0 for all x. Note: Do not forget the 1/9 that is in front of
this matrix.

11
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a) (3.2) Find P(Xs = 1| X5 = 2).

b) (3.2) Find go1.

¢) (3.4) Find the steady-state distribution .
d) (3.4) Find m;.

12
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Solutions

1. a) Construct a factor of the Markov chain: letY,, =0if X,, =0and Y,, = 1
otherwise. Then {Y,,} is a two-state Markov chain with transition matrix

=12

{Y,.} is obviously irreducible and therefore positive recurrent; it has sta-
tionary distribution 7y = (1/3,2/3). In particular 0 has mean return
time (1/3)™! = 3 for the Markov chain {V,}. But 0 returns in {V,} if
and only if it returns in {X,,} so my = 3 for the Markov chain {X,} as
well. Hence 0 is positive recurrent. But 0 leads to every other state so
the entire chain { X, } is positive recurrent.

b) Since my = 3, 7(0) = my' = 1/3. Now since P(z,1) = 0 unless x = 1, we
have

7(1) = 3 7(2)P(x,1) = 7(0)P(0,1) = (1/3)(1/3) = 1/9.

€S

Similarly, since P(x,2) = 0 unless z = 0 or 1, we have
7(2) = Z;Sﬂ(x)P(x,Q) = 7(0)P(0,2) + m(1)P(1,2)
= (1/3)(1/3) + (1/9)(1/3) = 10/27.

c) This Markov chain is irreducible and aperiodic since one can get from
0 to itself in two steps (0 — 1 — 0) or in three steps (0 — 1 — 2 — 0).
Hence 7 is steady-state.

2. If {X,,} is positive recurrent, then since it is irreducible there is a unique sta-
tionary distribution 7. By symmetry, 7(z) = n(y) for all z,y € S (since all
points look the same in the Markov chain). In other words, 7 must be uni-
form. But there is no uniform distribution on an infinite countable set, so
there is no stationary distribution. Therefore {X,,} is null recurrent.

(Why is there no uniform distribution on an infinite countable set? If 7 as-
signs 0 probability to each state z € S, then }_,cs7m(x) = >, 0 = 0. Butif «
assigns probability a > 0 to each state z € S, then Y, s 7m(z) = >, o = oo.
Either way this contradicts the fact that the sum of the probabilities of the
states must be 1.)

3. a) Notice that0 —+ 1 — 2 — 3 — 0 so the chain is irreducible. Hence there
is one stationary distribution which we write as 7 = (a, b, ¢, d). Setting
7P = m we obtain the equations

3

1 1 1
§b+1d:a, a:b7 §b+1dzc7 C:d

13
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which together with a 4+ b + ¢+ d = 1 can be solved to give a = .3,b =
3,c=2d=.2So7m=(3,.3,.2.2).

b) Notice this chain has period 2 because one always alternates between
the two sets {0, 2} and {1, 3}. Therefore if n is odd we have

P™(0,0) = P*(0,2) = P™(2,0) = P"(2,2) =
= P"1,1) = P*(1,3)=P"(3,1) = P"(3,3) =0

and if n is even we have

) = P"(2,3) =

P*(0,1) = P™(0,3) = P*(2,1
1,0) = P*(1,2) = P"(3,0) = P*(3,2) = 0.

= P"(1,

The nonzero entries of P"(x,y) must approach d-7(y) as n is large; since
d = 2 and 7 is known from part (a), we see that

20
§82(g) if n even
5352

o 05 0 3
0 20 2
3 2
203 | ifnodd
5 5
3 2
5 050

and finally, since 7, = 7 P", by multiplying matrices we see that
(7 - —) if n even
(1,2,2,%) ifnodd

a) By definition, P(Xs = 1|X3 = 2) = P;(3). Then

1 _ _ 2 20 _
Py (3) = g2 —Gte B 2e7M),_y = S-S 9

b) Notice gy = Fy,(0) = [3(2 — 6te™3t — 26‘3t)]/ (0). Evaluate this to get

1 1
P, (0) = [(—6(6—?“ — 3te™?) + 65“)} = —(—6+6) =0.
9 =0 9
¢) Since 7 is steady-state, 7(y) = lim; , P, () so by taking limits on any
row of P ast — 0o we see 1 = (%,%,%).

14
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d) We know 2/9 = (1) = [g1m1]~! so m; = 9/(2¢;). It remains to find ¢;.
Now g1 = P}1(0) = (1/9)[—9te™3 + 3¢ — 21e73"],_y = —2 and we also
know ¢1; = —q1(1 — Q11). By assumption, @1; = 0so ¢ = —qi1 = 2.
Finally we see that m; = 9/(2¢;) = 9/4.

15
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2.4 Spring 2008 Final

1. Consider the stationary Markov chain { X, } with state space S = {0, 1,2} and
transition matrix

1 1 1
3 3 3

_ 1 1
P = 3 5 0
1 0 1

2
a) (1.5) Find the stationary distribution 7 of {X,, }.
b) (1.10) Approximate P"(0, 1) for large n.

¢) (1.10) Find the mean return time to state 2.

2

d) (1.8) For how many times n in the time interval [1, 7000000] would you
expect X,, to be equal to 1?

2. Classify each of the following statements as true or false.

a) (1.5) Any steady-state distribution of a Markov chain must also be sta-
tionary.

b) (1.6) If a state y of a Markov chain is absorbing, and some state z # y
leads to y, then z is a transient state.

c) (38.3) If ¢,y is an infinitesimal parameter of a continuous-time Markov
chain (and z # y), then ¢,, > 0.

d) (1.8) If a bounded sequence of integers has Cesaro limit as n — oo, then
that sequence converges as n — oo.

e) (1.6) Every aperiodic, positive recurrent Markov chain has a steady-state
distribution.

f) (1.6) If a Markov chain has two (and only two) closed and irreducible
positive recurrent sets A and B, then for any state z, f, 4 + fo.5 = 1.

Justify any one of your answers above, either by proving the statement (if
true) or by providing a counterexample (if false).

3. The parts of this question are unrelated.

a) (2.6) Let { X,,} be a birth and death chain with state space S = {0, 1,2, ...}
with birth rate p, = 1/2 for all x and death rates ¢, = 1/(2x) for each
x > 1. Is this chain positive recurrent, null recurrent or transient?

b) (3.3) Suppose {X:} is a continuous-time Markov process with Py(t) =
2+ Ke ™and Py (t) = L — e ™ where K and L are constants. Find K
and L, and calculate P(X; = 1and X3 =0| X, = 0).

16
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4. For each part of this question, describe a Markov chain {X,,} with the given
properties (give a separate chain for each part). You may describe each Markov
chain by giving a transition function/matrix, or by drawing a graph and la-
belling arrows with the appropriate probabilities.

a) (1.6) The state space S has seven elements; all states have period 4.

b) (1.8) X,, is irreducible and positive recurrent; S = {0, 1, 2, ...}; the mean
return time to state zero is 4.

17
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Solutions

1. a) Setw = (a,b,c) and solve 7P = 7 (together with a + b+ ¢ = 1 to obtain
the system of equations

a/3+b/2+c/2=a

a/3+b/2=">
a/3+c/2=c
a+b+c=1

which has solution a = 3/7,b=2/7,¢=2/7.Som = (2,2, 2).
b) {X,} is irreducible and aperiodic since P(0,0) > 0, hence for large n,
P(0,1) ~ (1) = 2.

7

&) my = [r(2)] 7 = 1.

d) Let N = 7000000. By the ergodic theorem, the expected number of times
in [1, N] one would expect X,, = 1is NV - 7(1) = 7000000 - % = 2000000.

2. a) TRUE (Proof: done in class; uses definitions and the Bounded Conver-
gence Theorem.)

b) TRUE (Proof: if x is recurrent and x — y, then by a theorem from class
y — x. But y does not lead to z since y is absorbing (y leads only to
itself). Hence z is transient.)

c) TRUE (Proof: ¢,, = P,,(0). If ¢z, < 0, then P,, has negative slope at
zero. But since P,,(0) = 0, this means that for some t > 0, P,,(t) < 0.

But this is impossible since P,,(t) is by definition a probability.)
d) FALSE (Counterexample: a,, = (—1)" is bounded; has Cesaro limit 0 but
has no limit as n — o0.)

e) FALSE (Counterexample: any aperiodic, positive recurrent, reducible
Markov chain (for example, the two-state Markov chain with P(0,0) =
P(1,1) =1).)

f) FALSE (Counterexample: let {X,} be a Markov chain with state space
S =1{0,1,2,...} and let 0 and 1 be absorbing (these will be the two closed
and irreducible, positive recurrent sets A and B). For z > 1, define
P(x,x+1) tobe 1. Therefore, every point other than 0 and 1 is transient,
but for such a point =, f, 4 + fo5 =0+ 0=0.

3. a) Since {X,} is a birth and death chain, {X,,} is recurrent if and only if

GG
S

18
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So we evaluate this expression:

> ¢ q o L11 1
Z 1 G 2246 (22)
- 11 1
z=1P1" " Pz e=1 227772
> 11 1
- 21 ..... -
023 o«
a m—lx‘
= Z*IB =e <X
a:*l‘r!

Therefore { X, } is transient.

b) Since Py(0) = oo = 1, we have 2 + Ke 0 =1, je. K = 5 and since
Py1(0) = 0oy =0wehave L — e 7® =0,i.e. L = 1. Then

= Py1(2)Poo(1)
= (1—e 1) (; + :1))@‘7> :

a) Draw two squares which intersect in one point (which is a vertex of
both squares). Set up the Markov chain so that you move around both
squares in periodic cycles.

b) There are many solutions; one is to define P(z,0) = 1/4 for all  and
P(z,z+1) =3/4 forall z.

19
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2.5 Spring 2009 Exam 1

1. Let {X,,} be a Markov chain with state space S =Z = {...,—2,-1,0,1,2,...}

and transition function P defined by

V) ifrxr=0,y>0

ifr>0,y=—x
ifr <0,y =0
otherwise

a) (1.10) Show this Markov chain is positive recurrent and find the station-

ary distribution 7.

b) (1.10) Approximate the values of P"(0,y) for all y € S where n is large
(there will be different cases here).

2. Suppose {X;} is a continuous-time Markov process with state space S =
{0,1,2,3} and time ¢ transition function

34+ 8t e 3— 3%
1 3—3e 4 34+ 0e~ %
3—de t4e M 3—3e 4
3—de bt 4t 3—3e M

3—det4e M 3—det4e

3—3e % 3—3e %
3+ 2e7t 4673 4 342t — e 4 e

3427t —6e 3 4 3+ 2e7t 4 673 4 e

Note: Do not forget the 1/12 that is in front of this matrix.

a) (3.4) Find the stationary distribution .

b) (3.4) Find the mean return time to state 3.
¢) (3.2) Suppose X, = 1. Given this, what is the probability that X; # 1 for

some t < 37?

d) (3.2) Suppose X, = 2. What is the probability that the first state X, visits

other than 2 is state 1?

20
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Solutions

1.

a) Consider state 0; this state must return to itself after three steps and

cannot return to itself before the third step; therefore m, = 3 < co and
0 is therefore positive recurrent (furthermore, we know 7(0) = m%) =3).
Since 0 leads to every other state, every state is positive recurrent and
hence X,, is positive recurrent.

Alternate method of showing { X, } is positive recurrent: Define a factor {Z,, }

of this Markov chain as follows:

0 ifX,=0
Zy=41 ifX,>0 :
2 it X, <0
{Z,} has transition matrix
010
PZ=100 1 |;
100

clearly {Z,} is irreducible (since 0 - 1 — 2 — 0in {Z,,}) and therefore
positive recurrent since it has finite state space. Therefore 0 has finite
mean return time mg in {Z,}, and since 0 hasn’t been grouped with
any other states to form {X,,}, 0 must have the same finite mean return
time in {X,,}, so 0 is positive recurrent in {X,,}. Since 0 leads to all the
other states of { X,,}, all states are positive recurrent and therefore { X, }
is positive recurrent.

Let 7 be the stationary distribution of {X,,}. The stationary distribution
of {Z,}, denoted 77, can be found by setting 7#P# = 7%; this gives
m# = (1/3,1/3,1/3). So reasoning as before, since 0 wasn’t grouped
with any other state, 7(0) = 77(0) = 1/3 (from the first paragraph of
this solution, you can get this far without defining a factor). Now by the
stationarity equation, if y > 0,

1., 2
(y) = X w(0)Plr.y) = w(OPO.) = 3267) = g
Finally, if y < 0, the stationarity equation gives
2
m(y) = X m(@)Pr,y) = w(=y)P(=y,y) = 7(=y) - 1 = =5

z€S

So to summarize, the stationary distribution is

% ify=0
m(y) =

2
I else
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b)

b)

d)

This chain has period d = 3; it rotates between states in the following
fashion:

0 — {positive numbers} — {negative numbers} — 0 — - --

Notice that 0 always returns to itself every third step, and never returns
on any number of steps which is not a multiple of three. So:

n 1 ifn=3m
P(0,0) :{ 0 else

Next, 0 can only hit a positive number y on the n'" step if n has remain-
der 1 when divided by 3. For large n, P"(0,y) is either 0 or approxi-
mately d - 7(y) = 37 (y) where 7 is the stationary distribution. So

3m(y) =2 ifn=3m+1

y>0= P"0,y) = { 0 olse

Finally, 0 can only hit a negative number y on the n'" step if n has re-
mainder 2 when divided by 3. For large n, P™(0,y) is either 0 or approx-
imately d - 7(y) = 37 (y) where 7 is the stationary distribution. So

2= 2 ifn=3m+2

n 3 = 3 T 3-v
y<0=P (O,y)z{ (%) 8" 3 else

The stationary distribution 7 is steady-state, so it satisfies 7(y) = lim

P, (t) forallz,y € S. Ast — oo, e — 0 forany k > 0, so
333 3 1/4 1/4 1/4 1/4

| 13333 |14 14 14 14
A PO =513 33 3|7 | 14 174 174 14
333 3 1/4 1/4 1/4 1/4

Sor = (1/4,1/4,1/4,1/4).
First, find the infinitesimal matrix ) = P'(0) (we don’t actually need all
the entries of )):

-1 1 0 0
1 -3 1 1
@ 0 1 -2 1
0 1 1 -2
So ¢3 = —q¢33 = 2. Finally, 7(3) = m;qg so substituting in the known
1 1
Values 7T(3) = ]./4 and g3 = 2, we get ms = (]37(3) = m = 2.

P(X; # 1lforsomet < 3) = P(W; < 3) where W is the waiting time
at state 1. Since IV, is exponential with parameter ¢; = —¢;; = 3, this is
Fp,3)=1—¢e33=1—¢"

1

i — g _ 1
This is m9; = - 5-
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2.6 Winter 2009 Exam 1

1. (2.5) Suppose {X,} is a random walk with X, = z. For some a < z <,
let T = T,,, the hitting time to set {a,b}. State the first and second Wald
Identities for this random walk.

2. A gambler plays a series of games of chance in which he is equally likely
to win or lose each game (there are no ties; assume the gambler bets $1 per
game). Suppose that he starts with a capital of $20. He decides to quit the
game if he goes broke or wins $30.

a) (2.5) Find the probability that when he quits he will have won $30.
b) (2.5) Find the expected number of games he will play before quitting.

Solutions

1. Wald’s First Identity is EXy = z + ET; Wald’s Second Identity is Var X, =
o?ET.

tth

2. Let X, represent the gambler’s holdings after the t* game. X, is then a simple

random walk with X =2z =20and p=¢ = 1/2.

a) This is a stopping time/ escape problem with a = 0 and b = 20+ 30 = 50.
We have P(Xp =) = =

b—a 5'

b) From Wald’s Second Identlty, we can derive ET = (b*ﬁz*“) = 0@
600.
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1. Suppose the current value of a rare stamp is $500. Each day, the value of
the stamp either stays the same (with probability 95%), increases by $5 (with
probability 3%), or decreases by $5 (with probability 2%).

a) (2.5) How much should one expect the stamp to be worth 20 days from
now?

b) (2.5) What is the probability that the stamp is eventually worthless?

¢) (2.5) Suppose the stamp’s owner decides to sell the stamp when its value
reaches either $600 or $300. What is the probability that when the stamp
is sold, it is worth $600? (You only need to give an expression that gives
the answer.)

2. Consider a Markov chain {X,,} with state space S = {0,1,2,3,4,5,6} and
transition matrix

L20000 0
1190000
0 f 11429
_ 5o 2 3 %
P=000 ;%70
0002200
OOOO%%O
1013003

a) (1.5) For each closed and irreducible class, find the stationary distribu-
tion supported on that class.

b) (1.6) For every possible pair (z,C) of a transient state  and an irre-
ducible closed set C, compute the absorption probability f, .

¢) (1.10) Find the mean return time to state 1.

3. Let P(xz,y) be the transition function of a Markov chain {X,}. A probabil-
ity distribution 7 on the state space § is called symmetric (or said to be in
detailed balance) if for every z,y € S,

n(x)P(x,y) = n(y) Py, ©).

a) (1.5) Verify that every symmetric distribution is also stationary.

b) (1.5) Suppose that the initial distribution 7, of a Markov chain {X,,} is
symmetric. Show that

P(X, =y| X =)= P(x,y)

for all n > 0. (This means the time-reversed chain is also a Markov chain
with the same transition function as the original chain.)
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4. Consider a Markov chain on Z, = {0,1,2,...} with transition function P
defined by

P(0,0) =0, P(0,z)= and P(z,z—1)=1

x(x +1)2

. —1
forall x > 1, where C' = [Z M] )

=1
a) (1.10) Show this Markov chain is positive recurrent.

b) (1.10) Let 7 = (7(0), w(1), 7(2), 7(3),- - - ) be the unique stationary distri-
bution of the Markov chain. Calculate the values of 7(0), 7(1), and 7(2)
in terms of C.

Hint: The following identity may be useful:
1 1

(r—1zr z-1

1
=
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Solutions

1. We model this situation by a random walk. To make the random walk simple,
we re-scale so that the step size is $1 rather than $5 as follows: let X, = 100
and let {S;} be ii.d. random variables taking the value 1 with probability p =
.03, the value —1 with probability ¢ = .02, and the value 0 with probability
r = .95. Then if we let .

X, =Xo+>_ 5
t=1
be the simple random walk defined thusly, 5X,, gives the value of the stamp
at time n.

a) First, by direct calculation,
E[S)]) = (1)(.03) + (—=1)(.02) = .01

for every t. Therefore

20
E[Xo] = EXy+ > E[S;] = 100 + 20(.01) = 100.2

t=1
and the stamp should be worth 5(100.2) = $501 twenty days from now.
b) Since p > ¢, this probability (i.e., the gambler’s ruin probability) is

Proo (T < 00) = (q/p)" ™ = (2/3)".

) If the stamp is worth $600 at time n, then X,, = 600/5 = 120. Similarly,
if the stamp is worth $300 at time n, then X,, = 300/5 = 60. So (using
the language of Markov chains) the problem asks is for the probability
Pioo(T120 < Tho). We let z = 100,a = 60,b = 120 in the formula for the
simple random walk escape probabilities and obtain

_ g/t -1 @301
(a/p) =1 (2/3)° -1

2. a) First of all, observe 0 <+ 1 but neither 0 nor 1 lead anywhere else, so
C; = {0,1} is a communicating class. Next, observe 3,4,5 all lead to
one another but none of these three points lead anywhere else, so C; =
{3,4,5} is a second communicating class. Finally, notice 2 — 1 but 1
does not lead back to 2, so 2 is transient; notice also that 6 — 0 but 0
does not lead back to 6 so 6 is transient.

Pioo (Tha20 < Too)

There is one stationary distribution m; supported on the closed, irre-
ducible class C; = {0, 1}; write the restriction of P to C; as

Ple, = ( 1?? ?;3 )‘
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b)

The stationary distribution here is

e (1/21423/4’ 1/23143/4> - @g)

(using the formula for nontrivial two-state Markov chains). Thinking of
this as a distribution on the entire state space, we have

(2 ; 0,0,0,0 0>
™ =\|\=,T .
1 5a 57 s Uy Uy Uy
Now, consider the other closed, irreducible class C5 and find the station-
ary distribution 7, supported on this class by considering the matrix
P|¢,, writing m = (a, b, ¢) and solving 73 P|c, = m (remembering that

a+b+c=1)
(abc)(é%?) = (abc)
(2/T)a+ (5/7)b=a
= {(3/7)a+(2/7)b+(6/7)cb
(2/T)a+ (1/7)c =
b

Remembering that a + b + ¢ = 1, writing this in terms of ¢ we have
3¢+ 3c+c=1soc=1,and consequently m, = (£, 2, 1). Thinking of this
as a distribution on the whole state space, we have

331
=1{0,0,0,-,=,=,0]).
2 (777777777)

First, observe Sy = {2, 6} since 2 and 6 lead to 0 but 0 does not lead back
to 2 or 6. Consider C' = ('}, the closed, irreducible, positive recurrent set
{0,1}. Leta = fo.c and b = f5 . We have the system of equations

fazire
Solving these equations for a and byield a = fo o, = 1/4and b = fo o, =

5/12. Since C; and C are the only closed irreducible classes, we have
fo.co =1— foy and foo, =1 — fo.c,. Therefore we obtain

1 3 5 7
fo.cr = T fo.co = T fo.cr = 12 Je.on = 1

27



2.7. Winter 2009 Final

c) The state 1 is positive recurrent since it belongs to a closed, irreducible,
tinite class; the stationary distribution supported on this class is 7. So

1 1 )

m(l)  (2/5) 2

m, =

a) We need to show that nP =), i.e,,

> n(x)P(z,y) = n(y).

=
Using the detailed balance equations we have
2 n@Pwy) = 3 n(y)P(y,)
= 1) 2 Py, 7)
n(y) -1
1(y)

So 7 is stationary by definition.

b) Since the initial distribution is symmetric, the distribution is stationary
and thus P(X,, = x) = n(z) forany n > 0 and any z € S.

PXpi1=2,X,=1y)
P(X,41 = 1)
n(y) Py, x)
()
= W (since 7 is symmetric)
= P(z,y).

PXp=y|Xop=12) =

a) We calculate my = EyT), the mean return time to state 0. Notice that if
you start in state 0 and return for the first time on the n"" step, then your
first step must be to state n — 1, i.e. Py(17y = n) = P(0,n — 1). Therefore

we have Py(T = 1) = P(0,0) = 0and Py(Ty = n) = Gz ifn > 2. Tt
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b)

follows that

mo = ZTLP()(T():TL)
n=1
. O
B n=2 (n—l)nQ
> 1

= CX -
- Cz[n—l 71]
= (<o

so 0 is positive recurrent (to evaluate the series, write it out and observe
how the terms cancel). Since the chain is obviously irreducible, the chain
is positive recurrent.

There is one stationary distribution 7 since the chain is irreducible and

positive recurrent. We have 7(0) = - = L. Now by the definition of

stationary distribution, ’

Z m(x)P(x,y) = 7(y), Yy € S.

zeS
Plugging in y = 0 here, we have
7(0)P(0,0) + 7(1)P(1,0) = 7(0).

Since P(0,0) = 0 and P(1,0) = 1, we have 7(1) == 7(0) = 4. Plugging
y = 1 into the stationarity equation, we get

©(0)P(0,1) +7(2)P(2,1) = =(1)

1 C 1

cTarpE T =G
1 1

Hence 7(2) = £ — 1. So the stationary distribution is

_<111_1 )
= oo v )

Ql=
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1. Let {X,,} be a Markov chain with state space S = {0, 1,2, 3} and transition
matrix
0 1/5 0 4/5
2/5 0 3/5 0
0 4/5 0 1/5
1/5 0 4/5 0

P =

a) (1.5) Find the stationary distribution 7 of {X,, }.
b) (1.10) Is the stationary distribution steady-state? Why or why not?
¢) (1.8) Find the mean return time to state 0.

d) (1.10) For each state y, estimate P"(0, y) for n large (there may be differ-
ent answers depending on the values of n and ).

2. Let {X,,} be a Markov chain with state space S = {1,2,3,...} and transi-
tion probabilities P(k,1) = =5 and P(k, k + 1) = kiﬂ All other transition
probabilities are 0.

1
a) (1.3) Show that P"(1,n) = - forn > 1.

b) (1.6) Find P (T; > n) forn > 1.
¢) (1.7) Show that the process is recurrent.

d) (1.8) Is the process null recurrent or positively recurrent? Justify your
answetr.

3. You buy a stock at $100. Each day there is a 25% chance that the value of the
stock goes up by $1, a 25% chance that it goes down by $1 and a 50% chance
that its value stays the same (unless the price drops to $0, in which case there
is a 100% that the price remains $0). You plan to hold the stock until it reaches
$300 (when you will sell it).

a) (2.5) What is the probability that the story ends happily with you selling
at $300?

b) (2.5) What is the expected time until you know the fate of your invest-
ment (i.e. until the price reaches $0 or $300)?

¢) (2.5) Suppose it turns out that a year later your stock is still worth $100,
but there is now a 20% chance that if goes up by $1, a 30% chance that it
goes down by $1 and a 50% chance that its value stays the same. What
is the chance of a happy ending (at $300) now?
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Solutions

1.

a) Set 7 = (7(0),n(1),7(2),7(3)) = (a,b,c,d). Notice that this Markov

chain is periodic with period 2 and has periodic structure {0, 2} < {1, 3}.
This means that every other state is either a 0 or a 2, so by the ergodic
theorem
Ny Np(2) . 1 1
7(0) + 7(2) = lim (©) + lim Na(2) lim —(N,(0) + N,(2)) = 3

n—o0 n n—oo n n—oo n,

Therefore a + ¢ = 5, and also b+ d = 3.
Now if 7 is stationary, then we use the matrix equation 7P = 7 together

with a + b + ¢ + d = 1 to obtain the system

a = (2/5)b+ (1/5)d ba = 2b+d

b = (1/5)a+ (4/5)c 5b = a+4c

c = (3/5)b+(4/5)d =< bec = 3b+4d

d = (4/5)a+ (1/5)c 5d = 4da+c

1 = a+b+c+d 1 = a+b+c+d

Substitute d = ; — band ¢ = 1 — a in the first two equations to obtain

S5a = b+1/2 _
{5b = (~1/2)a+2 °

these can be solved to obtain a = 9/56,b = 17/56. Finally, ¢ = 1/2 —a =
19/56 and d = 1/2 — b = 11/56. So 7 = (&, &, 12, 1)

567 56 56 56
This Markov chain has period 2, so the stationary distribution is not
steady state.
1 56

c) Let 7 be the stationary distribution; then my = —; =

© — 9°

d) Asstated above, X, is periodic with period d = 2 and has periodic struc-

ture {0, 2} + {1,3}. So by the theory developed in class, for large n,

priog={ 1O E dnisen
pron={ G e
pogs{TTE DR
R R o
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2. a) There is one and only one way to get from 1 toninn —1steps: 1 — 2 —
3 — .-+ — n. The probability of this sequence of steps is

1 2 -1 1
P(1,2)P(2,3) - - - Pn—1ln)=g 5 n—L_ 1
n n

b) Observe that if X, = 1, 77 > n if and only if your first n — 1 steps are
1 —2—3— .- —= n. The probability of this is 1/n by (a).

¢) By (b), P (11 = o0) = lim,,,oo P (T > n) = lim,, o 1/n = 0. Therefore
firn = Pi(T1 < o0) =1—0 = 1, so the state 1 is recurrent. It is obvious
that the process is irreducible, so all states are recurrent.

d) Calculate the mean return time to state 1:

my = El(Tl) = inpl(Tl :n)

n=1
= P(Mi=1)+2-P(T1=2)+3-P (T, =3) + ...
= P(Mi=1)+P(Th=2)+P(T1=3)+ ...
+P(Ty =2)+ P (Th = 3) + ...
+P (T, =3) + ...
+...

= iPl(len)

n=1

1 1
= 1+§—|—§+... (by part (a))
= o00.
Therefore 1 is null recurrent and since X, is irreducible, the entire chain
is null recurrent.

3. a) This is modeled by a random walk with Xy = x = 100; p = ¢ = .25. Let
T= min(TO, Tgoo). Then
r—a 100—-0 1
P(Xr = = = = —.
(Xr=300) = = = 550=0 ~ 3
b) Repeating the notation as in part (a),

—a)(b— 100 — —1
pr— @=db=2)  (0=0)B00=100) _, 440 900 — 1000,
pP+q 1-1/2

¢) This time, we model the situation by a random walk with X, = 2 = 100,
P = .3, q = 2. Now if T' = min(Tg, Tgoo), then

(a/p)**—1 _(3/2)'* -1

(¢/p)pe—1  (3/2)%0 -1

P(Xr = 300) =
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2.9 Spring 2009 Exam 2

1. Let {IV;} be a one-dimensional Brownian motion with parameter o2 = 3.

a) Describe the random variable Wy, either by giving its density function,
or by describing the distribution in words or symbols (giving parame-
ters if necessary).

b) (4.1, 4.4) Find Cov(Ws, Ws).

c) (4.1,4.4) Find Cov(Wy — Wg, W5 — W3).

d) (4.1) Find P(W, < Wy < Wy < Wj).

e) (4.2) Let M = max{W, : 0 < s < t}. Find the density of M (you may

assume that M is a continuous random variable).

2. Let {W,} be standard one-dimensional Brownian motion. Define, for ¢t > 0, a
process {Y;} by Y; = e "W,2. ({Y}} is called an Ornstein-Uhlenbeck process.)

a) (4.4) Find the mean function of Y (¢).
b) (4.4) Find the covariance function of Y ().
c) (4.4)Is Y(t) a Gaussian process? Why or why not?
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Solutions

1. a) W, is normal n(0, 12) (the mean of W, is always zero, and the variance
of W,is 6%t =3 -4 = 12.

b) Cov(Wy, W,)) = rw(s,t) = 0? min(s, t); in this case we have 6% = 3,5 = 6
and ¢ = 5 so the covarianceis 3 -5 = 15.

¢) By the independent increment property, these two random variables are
independent. Therefore Cov(Wy — W, W5 — W3) = 0.

d) First, observe that for j = 0,1,2 we see that W,;; — I¥; is normal with
mean 0 and variance 3, so

P(Wyia > Wy) = P(Wyp1 — W, > 0) = P(n(0,3) > 0) = 1/2

since a normal random variable is symmetric about its mean. Now we
have

P(O<W1<W2<W3) = P(O<W1)'P<W1<W2)'P(W2<W3)
(by the L increment property)

= (1/2)(1/2)(1/2)
= 1/8.

e) Start by finding the cumulative distribution function of M.

Fy(m) = P(M <m)

= P(M <m)

(by the assumption that M is continuous)
= P(T,,>1)

(where T,,, = min{t > 0: W, = m})
= 1-P(T, <t

m
= 1-12-20(——
()
(by the reflection principle)

— 20 (%) ~ 1

This holds for m > 0; if m < 0 it is clear that P(M < m) = 0 since
Wy = 0. Next, find the density function of M (recall that ¢'(x) = ¢(x) =
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1
V2

~#*/2), the density of the standard normal). For m > 0, we have:

fulm) = dfnlﬂ’ (7@)41
(e (7 ()
- e ()

This holds for m > 0. If m < 0, it is clear that fy,;(m) = 0.

el

a) This is a direct calculation using linearity of expectation:
py(t) = E[Y;] = Ele "Wea] = e "E[Wa] =e -0 = 0.
b) The covariance function is a direct calculation:

ry(s,t) = Cov(Ys,Y))
= Cov(e *Was, e "Weat)
= e e 'Cov(Weas, Weat)

— B_S_tTW(GQS, e215)
toifs <t

-
{ =5 jft<s

= e lt=sl,

s 237 €2t)

“"min(e
—s—t+2s ifs <t
—s—1+2t lft < s

e
(&
(&
(&

¢) We know by definition that {IW;} is Gaussian. By a theorem from Chap-
ter 6, if {W,} is a Gaussian process, then for any real-valued functions f
and g, Y; = f(t)W,) is also Gaussian. So {Y;} is indeed Gaussian.
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1. Classify each of the following statements as true or false:

a) (4.7) Standard two-dimensional Brownian motion is point recurrent.

b) (1.10) If a factor of a Markov chain is positive recurrent, then the original
chain is also positive recurrent.

c) (4.4) A Gaussian process is determined completely by its mean and co-
variance functions.

2. Consider a Markov chain {X,,} where the state space consists of the eight ver-
tices of a cube. The transition probabilities are given as follows: P(x,y) = 1/3
if there is an edge of the cube running from x to y, and P(z,y) = 0 otherwise.
(To avoid confusion, note that this implies that P(xz, z) = 0 for all vertices x.)

a) (1.10) Find the stationary distribution 7 of this Markov chain.

b) (1.10) Are there any steady-state distributions of this Markov chain?
Why or why not?

¢) (1.10) Let = be any vertex of the cube. Approximate P"(x,x) for large n.
3. Let {X;} be a CTMC with S = {0, 1,2} such that mp; = w5 = m = 1 and
QO:2/q1 :3/(12: 10.
a) (3.3) Find the infinitesimal matrix @ of this CTMC.
b) (3.2) Suppose X, = 1. What is the probability that X;, = 1 for all t < 4?

c) (3.2) Assume that —7 is one eigenvalue of (). What are the other eigen-
values of )? (Hint: You may not need to solve det(Q) — AI) = 0 here.)

d) (3.4) Find the stationary distribution of this Markov process.

e) (3.4) Find the mean return time to state 2.

f) (3.4) For what total length of time in the first 56 million units of time
would you expect X; = 1?7

4. Let {W;} and {V;} be independent, standard one-dimensional Brownian mo-
tions.

a) (4.4) Let Z, = W; — V,. Show that {Z,} is a Brownian motion; what is its
parameter?

b) (4.4) Use part (a) to show that
P(W, =V, for infinitely many ¢) = 1.
5. The parts of this question are unrelated.
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a) (3.3) Consider a pure birth CTMC on S = {0, 1,2,...} with birth rates
Az = Az for all x € §. Write the forward equation for this process.

b) (3.3) Let { X}} be a continuous-time Markov chain with finite state space
such that g9 = —1, g0y = 1 and ¢;; = —1. Suppose Py (t) = A + Be % +
Ce *.Find A, B and C.
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Solutions

1. a) FALSE; Brownian motion in two dimensions is neighborhood recurrent
but not point recurrent.

b) FALSE; a Markov chain with state space S = {0} and transition func-
tion P(0,0) = 1 is obviously positive recurrent and is a factor of every
Markov chain (by grouping all the states together), no matter whether
the original chain was positive recurrent or not.

¢) TRUE,; this is a central fact about Gaussian processes.

2. a) By symmetry, # must assign the same probability to all the vertices, so =

: : : : . _ (1 1 1 1 1 1 11
is uniform on the eight vertices: m = (g, S E R R g).

b) For any vertex z, P"(x,z) > 0 implies that n is a multiple of 2, so this
Markov chain is not aperiodic; hence there are no steady-state distribu-
tions.

c) The period of this Markov chain is 2, since P%(z, z) > 0 (to see this, think
about starting at x, travelling along an edge, then going back to x along
the same edge on the second step). Since P?*(z,z) > 0 and d = 2, we

have
. 0 if n is odd
P(x’@_{dw(:c):?é:i if niseven
3. a) From the formulas ¢,, = —¢, and ¢,, = ¢,7,, for z # y, we have
-2 2 0
Q= (qmy) = 0o -3 3
10 0 -—10

b) Let W, be the waiting time for state 1; 17, is exponential with parameter
q1 = 3. So:

P(X,=1Vt<4|Xg=1) = P(W, >4)
= 1-[1-e ™

= e 12

c) The trace of () is —15 (sum the diagonal entries to get this); this must also
be the sum of the eigenvalues. Now 0 is an eigenvalue of any () —matrix,
and we are given —7 is an eigenvalue, so the third eigenvalue must be
—15— (0 + (7)) = —8. To summarize,  has eigenvalues 0, —7 and —8.

d) Let 7 be the stationary distribution of the process; write m = (a, b, c) and
— .
set () = 0 to obtain

—2a+10c=0
20 —3b=0
3b—10c =10
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e)
f)
4. a)
b)
5. a)

Solving this together with a + b 4+ ¢ = 1, we obtain 7 = (a,b,c) =
15 5 3

(%: 1 %)

If my is the mean return time to state 2, then for the stationary distribu-

tion 7 we have 7(2) = (maq)~!. We know 7(2) = 3/28 from (d) and

¢ = 10 is given; by substituting this in we obtain 3 = —. Solving

this, we get m, = 11.

By the ergodic theorem, this should be roughly 7(1) - (56000000) =
30000 000 units of time.

10mso

First, { Z,} is Gaussian since it is the difference of the Gaussian processes
{W;} and {V;}. We find the mean and covariance functions of {Z;}:

pz(t) = EWi] — E[Vi] = 0—0=0.

rz(s,t) = Cov[Zs, Zy]
— Cou[W, — Vo, W, — V]
= rw(s,t) — Cov(W(s),V(t)) — Cov(W(t),V(s)) + rv(s,t)
= min(s,t) — 0 — 0+ min(s, t)
(since {W:} L {Vi})
= 2min(s,?).

These are the same mean and covariance functions as those of a Brow-
nian motion with parameter o = 2, so {Z;} is in fact Brownian motion
with parameter 0 = 2 since the mean and covariance functions com-
pletely determine a Gaussian process.

Since {Z,} is a one-dimensional Brownian motion, it is recurrent. This
means that the probability that Z, = 0 for infinitely many ¢ is 1. But

Wt:W@Wt—Vz:O@Zt:O
so therefore P(W; =V, for infinitely many ¢) is 1.

The forward equation for a general CTMC is P, (t) = X .cs Prz(t)qy-
For the process in this problem, the values ¢, are zero unless z =y — 1,
in which case ¢, = A\, = Az = A(y — 1), or z = y, in which case ¢,, =
qyy = —Ay. So the forward equation simplifies to

Pry(t) = My = 1) Pry1(t) = Ay Pry(1)-

(Of course, this simplifies if y < x to obtain P,,(t) = 0.)
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b) Observe that Fy;(0) = dp; = 0 since 0 # 1 and F};(0) = go1 = 1. Finally,
P;,(0) must equal the 0, 1 —entry of the matrix Q? since P (0) = Q" for
all positive integers n. We can find the 0, 1—entry of Q* from the given
information: since ¢oo + go1 = 0, we know that ¢p, = 0 for all y > 1. Now,
letting v be the 0, 1—entry of Q?, by matrix multiplication we have

V= qoygy1 = (—1)(1) + (1)(-1) +0+0+ ...+ 0= —2.

Putting this together, we have the system of equations

Fi(0)=gn=1 = —-6B—-4C=1

Ph0)=v=-2 368 + 16C = —2
The equations on the right were found by differentiating the given ex-
pression Py (t) = A+ Be *+Ce % with respect to ¢ (differentiating once
for the second equation and twice for the last equation), then plugging
in t = 0 to obtain expressions in terms of A, B and C'. Finally, this linear
system of equations can be solved for the unknowns to obtain A = 1/3,
B=1/6and C = —1/2.
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2.11 Spring 2010 Exam 1

1. Let {X;} be a continuous-time Markov chain with state space S = {0, 1,2}
and transition function

1

= ' 5 —Te 6t 4 2¢3 2+ 14e= 6t 4 23t 11 — 7e 6t — 4¢3

5 4 5e 6t 4 8¢ 3¢ 2 — 10e=6t 4 8e—3¢ 11 + 5% — 16e—3¢
P(t)
5—e 0t — 43t 2 4 2¢= 6t _ 43t 11 — e 6% 4 e3¢

a) (3.2) Suppose X, = X; = X, = 1. Given this, find the probability that
X4 == 2
b) (3.2) Suppose X, = X3 = 1. Given this, find the probability that X, = 1.

¢) (3.3) Suppose X, = 1; find the probability that when the process jumps
for the first time, it jumps from state 1 to state 2.

d) (3.2) Suppose X, = 1; find the probability that X; # 1 for some ¢ < 3.
e) (3.4) Find all stationary distributions of X,.

2. (3.7) Find the mean return time to each state in the infinite server queue.
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Solutions

1. a) By the Markov property, this probability is
_ _ _ _ 1 —12 —6
P(X4_2\X2_1)_P12(2)_E(ll—% —4e7).

b) By the definition of conditional probability:

P(Xo=1]Xo= X5 =1)
P(Xo=Xo=X3=1)
P(Xo=X3=1)
P(Xo=1)-P1(2)- Pi1(1)
P(Xo=1)-P;(3)
Pi1(2) - Pii(1)
Pi1(3)
L2+ 1e 24+ 2e7%) - L (24 14e7% + 2¢73)
= (2+ 14e18 + 2¢79)
(2+ 14712 +2e70) (2 + 14e7 6 + 2¢73)
18 (2 + 14e~18 + 2¢79) '

c) First, find the infinitesimal parameter ¢;.:

drT1 _ _
a2 =P0) = - [18 (11 = 7e7% — 4e 3t)]t_0
1 54
= — (42790 4 12¢760) = == — 3,
13 ( e + 12e ) 12 3
Next, find the holding rate ¢;:

! 1 1 dt 118 =0
_ 1 ~6(0) _ .60y _ 90 _
= E(—84@ — 6e )_E_5'

Finally, the jump probability is 712 = g12/q1 = 3/5.

d) From part (c), we see that W; is exponential with parameter ¢; =
the probability that the process jumps before time 3 is P(W; < 5) =
1—e®3) =1 —¢715,

e) This process is clearly irreducible and since the state space is finite, it is
positive recurrent. Therefore it has one stationary distribution which is
steady state, i.e. the stationary distribution satisfies 7(y) = limy_,oo Py (%)
for all z,y € S. By evaluating this limit, we see that 7 = (1%, 3 %)
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2. We know from class that the stationary distribution of the infinite server
queue is Poisson with parameter \/y, i.e.

A p)* AT
W(ZB) — e—A/u( /:u) _ )
x! eMm !
Now the holding rate ¢, at state x must satisfy ¢, = —¢.e = >4, Guy; Since

the infinite server queue is a birth/death process, the only nonzero ¢,, for
T F# yare ¢u a1 = Ay = Aand ¢, -1 = pt; = px. Therefore

Q@ = A+ p;
finally since 7 (x) = 1/(m, ¢.) we see that

A* 1 M)
— = my=-—"t"""
eMeprx!  mg (N + px) AT(\ + )
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2.12  Spring 2010 Exam 2

1. Let {W,} be standard, one-dimensional Brownian motion.

a) (4.1,4.4) Find Cov[Wa, W — 2WWa].

b) (4.5) What is the probability that W; < 0 forall ¢ € (0,1)?

¢) (4.2) What is the probability that W, > —1 forall ¢ € (0,1)?

d) (4.4) Prove that there is no function f : R — R such that X; = f(¢)W.: is
a Brownian motion.

2. Let {Y; : t > 0} be a Gaussian process with py (t) = 0 and 7y (s, t) = eIt

a) (4.4) For a fixed t, describe the random variable Y;, either by giving its
density function or by describing it in words or symbols (giving param-
eters if necessary).

b) (4.4) Let Z, = /t Y(% Int). Show that Z; is standard Brownian motion.

44



2.12. Spring 2010 Exam 2

Solutions

1. a) We calculate the covariance using linearity and the fact that

Cov(Ws, Wy) = rw(s,t) = min(s, t) :

COU(W3, W5 — 2W2) = COU(Wg, W5) - 2OOU(W3, Wg)
= 3—-2-2=-1

b) Let Z = {t : W, = 0}, it was proven in Section 6.6 that with probability
one, Z N (0, ¢) is infinite for every ¢ > 0. Hence

P(W, <0Vt e (0,1)) =0.
c) This is an application of the reflection principle:
PW,>—-1vte (0,1)) = PW,<1Vt<]1)
(by symmetry of W)
= P(Ty>1)
(where T = min{t > 0: W (t) =1})

=)

= 20(1) — 1.

d) Suppose such a function exists. Then {X;} must have the same covari-
ance function as a Brownian motion, i.e. rx(s,t) = o?min(s, t) for some
constant o2. But by direct calculation,

rx(s,t) = Cov(X;, Xi)
— Cov(f(s)Wes, F(H)W.)
= f)fOrw(e,e)
_ ( ) ( ) min( st)
(

We conclude f(s)f(t)e™n(*) = g2 min(s, t) for all s and ¢. In particular,

this equation must hold for s = ¢, i.e. [f(s)]?¢® = o*s and therefore
o2s  o\/s
f(S) - es - es/2’

But this choice of f does not work. For example,

rx(1,9) = f(1)£(9)emn(19) = (Zf) : (‘;f) ¢! = 37402 £ % min(1, 9).

Therefore there is no way for { X, } to have the same covariance function
as a BM, so {X;} cannot be a BM.
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2. a) Since {Y;} is a Gaussian process, Y; is normal for each ¢. Y; has mean
py (t) = 0 and variance ry (t,t) = e "7l = ¢ = 1 50 in fact Y, is standard

normal for every ¢.

b) By a theorem from Chapter 6, since {Y;} is Gaussian, so is {Z;} since Z,

is of the form f(¢)Y,

E[Z)=E

pz(t) =
and

rz(s,t) =

# for functions f and g. Now

[\/z_fY (;lntﬂ = Viuy (;lnt> =Vt-0=0

Cov(Zs, Zy)
Cov (\/_Y( Llns)’ \/gY(élnt))
\/_ry( In s, ;lnt)

Vst - e-13ni-Ins)|
{\/& Fnt—lns) jf o< ¢
Vst - em3ns—nt) iy o g
Vst eVt if s <t
{ Vst et Vst < s
Vst - \f ifs<t
{\/— \f ift<s
{ ifs <t
ift <s
min(s, t).

Since {Z;} is a Gaussian process with the same mean and covariance
functions as standard Brownian motion, {Z;} is standard Brownian mo-
tion, since mean and covariance functions determine a Gaussian pro-

cess..
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1. Classify each of the following statements as true or false:

a) (Group Presentations) A (discrete-time) branching chain is recurrent if
and only if the expected number of offspring each organism has is at
least 1.

b) (3.5) A birth-death CTMC on § = {0, 1,2, ...} is determined completely
by its birth and death rates.

c) (3.4) A state in a continuous-time Markov chain is transient if and only
if it is transient in the jump chain of the CTMC.

d) (3.4) Any stationary distribution of an irreducible, continuous-time Markov
chain is steady-state.

2. Let {X,} be a continuous-time Markov chain with state space S = {0, 1,2}

and infinitesimal matrix
-7 3 4
Q=| 4 -6 2
4 0 -4

a) (3.4) Find the stationary distribution of {X,}.
b) (3.4) Find the mean return time to state 2.
¢) (3.4) Find the holding rate of state 1.

d) (3.3) The forward equation associated to this CTMC is a system of how
many differential equations?

e) (3.3) Write down any one of the differential equations which comprise
the forward equation, plugging in any numbers which are entries of Q).

3. Let {W;} be a standard, two-dimensional Brownian motion; for each ¢ set
Wt = (XtJ }/;f)
a) (4.7) Whatis P(W; = (0,0) for some ¢ > 0)?
b) (4.1,4.7) Find P(Wj; lies in Quadrant IV).

c) (4.2) Let v = P(|X3| > |Xi|). Is v greater than 1/2, less than 1/2, or
equal to 1/2 (one of these three statements is true with probability one)?
Briefly explain your answer.

d) (4.4) Show that 3.X; — 2Y; is a Brownian motion. What is its parameter?
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4. Let {W;} be a standard one-dimensional Brownian motion and let 1z € R be a
constant. Define X; = W, + ut; {X,} is called Brownian motion with drift; it
is the continuous analogue of biased random walk.

a) (4.4) Describe the random variable X,, either by giving its density func-
tion explicitly or by describing it in words or symbols (giving parame-
ters if necessary).

b) (4.4) Find the mean and covariance functions of X;.

48



2.13. Spring 2010 Final

Solutions

1.

a) FALSE; for example, if every organism has exactly two offspring, then
the number of organisms in the n" generation increases without bound.

b) TRUE; any CTMC is determined (via the forward or backward equation)
by its infinitesimal parameters, and the birth and death rates of a birth-
death process determine its infinitesimal parameters.

c) TRUE; this is a basic property of the class structure of CTMCs.
d) TRUE; because CTMCs have no periodicity properties, all stationary
distributions of irreducible CTMCs are steady-state.

a) Write 7 = (a, b, ¢); if 7 is stationary then 7() = 0. Writing this out we
obtain the system of equations

—T7a+4b+4c =0

3a—6b=0
da +2b—4c =0
a+b+c=1

From the second equation we see a = 2b; substituting this into the third
equation we obtain 10b — 4c = 0, i.e. ¢ = 2b. Plugging all this into the
last equation we see 2b + b+ 5b = 1,i.e. b = . Finally the stationary

distribution is
( 4 2 5 )
T=\(—,—,—).
11711711
b) The mean return time m; satisfies 7(2) = .~ from (a) we see 7(2) =

11
_ 1

: _ 11
= Imy’ 1.e. My =

and g» = —g22 = 4. So 3
¢) The holding rate is ¢; = —¢11 = 6.

d) Forevery z,y € S thereis a differential equation in the forward equation
giving an expression for P, (t). Since there are 3 states, there are 3-3 = 9
equations in the forward equation.

e) The forward equation says P, (t) = > .cs Pr-(t)q.y- Plugginginz = y =
0, for example, we obtain the equation

Pyo(t) = Poo(t)qoo + Po1(t)qio + Poz(t)gao

A different choice of x and/or y would give a different (but similar look-
ing) equation.

a) Since two-dimensional Brownian motion is point transient, this proba-
bility is zero.
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b) W; lies in Quadrant IV if and only if X5 > 0 and Y5 < 0; each of these
events has probability 1/2 since X; and Y; are normal with mean zero;
since the events X; > 0 and Y5 < 0 are independent, P(Wj lies in Quad-
rantIV) = (1/2)(1/2) = 1/4.

c) Suppose X; > 0. Now
= P(Xy—X;>0)+ P(Xe— X1 < —2X7)
> 1/240
since Xs — X, is normal with mean zero
Therefore with probability one, v > 1/2.

d) Let Z, = 3X, — 2Y,. First, we show {Z,} is Gaussian. Let ¢, ..., ¢, be ar-
bitrary nonnegative real numbers and let 0y, ..., b, be arbitrary real num-
bers. Now

Z ijtj = Z 3ijtj - Z 2b]Y;5J,
j=1 j=1 Jj=1

since {X;} and {Y;} are Gaussian processes, each of the individual sums
are normal and since X; L Y}, the entire sum is normal as it is the sum
of two independent normal r.v.s. Hence {Z;} is Gaussian by definition.
Next, the mean function of {Z;} is uz(t) = 3ux(t) —2uy(t) =3-0—2-0 =
0. The covariance function is
rz(s,t) = Cov(3X, —2Ys,3X; —2Y;)

= 9rx(s,t) —6Cov(X,,Y:) — 6Cov(Xy,Ys) + 4ryy (s, t)

= 9min(s,t) + 0+ 0+ 4min(s, 1)

= 13 min(s,1).

Therefore {Z,} is a BM with parameter o = 13, since mean and covariance
functions uniquely determine a Gaussian process.

4. a) Wy is n(0,4) by elementary property of Brownian motion. Therefore

Xy =Wy+4p =n(0,4) + 4p = n(4p, 4).

b) First, the mean function:
px(t) = EXy = E[W, + pt] = 0+ pt = pt.
Next, the covariance function (note that xt, being a constant for each ¢,
is independent of any other random variable):
rx(s,t) = Cov(Ws+ us, W, + ut)

rw (s, t) + Cov(Ws, ut) + Cov(us, Wy) + Cov(us, ut)
= min(s,t) + 0+ 0+ 0 = min(s, t).
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Chapter 3

Exams from 2013 to 2016

3.1 Spring 2013 Final

1. Two basketball teams play a series where the first team to have won three
more games than its opponent will be declared the “champion”. Suppose
that Team A is 60% likely to win any game the teams play, that there are no
ties, and that the results of the individual games are independent.

a) (2.5) What is the probability that Team A ends up being the champion?
(Your answer need not be simplified.)

b) (2.5) What is the expected number of games that will be played? (Your
answer need not be simplified.)

c) (2.5) Would Team A’s probability of becoming the champion increase
or decrease if the two teams played until one team has won four more
games than its opponent (as opposed to three)?

2. Suppose {X;} is a Markov chain with state space {0, 1,2} whose transition
matrix is

(1)

Ul—= ol Ot =
alwe O
[SHI G ] VG T

a) (1.3) Find P(X3 = 1| X5 = 0).
) (1.3) Suppose the initial distibution is (%, 3 0). Find P(X, = 1).
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3. Suppose {X;} is a Markov chain with state space {0, 1,2, 3,4, 5} whose tran-
sition matrix is

B~ O O O O wik
S wk = O O O
S ki O O O O

S O O O w= O
O O O = N Wi
slw Bl © © o o

a) (1.7) Classity all the states as recurrent or transient.

b) (1.7) List all the absorbing states of this Markov chain.

c) (1.7) Find fi 5, fo, fiaand f5 .

d) (1.6) Find f, 3. Hint: write this probability as a geometric series.

e) (1.8) Find E,(V}). Hint: Identify V; as a common random variable.

52



3.1. Spring 2013 Final

4. Consider a simple, unbiased random walk {X;} on Z? starting at the origin.
a) (2.7) Find P(X;o = (1,0)).
b) (2.7) Find P(X, = (1,-1)).
¢) (2.7) Find P(X; = (0,0) for some t > 0).
d) (2.5) Let T'= min{t > 0 : the z—coordinate of X; is £10}. Find ET.

e) Bonus (2.7) Let T, = min{t > 0 : X, lies on the line x = 2} and let 7}, =
min{t > 0 : X; lies on the line y = 2}. Find P(T, < Ty,).
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Solutions

1. To model this, let { X;} be a simple random walk starting at 0 with p = .6 and
q = 4. LetT = min{t > 0 : X; € {—3,3} be the escape time corresponding
toa = —3 and b = 3. X(T') = 3 corresponds to Team A becoming champion,
and X (7T") = —3 corresponds to Team A not becoming champion.

a) By formula developed in class for biased simple random walk,

(¢/p)" " =1 _(2/3)° -
P(X(T) = 3) = (q/p)b—a 1 - (2/3)6 _

b) By formula developed in class,

o (b—a) O O (AT

p—q) (¢/p)p2—1 p—gq (2/36—1 2

c) It would increase; the more games that are played, the more likely the
‘better” team (Team A) is to become the champion.

2. a)P(X3:1|X2:O):P071:§.

b) First, we find the time 2 transition matrix P? by usual matrix multipli-

cation:
9 38
B
5 )

¥
5 5

é

25

c) We have 7y = (%, 3, ) and 1, = myP? = (%,%7%). Thus P(X; = 1) =
7'['2(1) = %

3. a) (4pts) {0, 1,2} is a finite irreducible set, so states 0, 1 and 2 are recurrent.
State 3 is absorbing, so it is recurrent. States 4 and 5 lead to 3 but 3 is
absorbing, so states 4 and 5 are transient.

&<t oe oo

NOWP(X7—2‘X5—O P022_

b) State 3 is the only absorbing state.

¢) fi2 = 1since 1 and 2 belong to the same irreducible set. f, = fo, =1
since 2 is recurrent. f;4 = 0 since 1 does not lead to 4. f5;2 = 1 since
the only way to start at 5 and never get to 2 is to continually follow the
arrow going from 5 to itself. This situation has probability 1 - = 0.

d) By definition,

111
2°2°2

0 -1
f4,3=P4(T3<OO):ZP4(T3:t):Z;<1> :;. 1 :é

t=1 t=1

54



3.1. Spring 2013 Final

e) Notice that if you start in state 4, once you leave you never come back.
Therefore Py(Vy = n) = Py(X, = ... = X,, = 4, X, # 4) = (l)" (§)

4 4
This is the density function of a geometric random variable with param-

eter 3, so its expected value is Ey(V;) = 1;’14 =1

a) After an even number of steps, the sum of the x— coordinate and y—coordinate
of the point you are at must be even. Therefore this probability is 0.

b) In order for X, to be (1, —1), your first four steps must be (in some or-
der):

e two to the right, one down, and one to the left; or
e two down, one up and one to the right.

Each of these probabilities can be found using the multinomial formula.

2
They are both 1 (i) (i) (i) = 12 = . Since there are two cases, the

total probability is P(Xy = (1,-1)) =2 5 = 2.
¢) We showed in class that two-dimensional simple unbiased random walk

is recurrent, so this probability is 1.

d) Keeping track of only the z—coordinate of the random walk, we get a
one-dimensional simple random walk with p = ¢ = 1 and r = 1. This
walk is unbiased, so by the escape time formulas derived in class we
have

pr_ E= @)= _(0=-10)(10-0)
pTq 1T

e) We have
1 :P(Tv <Th)+P(TU :Th)+P(Tv > Th)

and the middle probability above is zero, since the random walk never
moves diagonally in one step and therefore cannot hit both lines at the
same time. By symmetry, the left- and right- hand probabilities above
must be equal, so they must both equal 3.
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3.2 Spring 2014 Exam 1

1. Abe has three shirts that he wears to work: a blue shirt, a white shirt, and a
yellow shirt. Assume that:

e Abe never wears the blue or yellow shirt two days in a row;

e If Abe wears the white shirt, then the chances he wears the white shirt
the next day is 1/4;

e If Abe wears the white shirt, then the chances he wears the blue shirt the
next day is 1/2;

o If Abe wears the blue shirt, then he is equally likely to wear the white or
yellow shirt on the following day;

e If Abe wears the yellow shirt, then the chances he wears the white shirt
on the next day is 3/4.

a) (1.3) Suppose that today, Abe is equally likely to wear any of his three
shirts. What is the probability that he wears the white shirt tomorrow?

b) (1.3) If Abe is wearing the yellow shirt today, what is the probability that
Abe is wearing the white shirt two days from now?
¢) (1.3) Find the probability that Abe is wearing the white shirt today, given

that he wore the white shirt yesterday and that he will wear the white
shirt tomorrow.

2. Let {X;} bea Markov chain with state space S = {1, 2, 3,4, 5,6} and transition
matrix

O 1 0 0 0 o0

2 1

s
P =

00 5§ 50

001105

0O 00 0 0 1

a) (1.6) List all the absorbing states of this Markov chain.

b) (1.7) Determine which states of this Markov chain are recurrent, and
which states are transient.

C) (17) Compute f173, f375 and f4’1.
d) (1.6) Compute P, (15 = 4).
e) (1.8) Compute E;(V}).
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3. (1.7) Let { X;} be a Markov chain with state space S = {0, 1,2, ...} and transi-
tion function defined by

1 ifz=0y=1
0 else
P(z,y) ={ -5 %fx;é(),yzo
-5 fr#ly=z+1
0  otherwise

Determine, with justification, whether or not this chain is recurrent or tran-
sient. (You may assume without proof that the chain is irreducible.)
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Solutions
1. a) Let X be the length of the movie. We have y = EX = 110 and 0? =
Var(X) = 36.

36 36 1
P(X >200)=P(X —-110>90) < P(|X =110 >290) £ — = —— = —.
(X= ) ( = 90) = B 2 )_902 8100 225

b) Let Ag be the average length of the movies watched. By the CLT, Ag ~
n(110, %) = n(110,4) = 110 + 2Z where Z is standard normal. Thus

P(109 < Ag < 113) = P(109 < 110 + 27 < 113)
-1 -1
r(ereY)-0()-0(3)
2 2 2 2

2. Based on the given information, the transition matrix for this Markov chain
is

1 1
02 3
Pl
11 0

where the rows/columns correspond to blue, white and yellow respectively.

a) We are given that my = (3,3,3). Thus the distribution tomorrow is
m = mP = (1,3, 1). Therefore the probability he wears the white shirt

tomorrow is the second entry of this vector, namely 2.

pa(
5

The question is asking for (P?)3, = .

b) First, we compute P?:

16
5
16

ool
N——

o0 leets|wsooles
Slowoi—or—

c) Let time 0 correspond to yesterday. This question is therefore asking for

P(Xo=X, = Xo = W)
P(Xo = X, = W)

_ m(W)P(W,W)P(W, W)

 m(W)P2(W, W)

(Po2)®  (1/4)

(P?)sn  1/2

P(Xlzw‘X0:X2:W):

- 1
8
3. a) 6 is the Ol’lly absorbing state.
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b)

<)

d)

The communicating classes are {1, 2,3} and {6}, so those states are re-
current (as they belong to finite communicating classes). States 4 and 5
do not belong to a communicating class, so they are transient.

fi3 = 1 because 1 and 3 belong to the same communicating class of
recurrent states.

f35 = 0 since 3 is recurrent but 5 does not belong to the same communi-
cating class as 3.

To compute f, ;, use a system of equations involving f4 1 and f5 ;. Notice
that since 1 and 3 lie in the same communicating class, we know f,; =
faszand f51 = f53. We therefore have

faq = % : 1+§f4,1 + 1 /51
fsi=1-14+3fi1+5-0

Multiply through by 8 in the top equation and 4 in the bottom equation
to get
{ 3fan=1+2f51
4fs1 =14 fan

Solving for f,; in the bottom equation, we get f,; = 4f51 — 1. Substitut-
ing this into the top equation, we get

3(4f5,1 - 1) = 1 -+ 2f571

which reduces to 12f5; — 3 = 1+ 2f5;, ie. 10fs; = 4ie fs; = 2.

Substituting this into one of the original equations to solve for f;,, we
get fi1 = 3.

From looking at the directed graph of the Markov chain, the only way
this condition is achieved if the first four statesare 1 —+2 — 1 — 2 — 3.
This probability is P(1,2)P(2,1)P(1,2)P(2,3) =1-2-1-4 = 2.

First, we note that if you start in state 5, the only way you can hit state
4 in any amount of finite time is if your first step is to state 4. Therefore
f574 = P5(T4 < OO) = i

Next, we compute f, 4. If you start in state 4, there are two ways to hit
state 4 in some amount of finite time. You can either return immediately
to state 4 (this has probability 2), or you can go to state 5 and then im-
mediately come back to state 4 (this has probability ; - ; = 1. Therefore
fra=3+1% =15

Now, by a theorem in class (properties of recurrent and transient states),

f5a 1/4 1 16 4
FE-(Vy) = d = = .- ==
5(V4) 1—f4 1-11/16 4 5 5

59



3.2. Spring 2014 Exam 1

4. First, notice that if you start in state zero, to say that 7;, = oo (which means
you never return to zero) means that your steps mustbe 0 -1 — 2 — 3 —
4 — .... Therefore

foo = Py(Ty < o0)
=1- P()(To = OO)
= 1— lim P(0,1)P(1,2)P(2,3) - P(n — 1,n)

2 —1
=1- lim —
n—oo n,
=1.

Since fy o = 1, 0 is recurrent, and since the chain is irreducible, { X;} is recur-
rent.

60



3.3. Spring 2014 Exam 2

3.3 Spring 2014 Exam 2

1. Suppose Mexico and Portugal are playing a series of soccer matches. The
results of each match are independent of one another and in each match,
both teams have a 40% probability of winning. The series of matches will
end when one team has won seven more matches than the other; that team
will have “won” the series.

a) (2.5) What is the probability that Mexico wins the series?
b) (2.5) How many matches should the teams expect to play?

¢) (2.5) Suppose Portugal wins the first three matches. What is the proba-
bility that Mexico subsequently wins the series?

2. Let {X;} be a Markov chain with state space S = {1, 2,3, 4,5} and transition

matrix
0 1/4 0 3/4 0

3/7 0 4/7 0 0
P=| 0 1/4 0 1/4 1/2
1 0 0 0 0
O 0 1 0 0

a) (1.5) Find all stationary distributions (if any) of this Markov chain.
b) (1.10) Find all steady-state distributions (if any) of this Markov chain.
¢) (1.8) Find the mean return times to states 2, 3 and 5.

d) (1.8) Suppose you start in state 4. How many times in the first 4000 steps
would you expect to visit state 27?

e) (1.10) Let n be large. Estimate P"(1,3) (there may be cases depending
on the value of n).

3. Let {X}} be a Markov chain with state space S = {..., —3,-2,-1,0,1,2,3, ...}
and transition function P defined by setting

3% ifr =0,y >0
3 ifr=0,y<0

P(x,y) =4 3+ ifz#0y=—z
Loifa£0,y=0
0 else

a) (1.6) Find the period of this Markov chain.

b) (1.10) Find the mean return time to state 0.
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¢) (1.10) Does lim,,_,», P™(4,0) exist? If so, what is it? If not, why does this
limit not exist?

d) (1.10) Find the mean return time to state 22.

4. (1.10) Let {X;} be a Markov chain with state space S = {1, 2,3, ...} and tran-
sition function P defined by setting

y% ifx=1
Plx,y)=¢ 1 ifz>l,y=x—1
0 else

where C is some constant that makes the values of the transition function
add up to 1.

Determine, with justification, whether this Markov chain is positive recur-
rent, null recurrent, or transient.
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Solutions

1. Let {X;} be the number of games Mexico is ahead after ¢ matches. {X,} is
therefore a a simple random walk with p = .4 and ¢ = .4; let T" be the number
of matches played, we have T' = Ty7 _7.

a)

b)

b)

Mexico wins if 77 < T_7. So by the escape time probabilities for unbi-
ased random walk, Py(T; < T ;) = 0—(=7) _ 1

—(-7) 2

Since p = ¢, the random walk is unbiased. Furthermore, if we set &, to be
1 if Mexico wins and —1 if Portugal wins, we have Var(§;) =p+q = %.
Next, by Wald'’s First Identity, E[X(T)] = 2+ (p — ¢)ET = 0+ (4 —
A)ET = 0. Last, by Wald’s Second Identity, Var[X(T)] = Var(&)ET.
Therefore since Var[X(T)] = E[X(T)*] — E[X(T)]* = 49 — 0> = 49 and

Var(§;) = 4, we have 49 = 2ET so ET = 2> = 61.25 matches.

Since Portugal wins the first three matches, we should assume X, = = =
—3. Therefore, by the escape time probabilities for unbiased random

walk, the answer is P_3(T7 < T_7) = _73__((__7? =4=2

This chain is irreducible since1 -2 —+3 —5 — land 1 —+ 4 — 1. Since
the state space is finite, the chain is positive recurrent so there is one sta-
tionary distribution. Let 7 = (a, b, ¢, d, e) be the stationary distribution.
By setting 7P = 7, we get

%+d:a
ia—kic:b
iht+e=c
ga+lc—d
2 2¢ =
%c:e

Substitute the fifth equation into the third to get 2b + 2¢ = ¢, so ¢ = 2b.
Substituting this into the second equation, we get ta+32b = b,s0 a = 2.

Substituting this into the first equation, we get 2b + d = 20, so d = +'b.
We have

20 7 8 17 1 4
‘=7 77 ‘T 7 70 CT 77
sosince a+b+c+d+e = 1, we have 2L, — 150 b = £. We have
20 5 b 1 1 d 17 1
56 14 8 7 56 14

— (5 11 17 1
SO0 T = (14’8’7’56’14)‘

The period of this Markov chain is 2, so this Markov chain has no steady-
state distribution.
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Q) My = iy =8;my = 5 =7, M5 = 5 = 14,

T m(5)
d) By the ergodic theorem, this is 4000 7(2) = (4000) = 500 times.

e) The chain alternates between the sets {1,3} and {2,4, 5} (this is why the
period is 2). Therefore

dn(3) =(2)t =2 ifniseven

1
n — 7 7
P (1’3>—{ 0 if 1 is odd

3. a) Notice that wecango0 - 1 - 0and 0 - 1 — —1 — 0 so dyp|2 and
do|3 so dy = 1. The chain is irreducible, since zero leads to and from any
other number, so the Markov chain has period 1.

b) Define a factor {Y;} of {X,} as follows: set Y; = 0if X;, = 0; setY; = 1 if
X > 0;setY; = 2if X; < 0. The transition matrix of {Y;} is

0 a b
12 0 1/2
1/2 1/2 0
wherea:%—kg%—l—g,’%—l—...:%(lf—l/g) =landb=1—-a=1. Sincea =
b = 3, the transition matrix of {Y;} is doubly stochastic so the stationary
distribution of {Y;} is uniform (3, 5, ). Thus the mean return time of 0

in {Y;}, hence the mean return time of 0 in {X,}, is 3.

¢) From part (a), 0 is positive recurrent. Since {X,} is irreducible, {X;} is
positive recurrent and since the chain is aperiodic, lim, ., P"(4,0) =

_ 1 _1
d) Notice first that by symmetry, 7(22) = 7(—22) since the Markov chain
acts the same on positive numbers as it does on negative numbers. By

the stationarity equation,

7(22) = Z 7(x)P(z,y) = 7T<—22); + 7T(O)i

€S 3%
Since 7(22) = m(—22), we have 7(22) = Im(22) + 3 5 so solving for

3 322
m(22) we get m(22) = 335. Therefore the mean return time to state 22 is
. 1 o 323
M2 = 7@y — 2
(In general, for any y # 0, 7(y) = 52 and m, = 32 by the same

reasoning.)

4. Suppose you start in state 1. Then 7}, the time of your first return to 1, is
equal to n if and only if your first step is to state n (because you will then
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step one unit to the left n — 1 times and return to 1 at that point). So P, (7 =
n) = P(1,n) = §.

Tl2
Now, fi = Pi(T1 < o0) =32, P(Ty =n) =32, % < 00 so 1 is recurrent.

Since 1 leads to every other state, the Markov chain is recurrent.

Now let’s compute the mean return time of state 1.

> C > C
mlel(Tl):E n'Pl(Tl:n):E 717:5 — = 0Q.
n=1 n=1 n n:ln

Therefore 1 is null recurrent; since 1 leads everywhere else, the Markov chain
is null recurrent.
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1. Suppose {X;} is a Markov chain with state space {1,2,3,4,5} and transition

matrix
il
0300
P=[023 100
N
00 001

a) (1.3) Suppose the initial distribution s (3, 0,0, %, 0). Find the distribution
at time 2.

b) (1.3) Find P(X5; =2| X3 =2, X5 = 4).

¢) (1.3) Suppose the initial distributionis (3,0, 0, 5,0). Find P(X; = 2| X, =
2).

d) (1.7) Find fi3, f1, 52, and fi 3.

e) (1.10) Find all stationary distributions of this Markov chain.

2. Suppose {X;} is a Markov chain with state space S = {0, 1,2, 3, ...} and tran-

sition function
12-47Y ifx=0,y>1

Pla.y) 2:27Y ifrx=1y>1
z,y) = ) .

1 ifr>1y=0

: ifz>1y=1

a) (1.6) Find the period of this Markov chain.
b) (1.3) Find P?(3,5).
¢) (1.10) Find the mean return time to state 10.
3. Suppose that from one week to the next, the value of an investment increases

by $10 with probability 40%, stays the same with probability 20%, and de-
creases by $10 with probability 40%.

a) (2.5) If the initial investment is $100, what is the probability that the
value of the investment reaches $150 before it falls to $80?

b) (2.5) Suppose that after an initial investment of $200, the investor will
withdraw the money the first time the investment reaches either $150 or
$300. How many weeks should the investor expect to her money in the
account?
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¢) (2.5) If the investor leaves their initial investment of $1000 in this scheme
forever, what is the probability that their investment will eventually be
worth $0?

d) (2.5) Suppose that an investor puts $100 in the scheme and after 10
weeks, the investment is worth $120. Suppose that at this point, due to
market changes, the probability of a weekly $10 increase becomes 30%
and the probability of a weekly $10 decrease becomes 60%. What is the
probability that the value of the investment subsequently reaches $150
before it falls to $80?

4. Let {X;} be a CTMC with state space {1, 2, 3} and time ¢ transition matrix

L [ 18+ 12758 7+ 5670 — 12¢75¢ f(t)
P(t) = 30 A+ Be™?! g(t) C + De 5

18 — 18e™% 7 —25e¢7% 4 187 54 2576
a) (3.2) Find the function f(t).

b) (3.2) Suppose you start in state 1. Find the probability that after 4 units
of time, you are in state 1.

¢) (3.2) Suppose you start in state 1. Find the probability that you remain
in state 1 for at least 4 units of time before jumping.

d) (3.2) Suppose you start in state 3. Find the probability that when you
jump, your first jump is to state 2.

e) (3.3) Find the stationary distribution .

f) (3.3) Find the mean return time to state 3.

g) (3.3) Find the values of the constants A, B, C' and D.
h) (3.3) Find the function g¢(t).

5. Let {W;}, {W,} and {W,} be independent, standard Brownian motions.
a) (4.2) Compute P(Wg > 4| W5 = 4).
b) (4.2) Compute P(WW, = 3 for some ¢t < 2).

c) (44) Let X; = (1 — t)W;(1-1). Compute the mean and covariance func-
tions of Xj.

d) (4.7) Determine, with justification, whether the following statement is
true or false: P (Wt + Wt = W, for an unbounded set of t) = 1.

6. Classify the following statements as true or false:

a) (1.7) If x and y are recurrent states in a Markov chain with finite state
space, then f, , = 1.
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b) (1.7) If x is a transient state in a Markov chain {X;}, then no matter the
value of X, the probability you visit x infinitely many times is zero.

¢) (1.8) If x is a null recurrent state in a Markov chain and x — y, then y
must be null recurrent.

d) (2.7) Two-dimensional unbiased random walk is recurrent.

e) (3.4) A stationary distribution of an irreducible CTMC must also be
steady-state.

f) (4.4) If a stationary process has mean function px(t) = 0 and covariance
function rx(s,t) = o0? min(s, t), then the process is a Brownian motion.

g) (4.7) Two-dimensional Brownian motion is neighborhood recurrent.
h) (3.7) The infinite server queue has a stationary distribution.

i) (Group Presentations) In a branching chain where each organism has
either 0 or 3 offspring (uniformly), the extinction probability is 1.
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Solutions
1. a)Letm=(3 0 0  0). Then

5 3 5 00

s 0 £ 0 0

—mPi=(Lt o0 to)|l 2 2 o o

memP=(3 003 0) g Gy 90

8 16 64 64 32

00 0 0 1

2.

_ 1 11 37 9 11
= ( S 32 128 128 o )
b) By the Markov property, P(Xs = 2| X3 = 2, Xy = 4) = P%(2,2) = L.

0 P(X;=2]|X,=2)= P()g&if;;?) — m@)PR22) _ 3/16)01/4) _ 9

72(2) 11/48 a4-

d) Since {1,2, 3} isa communicating class of recurrent states, fi3 = fi {123 =
Yo PTpog =n) =202, (3) =2 (5) = &
f14 = 3/8 since the only way for you to return from state 4 to state 4 is to
return there on the first step.
f52 = 0 since 5 and 2 belong to disjoint communicating clases.
fiz3 = 1 since 1 and 3 belong to the same communicating class of recur-
rent states.

e) There are two communicating classes of recurrent states: C, = {1,2,3}
and C; = {5}. The stationary distribution supported on C; is m =
(0,0,0,0,1) and the stationary distribution m; supported on C is solved
for by setting m; = (a,b, ¢,0,0) and setting 7, P|{; 2 3; = 7 to obtain

1 17
4a+§b—a

sa+3c= 3 9 11

bt torte=e == (35 2:00):
8 2 4~

a+b+c=1

Thus all stationary distributions are convex combinations of 7; and 7,

i.e. are of the form
( 3 9 11

o Lo 1—
3% 26% 26" a)
where a € [0, 1].

a) The period is 2 since the chain has the structure {0,1} < {2,3,4, ...}
b) P*(3,5) = 3.5 P(3,2)P(x,5) = P(3,0)P(0,5) + P(3,1)P(1,5) = §- & +
12 25

4 45

9 4 1 _
i N v R
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c) We have m;y = ﬁ where 7 is the stationary distribution. Now, first

define a factor {Z;} of {X;} by setting Z; = 0if X; =0; Z, = 1if X; = 1;
Zy =2ift X, > 1. {Z,;} is a finite state-space Markov chain with transition
matrix

00 1
0 1
10

The stationary distribution of {Z;} is (2, 5, 3). So7(0) = 2 and (1) = £
(and since these states weren't grouped to create the factor {Z;}, these
values of the stationary distribution hold for {X;} as well). So by the

stationarity equation,

NN a)

3 12 1 2 9 1
7T(10):W(O)P(O,lo)—l-ﬂ'(l)P(l,lO) :é'ﬁ—i-g'ﬁ:ﬁ‘i‘ﬁ

-1 21
_ 9 1 _ 2
50 mio = (ﬁ + 2?) = 2979°

a) Since this is an unbiased random walk, Pj(T15 < Ts) = 12=5% = 2.

b) Let T = min{7"5, T1o}; this question is asking for £7" which by the Wald
(z=a)(b=z) _ (0=(=5))(10-0) _ 50

Identities for unbiased random walk is =2 =
1o ptq At4 8

2
) Since unbiased random walk is recurrent (gambler’s ruin phenomenon),

this probability is 1.

weeks.

d) Now the situation is modeled by a random walk starting at $120 with

p=.3and ¢ = .6,50 q¢/p = 2. Now Pp(T15 < Tx) = %

a) Since the rows of P(t) add to 1, we have f(t) =5 — 5e 5.

b) Thisis Py;(4) = 18+22

¢) The holding rate of state 1is ¢; = —¢11 = —FP{,(0) = —%{)5@ = 250

the probability you wait 4 units of time before a jump is P(W; > 4) =
1—-PW<4)=1-[1—e?] =¢85

. . o . Pl (0) _2
d) This is w3, = % = _;23(0) =2
e) m(y) = lim; o P(z,y)som = (B T 5) = (3 7 1
Yy t—r00 Y 307 307 30 573076)/"
1 _ - 1 1 6
f) We have ; = 7(3) = s = B SOM3 = ¢

g) Since lim; o P,y(t) = 7(y), we have %A = limy_, 3—10(A + Be™™) = %
so A = 18. Similarly, C' = 5. Since P,;(0) = 55(A + B) = 0, we have
A+ B =0so0 B = —18. Since P»3(0)55(C + D) = 0, we have C + D =0

so D = —5.
h) Since the rows of P(t) must add to 1, g(t) = 7 + 5e~6 + 18¢~5.
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a) P(Wg>4|Ws=4) = P(Wsg — W3 > 0) = P(n(0,5) >0) = 1.
b) By the reflection principle, P(W; = 3 for some ¢t < 2) = P(T3 < 2) =
3

2-20 ().

O px(t) = (1— D Ew(s5) = (1 - )0 =0,
rx(s,t) = (1= s)(1 = thrw(s%, 15) = (1= 9)(1 = ) min (15, 7).

d) LetV, =W, + Wt — W,; since W,, Wt and W, are Gaussian, so is V, since
linear combinations of the V; can be split into an independent sum of a
linear combination of the W,, the W, and the W,.

Next, compute the mean and covariance functions of V;: v () = pw (t)+
pip(8) + p iy (H) =0+ 0+ 0 = 0.

rv(s,t) = Cov(Vy, Vi) = Cov(WS+WS+WS, Wt+Wt+Wt); sinceicbe g\iven
processes are independent this reduces to Cov(W, W;) + Cov(Wy, Wy) +
Cov(Wg, Wy) = min(s, t) + min(s, t) + min(s,t) = 3min(s,t).
Thus since the mean and covariance functions of a Gaussian process de-
termine the process, {V;} is a BM with parameter ¢ = 3, so {V,} is recur-
rent so the probability referred to in the problem is 1, so the statement is
TRUE.

a) FALSE (z and y may belong to disjoint communicating classes)

b) TRUE (property of transient states from Chapter 1).

c) TRUE (property of null recurrent states from Chapter 3).

d) TRUE (proven in class; see Chapter 2)

e) TRUE (CTMCs have no periodicity issues)

f) FALSE (the process must also be Gaussian to conclude that it is a BM)

g) TRUE (discussed in class; see Chapter 6)

h) TRUE (the stationary distribution is Pois(Atp;) - see Chapter 5)

i) FALSE (E(offspring)= 1.5 > 1,s0n < 1)
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3.5 Spring 2015 Exam 1

1. Suppose you buy an antique for $75. Each month, the value of the antique
increases by $5 (with probability .5), decreases by $5 (with probability .25), or
stays the same (with probability .25).

a) (2.5) What is the probability that the antique is eventually worthless?

b) (2.5) Suppose you decide to sell the antique when the value of the an-
tique is either $60 or $100. What is the probability that when you sell the
antique, you will sell it for $100?

¢) (2.5) In the situation of part (b), what is the expected value of the antique
at the time when you sell it?

2. Let {X;} be a Markov chain with state space S = {1, 2,3, 4,5} and transition

matrix
3/4 1/4 0 0 0

1/2 1/2 0 0 0
P=|1/4 1/4 1/4 1/4 0
0 1/8 1/4 1/8 1/2
0 0 0 0 1
a) (1.7) Classify the states of this Markov chain as recurrent or transient.
b) (1.6) Find P5(T; = 2).
c) (1.7) Find fi1, fia and fq ;.
d) (1.8) Find E4(V}).

3. Let {X;} be a Markov chain with state space S = {1,2,3} and transition
matrix
/7 3/7 3/7
P=| 47 0 3/7|.
2/7 1)7 4)7

a) (13)F1ndP(X5:2|X4: 17X3:27X2 = 1,X1 :2,X0: 1)
b) (1.3) Find P(Xs = 3| X, = 3).

¢) (1.3) Suppose the initial distribution is uniform. Find the distribution at
time 2.
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Solutions

1. First, note that since the size of the step at each time is £5, we have to rescale
the value of the antique by dividing by 5 so that the size of the step is £1.
That means we should think of the initial state not as 75, but as 75/5 = 15.

Thus the value of the antique is modeled by a random walk with X, = 2z =
15, p = .5and ¢ = .25.

a) From the Gambler’s Ruin theorem, we have

25 15—0 1 15
= _— = — = 2_15'
S50 <.50> (2)

b) This is an escape probability with ¢ = 60/5 = 12 and b = 100/5 = 20:

()2 1y? s o5
Pi5(Tyy < Tha) = . E50§2012 = L Ei;s - 228 _21 ‘

.25

.50

2

¢) The value of the antique when you sell it is a random variable taking the
value 100 with probability % (from part (b)) and taking the value 60

with probability 1 — % = gz:} Thus

28 _ 95 25 1
E[X;] =1
[X7] 00(28_1>+60<28_1>
~100-2% —40-2° — 60
- 255

4852
51
~ 95.1373.

2. a) Since the state space is finite, a state is recurrent if and only if it belongs
to a communicating class. The communicating classes are {1, 2} and {5},
so Sg ={1,2,5} and Sy = {3,4}.
b) If you start in state 3 and hit state 2 for the first time on the second step,
you must have gone3 -1 —2o0r3 =3 —2o0r3 —4 — 2. So

Py(Ty, =2) = P(3,1)P(1,2) + P(3,3)P(3,2) + P(3,4)P(4,2)
11 11 11
“1atiiTas
9
-2
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¢) fi1 = 1since 1 is recurrent.
f1.4 = O since 1 is recurrent and 4 is transient.
f111s an absorption probability. By the Law of Total Probability, we have

fs1 = i(l) + i(l) + ifg,l + %f4,1 +0
0+ £(1) + 3 /51 + 5f11 + 3(0)

i.e.
3f31 =24 fan
Tfi1=14+2f35,

Solving this system for f5; and f41, we obtain the solution f5; = % and
more importantly (given what was asked) f4; = 5.
d) By the theorem on properties of recurrent and transient states, £, (V,) =

1104,024 That means we need to find fy 4 = Py(Ty < 00) = >_02, Py(Ty = n).

First, Py(T, = 1) = P(4,4) = % Now, if n > 2, notice that if you start in
state 4 and return to 4 for the first time on the n'" step, then you must
have moved4 -3 —+3 —3— --- — 3 — 4. Thus forn > 2,

1 1 1 1 1I\"
Pi=m =117 1= ()
This means
f4y4—,§(4) —8+§2(4> =5+ (1) <1_1/4)—8+12—24

so finally F,(V,) = 1{‘;:4 =2 =5

a) By the Markov property,

P(X5;=2|Xs=1,X3=2Xo=1,X; =2 Xg=1) = P(X5 =2| X, = 1)

b) By matrix multiplication, the time 2 transition matrix is

19/49  6/49 24/49

P2 = 10/49 15/49 24/49

2/7  10/49 25/49

Thus P(X, = 3| X; = 8) = P*(3.3) = .
43 31 73).

: _ (1 1 1). N 9
c) We are given 1y = (5,5, g),thus Ty = moP% = (E?Ew =
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3.6 Spring 2015 Exam 2

1. Let {X;} be a Markov chain with state space {1, 2,3} and transition matrix

P =

O =
Bl O k=
= W N

a) (1.5) Find the stationary distribution of this Markov chain.

b) (1.10) Is the stationary distribution of this Markov chain steady-state?
Why or why not?

¢) (1.8) Find the mean return time to state 3.

d) (1.10) Estimate P"(2, 3) for large n.

L %) Estimate the time 3000

e) (1.10) Suppose the initial distribution is (%, 5

distribution.

f) (1.8) If you start in state 2, how many times in the first 2300 steps would
you expect to visit state 3?

2. (1.10) Let {X;} be a Markov chain with state space S = {1,2,3,4,5} and
transition matrix

01 0 0O
20110
0200 3
00100

For each state y, estimate P"(1,y) when n is large.

3. (2.6) Let ¢ and d be positive constants with ¢ + d < 1, and let {X;} be a
birth-death chain with state space {0, 1,2, 3, ...} where p, = ¢**! for all z, and
¢. = d* for all x > 0. Find conditions on ¢ and d under which this Markov
chain is positive recurrent.

4. (1.10) Let {X;} be a Markov chain with state space {0, 1,2, 3, ...} whose tran-
sition function is described by

1
P(0,y) = 2(;) ify >0
P(z,0) = 411 ifx >0
P(z,y) = i ifr>0andy ==z
P(z,y) =0 else
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Show that this Markov chain is positive recurrent, and find the mean return
time to state 2015.

Solutions

1.

a) Let m = (a, b, c). By setting 7P = 7, we obtain the system of equations

ta+3ib=a

1 3.
Za‘f‘zc—b
%a+%b+ic:c
a+b+c=1

From the first equation, we see 1b = 2a so b = 3a. Substituting this into

the second equation, we get a4+ 3¢ = 3a so 3¢ = La so ¢ = LLa. Finally,
4 4 4 4 3

l=a+b+c=a+3a+5a=2asoa= . Thusw = (2%,2%,%).
b) Yes, because the Markov chain is irreducible, positive recurrent (since S
is finite) and aperiodic.
1 23
C) msz = ﬁ =11
d) Since 7 is steady-state, P"(2,3) ~ m(3) = 3 for large n.

3 9 11

e) Since 7 is steady-state, w3000 =~ T = (ﬁ, 53> 23

distribution is.

) no matter what the initial

f) We are asked to find E5(V32300); we know from theory that since { X} is
irreducible and positive recurrent, W ~ m(y) for large n. Thus by
multiplying through by n, we see E,(V,,,) = n - n(y). In this case we
have (Vs 2300) &~ 23007 (3) = 1100.

2. First, find the stationary distribution. Let 7 = (a,b,¢,d,e) and set 7P = 7 to

obtain the system of equations

Sh—a 3b = 5a
a+2c+2d=0 5a+ 2(c +d) = 5b
%b—ke:c = b+ 5e = ¢
b=d b=>5d
Sc+3d=e 3(c+d) = 5e

From the last equation, ¢ + d = ge and from the first equation a = %b; plug
these two facts into the second equation to get 3b + e = 5b, i.e. e = 3b or

b=3e(soa=3b=3 (%e) = ¢). Now, the third equation becomes +b+ 2b = ¢
so ¢ = 3b = 3e. Next, the last equation can be solved for d to get d = se. We
have found

5 4
a=e b=-e c=-¢ d:§e e=¢e

3 3
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soa+b+c+d+e=1becomesl=e(l+2+3+35+1)=2esoe= 2. Thus

(3 5 1 1 3>
T=—, = = = = )
16’ 16" 47 16" 16

Next, the periodicity of this Markov chain is as follows: d = 2 because states
1,3 and 4 lead only to states 2 and 5 in one step, and vice versa. So if X, =1,
then after an even number of steps you must be in state 1, 3 or 4 and after an
odd number of steps you must be in state 2 or 5. We have

n dr(y) = 2w if it is possible to get from 1 to
P(1y) :{ (y) ; (v) iitisp 8 v

Therefore, the answer is

oolw

N
—
I
~—
00 [0 | =

Pr(1,1) =2 P(1,1) =0
P(1,2) =0 P(1,2) =2
neven ={ P7(1,3)=2r(3) = nodd =<{ P"(1,3)=0
Pr(1,4) = 2r(4) = Pr(1,4) =0
P"(1,5) =0 P(1,5) =2

. Use the usual methods for birth-death chains: set

PoPiP2 " * Pu—2Pa—1 _ ClCPC " (c>1+2+"+$ (C>§$(5‘”+1)
T, = = - _ (=

: q192 * * " 4z—19x B A d?d3 - - - d* n g d

where the last equality follows from the triangular series formula. Now the
chain is positive recurrent if and only if

[e.9]
Z e < OO.
=0

We have

0 o0 c %x(m—&—l)

which diverges if ¢ > d (by the n'" term test, because the individual terms

being added do not go to zero) and converges if ¢ < d (by the Comparison
Test, because in this case (g) 20+ < (g)w for large x, and Y (g)z converges

when ¢ < d). Thus {X,} is positive recurrent if and only if ¢ < d.

. We can show the chain is positive recurrent and find 7(0) = m%) in either of
two ways:
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Method # 1: We compute the mean return time to state 0. Note that 0 returns
to itself for the first time on the n'" step if and only if 0 goes anywhere (prob-
ability 1), then around a loop with probability 2 n — 2 times, then back to 0
(on an arrow with probability i). So

Therefore
[e%e) o0 3 n—2 1
n=1 n=2
1/3\ 2 3\"

=23 =(3)
_1(3)‘2 34 3
4 \4 (1—-3/4)2 4
_1.163 4
409 4 4
=5.

Since my = 5 < oo, 0 is positive recurrent so since {X,} is irreducible, { X;} is

positive recurrent and 7(0) = = = 1.

mo 5

Method # 2: Define a factor {Z,} of this Markov chain by defining Z; = 0 if
X; = 0and Z; = 1 otherwise. Then {Z,;} is a Markov chain with transition

matrix
01
4 4

since {Z,} is irreducible and has finite state space, {Z,} is positive recurrent.
Thus 0 has finite mean return time in {Z, }, and since 0 wasn’t grouped when
defining {Z,}, 0 has finite mean return time in { X, }, so 0 is positive recurrent
in {X,}. By irreducibility, this means { X} is positive recurrent.

Furthermore, the stationary distribution 7, of {Z;} can be found by setting

4

mzP = 7z and solving to obtain 7z = (%, 5). But since 0 wasn’t grouped

when defining {Z,}, 7,(0) = 7(0) = ; and mo = _; = 5 in {X,}.

Finally, we find the mean return time to state 2015. By the stationarity equa-

78



3.6. Spring 2015 Exam 2

tion,
7(2015) = Z 7(x)P(z,2015)
=0
m(2015) = 7(0)P(0,2015) + 7(2015) P(2015, 2015)
1 1 2 2015
2015) = — |= | = 2015)-
r(2015) = — [2 (3> ]ﬂ( 015)
1 1 1 2 2015
-m(2015) === - [ =
;2015) =25 (3)
1 1 2 2015 2 2 2015
2015)=4-—--—- - = ==
m(2015) 5 92 (3) 5 (3)
2015
Therefore moqg 5 = W(Qém) =3 (%)
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3.7 Spring 2015 Exam 3

1. Let {X;} be a CTMC with state space {1,2, 3,4} and infinitesimal matrix

-2 1 0 1
3 =5 1 1
@= 1 0 -1 0
1 1 1 =3

a) (3.4) Find the stationary distribution of this CTMC.

b) (3.2) Use linearization (a.k.a. tangent line approximation) to estimate
Pu(.02).

¢) (3.4) Find the mean return time to state 1.

d) (3.2) Suppose you start in state 2. What is the expected amount of time
you would stay in state 2 before jumping?

e) (3.2) Suppose you start in state 2. What is the probability that when you
jump for the first time, your first jump is to state 1?

f) (3.4) For what total length of time in the time interval [0, 6800] would
you expect to spend in state 4?

2. Let {X,} be a CTMC with state space {1, 2,3} and transition matrix

3, 3 8t —at 3 3-8 7 , 3 -8 _ 5 —dt
s +1g¢ + Ke 8 — 8° 6 T 16 g€

_ 3 5 -8 , 1 —a 7 5 -8t _at
P(t) = 6T 16¢ T g€ h(t) 6~ 166 tLe

3 , 3 -8 3.4t 3 _ 3 -8 7 , 3 -8 , 3 —dt
16 T 16€ g€ 8 — g€ 16t 166 t3¢

where K and L are constants and A(t) is an unknown function.
a) (3.2) Find K, L and h(t).
b) (3.2) Find P(X, = 2| X, = 3).
¢) (3.3) Find the holding rate of state 3.
d) (3.4) Find the stationary distribution of this CTMC.

3. Let {X;} be a birth-death CTMC with state space S = {0, 1, 2, 3, ...} with birth
rates given by A\, = Az for all € § and death rates given by i, = p for all
xeS.

a) (3.5) Write the forward equation of this process.
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b) (3.5) Determine whether such a birth-death CTMC is “always transient”,
“always recurrent”, or whether it could be “sometimes transient and
sometimes recurrent” (depending on what A and p are). Justify your
answer.

4. Let {W;} be standard, one-dimensional Brownian motion.

a) (4.2) Find P(W; < 2).

b) (4.2) Find P(Wg = W3).

c) (4.1,4.7) Find Cov(W35, Wr).

d) (4.2) Find P(W; > —4 for all t < 16).

e) (4.4) Let X; = 3Wy,. Prove {X;} is a Brownian motion; what is its pa-
rameter?
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Solutions

1. a) Letw = (a,b,c,d) be the stationary distribution. Write 7() = 0 to get the
system of equations

—2a+3b+c+d=0

a—5+d=0
b—c+d=0
at+b—3d=0

From the third equation, we have ¢ = b + d. Plugging this into the
tirst equation, we get —2a + 40 + 2d = 0, i.e. a = 2b + d. Plugging
this into the fourth equation, we get 3b — 2d = 0, i.e. d = 2b. Thus
a=2b+d=2b+3b=7Ibandc=>b+d=3b.

Last, sincea+b+c+d=1wesee Ib+b+ 3b+32b=1ie Tb=1,1ie.

_ 2 _ (7 2 5 3
b= 1%. Therefore 7 = (17, 17 17 17).

¢) We have ¢i = —¢i1 = 2 and from part (a), 7(1) = {7 = - = 5.
Therefore ¢; = § - 1 = 17,

d) E(W,) = (Effp( 2)) = E(Exp(—g2)) = E(Exp(5)) = 3.

e) Thisis my = &4 = 22— = 2.

f) By the ergodic theorem, this is 63007 (4) = 6800 = 1200.

2. a) Since Pj;(0) =1, wehavel =2 + 2 + K,ie K = 2.
Since Py3(0) = 0, we have 0 = £ — % +L,ie L=
Since the rows of P(t) add to 1, h(t) = 1 — Py (t) — Py(t) = 2 + 378t

b) P(X4:2|X2:3):P32(4—2):P32(2):%—%(3716

Q) g5 = —s3 = —Pj(0) = — [Ze 5O - 21O = _[F 3] =3,

)

3. a) In general, the forward equation is P, (t) =X P,.(t)q.y. In this situa-
z€S

[NV

d) Using the fact that (y) =lim P,,(t), we see that 7 = (13—6 2 3

m“'

tion, all the ¢.,, are zero except for g,, whichis ¢,, = —¢, = —(\, + 1)) =
~(A\y+p); g1y = Ay = AMy—1);and gy41,4 = py 1 = p1. So the forward
equation reduces to

Pﬂg,y(t) =AMy — 1)Px,y71(t) — Ay + ,U)Px,y@) + Py (t).
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b) We compute

zeS zeS
o MI
a = Azl
= (4)
= A= et < oo
z!
x=0

Since this series converges no matter what A and p are, the birth-death
CTMC is always transient by a theorem from Section 4.5.

a) Wi is n(0,5) so P(W5 < 2) = P(n(0,5) < 2) = P(n(0,1) < %) =
2

2 (%):

b) P(Wg = Wj3) = P(Ws — W3 = 0) = 0since Wg — Wj is the continuous r.v.
n(0,5).

c) Cov(W3, Wy) =rw(3,7) = 0?min(3,7) =1-3 = 3.

d) P(W, > —4forallt < 16) = P(W, < 4forallt < 16) = P(T, > 10) =
1—-P(Ty <16) =1-— [2 -2 (14%)} = 2®(1) — 1. The second-to-last
equality in the preceding argument comes from the Reflection Principle.

e) We know that {I;} is Gaussian, and since {X;} has the form X, =
f(t) X4, {X:} is also Gaussian by a result from class. Now we com-
pute the mean and covariance functions of {X,}:

px(t) = B[X)] = E[3Wy] = 3E[Wy] = 3w (4t) = 3(0) = 0

rx(s,t) = Cov(Xs, Xi) = Cov(3Was, 3Wy) = 9y (4s, 4t)
= 9min(4s, 4t)
=9 -4 min(s,1)
= 36 min(s, t)

so by uniqueness of mean and covariance functions for Gaussian pro-
cesses, {X;} is a Brownian motion with parameter o2 = 36.

83



3.8. Spring 2016 Exam 1

3.8 Spring 2016 Exam 1

1. Mike and Tom are equally talented ping-pong players (when they play against
each other, they are each 50% likely to win each point they play). They decide
to play until one of the players has won six more points than the other; that
player will be declared the “winner” of their match.

a) (2.5) What is the probability that Mike wins the match?

b) (2.5) How many points should they expect to play before the match is
over?

) (2.5) Suppose that of their first eight points, each player wins four. How
many more points should they expect to play before the match is over?

d) (2.5) If Mike wins two of the first three points, what is the probability
that Mike goes on to win the match?

e) (2.5) Suppose a third player, Ralph, shows up; Ralph is three times as
good a player as either Mike or Tom. If he plays a match against Mike
with the same rules (first to be ahead by six wins), what is the probability
that Mike wins that match?

2. Let { X} be a Markov chain with state space S = {1,2,3,4,5} and transition
matrix
0 1/6 1/3 1/3 1/6
0 1 0 0 0
P=|1/3 1/2 1/12 1/12 0
0 0 0 3/5 2/5
0 0 0 7/10 3/10

a) (1.7) Classify the states of this Markov chain as recurrent or transient.

c) (1.7) Find fs34, f32, fa3, f33 and fy5.

d) (1.3) If the distribution at time 2 is (4,0, 1, 3, 0), find the distribution at
time 3.

3. The winter weather on any given in Big Rapids is one of three states: cold,
colder and coldest. Suppose that if it is “cold” on a given day, then it is 20%
likely to be “cold” on the next day and 60% likely to be “colder” on the next
day, and 20% likely to be “coldest” on the next day. If it is “colder” on a
given day, then it is 40% likely to be “cold” on the next day and 60% likely to
be “coldest” on the next day. If it is “coldest” on a given day, then it is not
coldest on the next day-it is equally likely to be “cold” or “colder” on the
next day.
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a) (1.3) If it is “cold” for four days in a row, what is the probability that it
is “colder” on the fifth day?

b) (1.3) If it is “cold” today, what is the probability that it is “colder” two
days from now?

c) (1.3) If it is “colder” on days 1 and 3, what is the probability that it is
“cold” on day 2?

Solutions

1. a) Let X; be the number of games Mike is ahead after the tth game; this
makes {X;} an unbiased random walk with p = ¢ = 3. Then Mike wins
if Tg < T ¢, SO

0—(—6) 1
Py(Tg <Tg)=——""F=—.
oo <T-6) = 5126y = 3

b) Let T = Ty _¢. Then BT = (=0—a) _ -00-(6) _ 34

pt+q 5+3

c) If each player wins the first four points, then X, = 0. But starting from

this point is the same as starting from the beginning (by the Markov
property). So the answer here is the same as (b), i.e. 36.

d) If Mike wins two of the first three points, then at that point X; = 1. So
from this point, the probability Mike wins is

1
PI(TG <T_6) :67:7

e) Let Y; be number of games Mike is ahead after the tth game; this makes

{X:} a biased random walk with p} and ¢ = 3. Mike wins if 75 < T,

N - s
) - 3036 1-3°
Po(Ts < T-6) = (I;)b B (Z)a - 36 _ 3-6 - 36 _ 3-6°

p p

2. a) First, sketch a directed graph; this will show you that {2} and {4,5}
are the only communicating classes of this Markov chain. Elements of
these finite communicating classes must be recurrent, and elements not
in a communicating class must be transient; therefore Sp = {2,4,5} and
Sr={1,3}.

b) If you start at 5 and hit 4 for the first time on the sixth step, then your
tirst six steps mustbe 5 -5 — 5 — 5 — 5 — 5 — 4. Thus

Ps(T, = 6) = P(5,5)°P(5,4) = (130>5 (170> :
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c) e f;5=1since 4 and 5 are members of the same recurrent communi-
cating class.
e fi3 = 0since 4 is recurrent and 3 is transient.
e To find f35, use a system of equations:

f32 = %fl,Q + %f2,2 + %f&z + T12f4,2 = lf1,2 + % + T12f3,2
fro=cfoe+35fa2+ 5 io+ /50 + 352

Multiply through the top equation by 12 and the bottom equation
by 6 to clear the fractions; then solve these two equations together
to get f1» = 2 and (more importantly) f5, = 2.

° f34—1—f32—1—*—%-

e From considering the directed graph, if you start at 3, the only way
to come back to 3 is to either return immediately (3 — 3) ortogo 3 —
1 — 3. Otherwise you enter one of the recurrent communicating
classes. Therefore

1
f33—P3T3<OO ZP3 = —+

1 1_1+1 7
12 3 3 12 9 36

d) Let Ty =
which is

0, ,O) ; the distribution at time 3 is therefore 73 = mP

N =

1 1
40 4

_ p_<11597 29)
T3 =T\ 19067 487 2407 120

3. First, set up a transition matrix for the Markov chain: let the rows and columns
correspond, respectively to “cold”, “colder” and “coldest”:

P =

IS I )
o O o

2
.6
0
a) This is

P<X5:2|X1:X2:X3:X4:1):P<X5:2|X4:1>
(by the Markov property)
= P(1,2) = 6.

b) Thisis P(X; =2| X, =1) = P?(1,2). The (1,2) entry of matrix P? is

(:2)(.6) + (.6)(0) + (:2)(.5) = .12+ .1 = .22.
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¢) Thisis

P<X2:1’X1:X3:2):

P(X;1=2Xs=1,X;=2)

P(X; =2, X3 =2)

_ m(2)P21)P(1,2)

m1(2)P?%(2,2)

P(2,1)P(1,2)

P2%(2,2)

(.4)(.6) 24 4
(4)(6)+ (6)(5) B4 9
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3.9 Spring 2016 Exam 2

1. Let {X;} be the Markov chain with state space {1,2,3,4,5,6} whose transi-
tion matrix is

0 0 4 6 0 O
0 0 8 .2 0 0
0 00 0 5 .5
0 00 0 5 .5
1 0 0 0 0 O
S5 5 0 0 0 0

a) (1.5) Find all stationary distributions of this Markov chain. If there are
no stationary distributions, explain why no stationary distribution ex-
ists.

b) (1.10) Find all steady-state distributions of this Markov chain. If there
are no steady-state distributions, explain why no steady-state distribu-
tion exists.

¢) (1.8) How many times in the first 2000 steps would you expect to be in
state 4?

d) (1.10) Find the Cesaro limit of P"(3, 3).
e) (1.10) Estimate P3%(3,5).
f) (1.10) Estimate P1%0(3, 5).

2. Here is a picture of a pyramid with a square base:

Let {X;} be a Markov chain described as follows: the states of the Markov
chain are the vertices (corners) of the pyramid; to transition from one state to
another, you uniformly choose an edge leaving your current state and travel
along that edge to the vertex where it ends. That vertex is your next state.

a) (1.10) Suppose you start in the lower left-hand corner of the base, at the
point marked A in the picture above. How many steps, on the average,
should you expect it to take you to return to A for the first time?
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b) (1.10) Suppose you constructed the same type of Markov chain, but with
a pyramid that has a base which is a polygon with n sides (in part (a),
n was 4 since a square has 4 sides). For this Markov chain, answer the
same question as was posed part (a).

3. Let {X;} be a Markov chain with state space {0,1,2,...} whose transition
function is

Yy .
%(%) ifx =0
3 ifr>0and y = 2z
P(x,y) = 3 ifr>0andy = 4z
3 ifr>0andy =0
0 else

a) (1.10) Let 7 be the stationary distribution of this Markov chain. Find
7(0) and 7(4).
b) (1.10) Estimate P"(7,0) for n large.

¢) (1.10) Find the mean return time to state 99.

4. (1.10) Let { X, } be a Markov chain with state space {0, 1,2, ...} whose transi-
tion function is

c o
W lfx—()
P(z,y) = 1 ifr>0andy=x2—-1
0 ifr>0andy #z—1

where C'is a constant which makes the transition probabilities from state 0
add up to 1 (if you really care, C = 5, but you can just call it C' throughout
this problem). Determine (with appropriate justification) whether {X;} is
positive recurrent, null recurrent or transient.
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Solutions

1. a) Write 7 = (a,b,¢,d, e, f) and set 7P = w. This gives the equations

a=e+ .5f
b= 5f
c=.4a+ .8b
d = .6a+ .2b
e =.5c+ .5d
f = .5c+ .5d

Adding the first two equations together, we get a + b = e + f; adding
the third and fourth equations together we get c + d = a + b; that means

a+0b,c+dand e+ f are all equal; since all six numbers add to 1 that

means

1
a+b:c+d:e+f:§.

Furthermore, from the last two equations e = f ,50 e and f must both
be ;. Substituting into the first two equations, we geta = 1 and b = .
Using the third and fourth equations to solve for ¢, we get

1 1 1111
" (4’12’6’6’6’6)’
b) Since {X,} has period 3, it has no steady-state distribution.
¢) This is 20007 (4) = 252.
d) Thisis 7(3) = .
e) P3(3,5) = 0 since you can only get from 3 to 5 in n steps if n = 1
mod 3.

f) Since 400 mod 3 =1, P*(3,5) ~ d-7(5) = 3; = 3.

2. a) Let the states of the Markov chain be {1,2,3,4,5} where 5 is the top.
Let 7 = (a,b,c,d, e) be the stationary distribution; by symmetry, all the
points on the bottom are the same so 7 = (a, a,a, a,e). Thus 4a +e = 1.
Now, by the stationarity equation with y = 5, we have

(5) = Zsﬂ(x)P(:pﬁ)
e =aP(1,5) +aP(2,5) 4+ aP(3,5) + aP(4,5) + eP(5,5)

—ar +as +as +ax +e0
6—@3 CL3 CL3 CLS (&

4
e = —a.

3
Since e = %a and 4a + e = 1, we have (4 + %) a=1,ie a= %. Thus the
mean return time to any state other than 5 (such as A) is % = ?.
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b) This time, the stationary distribution would be of the form 7 = (a, a, q, ..., a, b)
where na + b = 1. By the stationarity equation with y =the top, we have

m(top) = > _ w(z)P(z, top)

zeS$S

b=aP(1,5)+aP(2,5) + ... + aP(n, top) + bP(top, top)

b= 1+ 1+ + 1—1—60
—a3 a3 a3
n
b= —a.
3a
Sincena+b:1andb:%a,wehave(n—l—%)azlsoa:%.Thusthe

mean return time to any corner point other than the top is 4.

a) Define a factor {Z;} by setting Z, = 0 if X; = 0 and setting Z; = 1 if
X # 0. This makes {Z;} a Markov chain with transition matrix

e (38 48)

272
5 in {X,} since 0 was ungrouped when constructing {Z,}.

since this matrix is doubly stochastic we have P, = (1 l). Thus 7(0) =

By the stationarity equation (in {X,} with y = 1 we get

(1) = Y w(x)P(z,1) = 7(0) P(0,1) = ; | 3 -3
Repeating this with y = 2, we get
1 2 1 1 )
“%:gﬁ@W@@ZW@P@%+ﬂUHL%=§5?W;§:§

Last, with y = 4 we get

1 2+1 y+5 1
38 9 3 81 3
16
243"

b) Since the chain is aperiodic (you can get from 0 to itself in 1 step), P"(7,0) ~
1

7(0) = = for n large.

6
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c) By the stationarity equation with y = 99,

7(99) = 3 w(x) P(x,99) = 7(0)P(0,99) =

x

Wl

2 71\ 2
HEMRE

That means the mean return time to 99 is [7(99)] ! = 1(3'%").

4. Notice that 0 returns to itself for the first time on the n'" step precisely when
the first step from 0 is to step n — 1. So

C

n?’

Py(Ty =n)=P(0,n—1) =

Therefore
C
n2

fozio:Po(To:n)Zij:1

n=1

= iP(O,n)zl

so 0 is recurrent. At the same time,

mo = Eo(To) = i nBy(To =n) = i ¢

n=1 n=1 n

which diverges (since it is a harmonic series). Therefore m, = oo so 0 is not
positive recurrent. Since 0 is neither transient nor positive recurrent, it is null
recurrent. Since the chain is irreducible (you can get from any z to any y by
gongr v —-1—2—-2—---—=1—=0— y), the whole chain must be null
recurrent.
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3.10 Spring 2016 Exam 3

1. Let {X,} be the CTMC with state space {1, 2, 3} whose time ¢ transition matrix
is

18 + 2475 — 4278t 17 + 677 4 27e7 8 15 — 30e 5 + 15¢ 8
18 — 3277 + 14~ f(t) 15 + 40e=% — e~

P(t) = —

18 +4e 5 + 2878 17+ e 5 — 188 15 — He ™ — 10e~ 8
" 50

and whose infinitesimal matrix is

L[ 244 139 105
Q=5 | 216 246 30
48 112 —160

a) (3.2) Suppose you weren't told what () was. Write down the formula
which you would use to compute () from P(t).

b) (3.2) Find f ().

¢) (3.4) Find the stationary distribution of {X;}.
d) (3.2) Find the holding rate of state 1.

e) (3.4) Find the mean return time to state 1.

f) (3.2) Suppose that you start in state 2.

i. Find the probability that after 4 units of time, you are in state 3.

ii. Find the probability that you stay in state 2 for at least 10 units of
time before you jump for the first time.

iii. Find the probability that when you jump for the first time, you jump
to state 1.

2. (2.6) Let { X;} be a discrete-time birth-death chain with state space {0, 1,2, ...}
such that po = 1, and forall x > 1,

1 1
= and ¢, = )
b ve+1 a v+ 2

Classify this chain as recurrent or transient, justifying your reasoning.

3. Suppose that the price X, of a stock at time ¢ (in days) is modeled by a Brow-
nian motion with drift, whose parameters are y = 3 and o? = 8. Suppose
further that you have rescaled the problem so that the current price of the
stock is 0.

a) (4.1) Find the probability that 9 days from now, the stock price is at most
22.

93



3.10. Spring 2016 Exam 3

b) (4.1) Find the probability that the price of the stock is greater 20 days
from now than it will be 10 days from now.

¢) (4.1) Find the mean of the stock price 6 days from now.
d) (4.1) Find the variance of the stock price 6 days from now.

e) (4.1, 4.4) Find the covariance between the price of the stock at time 4 and
the price of the stock at time 5.

f) (4.1) What is the probability that the price of the stock hits 25 before it
hits 18?

4. Let {W;} be a standard, 2-dimensional Brownian motion, starting at the point
(4,-3).

a) (4.7) Find the probability that W, hits the circle 2% + y? = 1 before it hits
the circle 22 + y? = 49?

b) (4.7) What is the probability that WW; hits the z-axis at some time ¢ > 0?
Explain your answer.

c) (4.7) What is the probability that W, hits the origin at some time ¢ > 0?
Explain your answer.
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Solutions
1. a) Q= P(0).

b) The third row must sum to 1, so

f(t) =50 —[18 — 32¢™" + 14e™¥] — [15 — 30e ™" + 15¢ ]
= 17— 8¢~ — 9~

¢) Since the stationary distribution 7 is always steady-state in a CTMC, we
know that for each state y, 7(y) = Jim P,,(t) so

B (18 17 15>
-~ \50°50"50/ "

d) The holding rateis ¢; = —q11 = 4.

e) We have (1) = 1; from parts (c) and (d) we have §§ = 2 = 50
50
50-50 __ 625

18244 — 1098°
f) Suppose that you start in state 2.

i. This is Py(4) = & (15 — 30e™2° + 15¢ 7).

ii. The waiting t1me at state 2is Wy ~ Exp(q2) = Exp(—g¢e2) = Exp(246/50),
so this probability is P(Exp(246/50) > 10) = e~2460/50 = ¢=246/5,

216/50 __ 36
246/50 — 41°

SO my, =

iii. Thisis 7y = ‘D; =

2. Following the language in the notes, define

[y
[y
—_

S U U B
@Gy yF2 Sy Sy VE VA VB e V2
Ty = S S S S B U S I )
PPyt DL T VIR VR VB VY
Now Y
2
Zv Z Y fz
] =y

which diverges (since it is a p-series with p = % < 1). Therefore by the the-
orem on recurrence/transience of birth-death chains, this Markov chain is
recurrent.

3. a) Xg= Xg— 0= Xg— Xjis normal with mean 3(9 — 0) = 27 and variance

8(9—0) = 72. So P(Xy < 22) = P(n(27,72) < 22) = ® (23—7%7) — P (J%)

b) Xy — Xjo is normal with mean 3(20 — 10) = 30 and variance 8(20 —10) =

80. 50 P(Xa0 — X190 > 0) = P(n(30,80) > 0) = 1 — & (52) = ¢ (22).

¢) X=X — 0= Xg— Xpisnormal with mean 3(6 — 0) = 18.
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d)
e)

f)

b)

Xg = X — 0= X — Xy is normal with variance 8(6 — 0) = 48.
By definition, X; = W, + ut where {W,} is a BM with 0? = 8. Therefore

Cov(Xy, X5) = Cov(Wy + 4p, Wy + 5p)
= Cov(Wy, Ws) + Cov(4p, Ws) + Cov(Wy, 5u) + Cov(4p, 5)
=o’min(4,5) +0+0+0
=8-4=32.

In this computation, we use the property that the covariance of any con-
stant with any other random variable is zero (because constants are in-
dependent of any other r.v.s).

This is 0 (Brownian paths are continuous with probability one, and you
can’t get from 0 to 25 without first passing 18 by the Intermediate Value
Theorem.)

If the problem had a —18 instead of an 18, the solution would be

1 —exp (772%25))

exp (—2;;(25)) —exp (—2u;2—18))
1 —exp (_775)
()= (3)

Py(Tys < T718) =

Let x = (4,-3); we see that ||x|| = /424 (=3)? = 5. We want the
probability that given that you start at a vector of magnitude 5, you hit
a circle of radius R, = 1 before you hit a circle of radius R, = 7. That
probability is

In5—-1In1 Inb

P(Tr, < Try) = 1= m7—Inl = In7

The y-coordinate of {WW;} is a standard, 1-dimensional BM. By recur-
rence and irreducibility, this one-dimensional BM hits every possible
value with probability 1, so this probability is 1.

The z- and y-coordinates of {IV;} are independent, continuous r.v.s. The
probability that they take the same value at the same time is therefore 0
(because the probability that any two independent continuous r.v.s take
the same value is always zero).
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Chapter 4

Exams from 2017 to present

4.1 Spring 2017 Exam 1

1. The daily price of a share of McClendonCorp stock is modeled by a simple
random walk, where each day, the stock price increases by $1 with probabil-
ity £ and decreases by $1 with probability 2.

a) (2.5) Suppose you buy a share of this stock for $12, planning to sell
whenever the share hits a value of either $15 or $10. What is the proba-
bility that when you sell, your share is worth $15?

b) (2.5) Suppose you buy a share of this stock for $8. What is the probability
that this share is eventually worthless?

. Two computers, Hydra and Fritz, play a series of chess games against each
other, until one of them has won four more games than the other, at which
time that computer is crowned the “champion”. The computers are equally
good, so they both win 15% of the time (i.e. most of the time, they play to a
draw).

a) (2.5) How many games should they expect to play before a champion is
crowned?

b) (2.5) Suppose that in the first ten games, Hydra wins twice, Fritz wins
once and there are seven draws. Given this, what is the probability that
Hydra ends up being the champion?

c) (2.5) Suppose that in the first ten games, Hydra wins twice, Fritz wins
once and there are seven draws. Given this, how many more games
would you expect it would take to crown a champion?
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3. Let {X;} be a Markov chain with state space S = {1,2,3,4} and transition

matrix
1 0 0 0

0 1 0 0
1/4 1/4 1/8 3/8
0 1/4 1/2 1/4

P =

a) (1.7) Classify the states of this Markov chain as recurrent or transient.
b) (1.3) Find P(X5 = 3| X4 = 4).
) (L3)Find P(X5 = 3| Xy = 4, X3 = 3, X, = 4).
d) (1.3) If the distribution at time O is (1, 1,0, 1), find the distribution at time
2.
e) (1.6) Find Py(T5 = 7).
f) (1.6) Find fi1, fi12, fa1, fa2 and fu 3.
4. (2.6) Let { X, } be an irreducible birth-death chain with state space {0, 1,2, 3, ...}

such that py = 1 and such that for all z > 1, p, = ;- and ¢, = 5-. Classify this
chain as recurrent or transient, justifying your reasoning.

98



4.1. Spring 2017 Exam 1

Solutions

1. Let X, be the price of the share after ¢ days. {X;} is a simple random walk

withp =32 and ¢ = 2.

a) Use the escape probabilities for a biased random walk: Pio(75 < T10) =
17(%)12710 B 1_(%)2 B g 135

EOMSIEEO I
b) Since the walk is positively biased, by the Gambler’s Ruin theorem,
80 8
PS(TO < OO) = f&Q = (%) = (%) .
2. Let X be the number of games Hydra is ahead after ¢ total games; this makes
{X:} a simple random walk with p = ¢ = .15 (so the walk is unbiased). Let
T=T,_4,s0thata =—4and b = 4.

a) We assume X, = = = 0 and compute, using the formula coming from

’ ; _ (z=a)(b—z) _ (4=0)(0—(-4)) _ 16 __ 160
Wald’s Second Identity, E7T" = e =R =3 =4

b) Use escape probabilities: P (Ty < T_,) = j;g:jg =2,

c) We assume X, = = = 1 and compute, using the formula coming from

’ : _ (z=a)(b—z) _ (4-1)(1—(=4)) _ 15 _
Wald’s Second Identity, ET" = e = s =3 = 50.

3. a) States 1 and 2 are absorbing, hence recurrent. 3 and 4 both lead to 1, but
1 does not lead back to either 3 or 4, so 3 and 4 are transient.
b) This is P(4,3) = 1.
¢) By the Markov property, this is P(X; = 3| Xy =4) = P(4,3) = 3.

d) Let 7y = (i, 1,0, %) Then the distribution at time 2 is my = 7P? =
5 15 3 1
(@ 32 32 é)'
e) Suppose X, = 4. To hit 3 for the first time on the seventh step, you must
have gone around the loop at state 4 six times, then go to step 3. Thus
PATy = 7) = P(4,4)°P(4,3) = ()" !

5-
f) fia1 = 1since 1 is recurrent.

f12 = 0since 1 and 2 belong to different communicating classes.

To find f4,1, use methods for absorption probabilities to obtain the sys-

tem
fa1 = i + %fiﬂ,l + %f4,1
faq = %f3,1 + if4,1

which has solution f3; = % and more importantly, f,; = 4

T5 .

Since there are only finitely many transient states, f4 1+ f12 = 150 fi2 =
11

15°
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Last, compute f; 3 directly using the definition. Observe that by repeat-
l)TL—l 1

ing the reasoning of part (e) of this question,P;(75 = n) = ( I 5

Thus
> > /1\" 11 1 /71" 1 1 2
fu=2hl=m=2{3) 3-32\3 2 1-1 3
4. First, foreachy > 1,
1 1 1 1
_QyQy—l"'q2q1_@'8(y71)"'ﬁ'§_8%m_4y_ 1\¥
Ty = T oL 111 T 1T g \9) -
pypyfl P2pP1 1y " A(y-1) R4 vyl

1

Now >, v, = 2, (2
1), so {X;} is transient by the theorem governing recurrence and transience

for birth-death chains.

Y ap s . . . .
) converges (it is a geometric series with common ratio
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4.2 Spring 2017 Exam 2

1. Consider a Markov chain { X} with state space {1, 2, 3} and transition matrix

p( )

a) (1.5) Compute the stationary distribution of this Markov chain.

QO |00 [ 1N
wWi— O Wl
wiFwin O

b) (1.8) Find the mean return time to state 3.

¢) (1.8) Suppose you start in state 1. Find the expected amount of steps it
would take for you to return to state 1 for the eighth time.

d) (1.8) Suppose you start in state 2. Find the expected number of visits to
state 1 in the first 1000 units of time.

2,8, 1%) Estimate the time

e) (1.10) Suppose the initial distribution is (
1000000 distribution.

f) (1.10) Estimate P"(2, 1) for large n.

2. Dysfunctional family members Al, Bal, Cal and Dal continue to have trouble
passing the salt around the dinner table. Assume:

e Al only passes the salt to Bal;

e Bal only passes the salt to Cal or Al, and passes to them with equal
probability;

e Cal only passes the salt to Dal or Bal, and is three times as likely to pass
the salt to Dal as he is to Bal;

e Dal only passes the salt to Cal or Al, and is three times as likely to pass
the salt to Cal as he is to Al

a) (1.10) Suppose Al has the salt now. Find the probability that Cal has the
salt after 50000 passes.

b) (1.10) Suppose Bal has the salt now. Find the probability that Cal has the
salt after 50000 passes.

3. (1.10) Let {X;} be a Markov chain with state space S = {0,1,2,3,...} and
transition function

w% ifx =0
ifr>0andy=x+1
ifr>0andy =0
else

P(%,y) =

O =W

Find the mean return time to state 2.
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4. Suppose that { X;} is a birth-death chain with state space {0, 1,2, 3, ...} where

po=1landforallz > 1,p, = ¢. = —15.
a) (2.6) Show that this chain has no stationary distributions.

b) (Bonus) (2.6) Determine, with justification, whether the chain is positive
recurrent, null recurrent, or transient.

Solutions

1.

2.

a) Let the stationary distribution be © = (a, b, ¢); set m = 7P to get

From the third equation, b = c¢. Substituting into the second equation,
we get a = 20 so from the last equation, we have 2b+b+b=1,ie. b = i.
Thus 7 = (%, 5 i)

Q) Thisis8m1:8-ﬁ:8-2:16.

d) By the ergodic theorem, this is E5(V} 1000) =~ 1000 - 7(1) = 500.

e) Since the period of this irreducible, positive recurrent Markov chain is

1, the stationary distribution is steady-state, s0 m1000000 & ™ = (l L l).

27474
fy Pr(2,1) = 7(l) =1

5 .
To get started, write the transition matrix for this Markov chain (let the state
space be {A, B,C, D}):

01 0 0
L9 1 9
pP—=1 2 2
0304
10370

Writing 7 = (a, b, ¢, d) and solving 7P = 7 to find the stationary distribution

by methods similar to Problem 1, we obtain 7 = ( =, o, 1o %)

Next, by looking at the directed graph of the Markov chain, we can see that
the period of this chain is d = 2, and that the states alternate as follows:
{A,C} « {B,D}.

a) It is possible for Al to pass the salt to Cal in an even number of passes,

so we have PP%(A C)~d-m(C) =2 = &.
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b) Bal can only pass the salt to Cal in an odd number of passes, P*"(B, C) =
0.

3. Define a factor {Z,;} of this Markov chain as follows: let Z; = 0 if X; = 0 and
let Z, = 1if X; # 0. This makes {Z;} a Markov chain with transition matrix

P=(11)

The stationary distribution of {Z;} (found by the same method as in Problem
1)is7, = (%, %) That means the stationary distribution 7 of {X,} satisifes

L
W QO [

7(0) = 5 (since 0 was ungrouped when constructing the factor {Z,}.

By the stationarity equation, we know that for any state y, 7(y) = >, 7(x)P(x, y).
Substituting in y = 1 and observing that P(z, 1) = 0 unless x = 0, this means
m(1) = m(0)P(0,1) = -1 = 55. Now plug in y = 2 to the stationarity equation
and observe that P(z,2) = 0 unless y = 0 or 1. So we obtain

m(2) => w(z)P(z,2)

T

=m(0)P(0,2) +7(1)P(1,2)

1 1+1 3

3 8 12 4

_1+1

24 16

_5

48
Finally, my = ﬁ =%,

4. a) We will apply Theorem 3.7 (which tells you when a birth-death chain
has a stationary distribution). First, compute (,:

1 1 1 1
PPy liststy o () ]
Gy = T, T T.I.. LT -1~ g ~utl
192" - 4y 273y (y+1)! Yy

Now >, ¢, = >, (y+1) = 14+2+3+4+ ... = o0, so the birth-death chain
has no stationary distributions.

b) From part (a), we know the chain cannot be positive recurrent (other-
wise, it would have a stationary distribution). To classify it as recurrent
or transient, go back to the method of Chapter 2, and compute ~,:

L. 1.1 I —
Q14243 -"qy 2 "3 4 (y+r!
v = = T1.1.1 =1L
P1P2pP3 -+ - Dy 3
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Now >, v = >,1 =1+1+1+1+ .. = oo, so by the theorem on
recurrence/ transience of birth-death chains from Chapter 2, { X} is re-
current.

Since the chain is recurrent but not positive recurrent, it must be null
recurrent.

4.3 Spring 2017 Exam 3

1. Consider a CTMC {X,} with state space {1, 2,3} and transition function

2% 1 - 5 8 , 1.— 5 — 2 o _
B Y A B O A Rt

PO=\p i w et L)
257, 7 —or 11 7w & F.o—ot , 11 -7t 2 . 7.-9
63 T 1s€ 14€ o1 — € T 14€ 9 T g€

a) (3.2) Find ¢(t).
b) (3.2) Find P(X, = 2| Xy = 2).
¢) (3.2) Find P(X; =2forallt < 4| X, = 2).
d) 32)Find P(X1p=3|Xs=1,X5=2,X; =1).
e) (3.2) Find the jump probability 7 ;.
2. Dysfunctional family members Al, Bal, Cal, Dal and Eal still have problems
passing the salt at the dinner table. Assume that, by letting X be the person

who has the salt at time ¢, we can model {X;} by a CTMC with state space
{A, B,C, D, E} and infinitesimal matrix

—4 3 0 0 1

4 -8 4 0 0
Q=0 1 -4 2 1
0 0 -3 2

1
o o0 0 1 -1

a) (3.4) Find the stationary distribution of this CTMC.

b) (3.2) Suppose that Cal has the salt now. What is the probability that the
salt gets passed before time 8?

¢) (3.2) Suppose that Cal has the salt now. What is the probability that
when Cal passes the salt, he passes to Al?

d) (3.2) Suppose that Cal has the salt now. What is the probability that
when Cal passes the salt, he passes to Dal?
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e) (3.4) Suppose that Cal has the salt now. How long would you expect it
to take for the salt to be passed back to Cal?

f) (3.4) Suppose that Cal has the salt now. What is the expected total length
of time Cal should have the salt in the next 610 units of time?

g) (3.4) Of the five members of the family, who (on the average) waits the
longest to pass the salt? Explain.

3. Consider a pure birth processon S = {0, 1,2, 3, ...} where for each z, \, = 27.

a) (3.5) Is this process transient, null recurrent, or positive recurrent? Ex-
plain.

b) (3.5) What is the holding rate of state 6?
d) (3.5) Write the forward equation for the process.

4. Suppose that the value of a commodity is modeled by a Brownian motion
with o2 = 12.
a) (4.1) What is the variance of the value of the commodity at time 4?

b) (4.1) What is the probability that at time 3, the value of the commodity
is at least 4?

¢) (4.1) Suppose the commodity’s value was 7 at time 2 and 10 at time 3.
Given this, what is the probability that the value of the commodity is at
most 12 at time 9?

d) (4.2) What is the probability that the commodity’s value reaches 6 at
some time before ¢t = 10?
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Solutions

1.

a) The second row of P(¢) must sum to 1, so
2 2

g(t) =1 = Py(t) — Pn(l) = 5~ §6_9t.

b) P(X4 =2 | Xy = 2) = P22(4) = % + %6718 + %6714.

C) First, Qo = —(Q22 = —P2/2(0) = —(—3 — 2) =5, SO WQ ~ EIP(5)
P(X, =2forallt < 4| X, = 2) = P(W, > 4) = P(Eap(5) > 4)

e 20,

d) P(X10:3|X8: 1,X5:2,X1 :1) :P(Xl():?)’Xg:l) :P13(1O—

Therefore

_ 2 2 _—18
8) =5~ %
; P, (0) 2
— 931 31 _ 2z
€) M1 = U= Sho) < 7

a) Let 7 = (a,b,c,d, e) be the stationary distribution; setting 7¢) = 0 we

obtain
—4a+4b =0

Ja—8+c =0
4b—4c+d =0
2c—=3d+e =0
a+c+2d—e =0
From the first equation, a = b. Substituting into the second equation, we

get ¢ = 5b. From the third equation, that means d = 16b. Then, from the
fourth equation, we get e = 38b. Since a + b+ c+ d + e = 1, we have

b+b+5b+16b+38b = 1s0b = . Tt follows that 7 = (4, &, &, 52, 2).
b) Thisis P(Wg < 8) = P(Exp(qc) < 8) = P(Exzp(4) < 8) =1 — e 4% =

1 —e 32,
g _ 0 _
¢) mea =44 =73=0
_g9p 2 _1
d)ﬂ-CD_qc_4 2

e) This question is asking for the mean return time to state C, i.e. m¢. We
know 7(C) = =50 g7 = 1..—. Solving for mc, we get m¢ = 5.

f) From the ergodic theorem, this is 6107(C') = 50 units of time.

g) The time a family member waits to pass the salt is exponential with pa-
rameter ¢,. Since the expected value of an exponential r.v. with param-
eter ¢, is q%’ the family member who waits the longest to pass the salt
is the family member with the smallest holding rate. This is Eal, whose
holding rate is 1.

a) This is a pure birth process. So once you leave a state (via a birth), you
cannot come back (since there are no deaths). Thus the process is tran-
sient.
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b) g5 = (A6 + pg) = 2° + 0 = 64.
Q) Pi(t) = P(X, = 3| Xo = 3) = P(Wy > 1) = P(Bap(2’) > 1) =™,

d) The generic forward equation is P, () = >, P, .(t)q.,. The only z for
which ¢,, # 0 are z = y — 1 (in which case ¢., = ¢,—1, = A\y-1 = 2¢7)
and z = y (in which case ¢,, = —¢, = —\, = —2Y), so the forward
equation reduces to

P;;,y(ﬂ = Qy_lpﬂc,y—l(t) - 2ny7y (t)

4. Throughout this solution, let W; denote the value of the commodity at time ¢.
a) Var(Wy) = Var(n(0,4-12)) = Var(n(0,48)) = 48.
b) P(Ws>4)=P(n(0,3-12) >4) =1- & (A) =1-d(2).
c) By the Markov property, this is

P(Wy < 12| W5 = 10) = P(We—W;5 < 2) = P(n(0,6-12) < 2) = & (ﬂ) .

d) By the Reflection Principle, this is

P(T6§10):2—2<I><\/ﬁ6\/1_0>:2—2<I><\/f_0>.
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1. Let {X,} be the Markov chain with state space S = {1, 2, 3}, initial distribu-

tion (%, 5 %), and transition matrix

Ut Wl D
O Wi I
o= O wim

a) (1.3) Compute the time 2 transition matrix.
b) (1.3) Compute P(X; =1).
¢) (1.3) Compute P(X3 =1|X; =2, X, =1).
d) (1.3) Compute
P(Xlg — 2,X12 - QaXll - 3,X7 — 1,X4 - 2|X3 — 1,X1 — 17X0 - 2)

e) (1.5) Compute the stationary distribution of {X;}.

2. Let {X;} be a Markov chain with state space S = {1,2,3,4,5,6,7} and transi-
tion matrix

2 1
2100000
1300000
Ll 20002
P=10001000
0002230
2 1
5055050
04100410

a) (1.7) Classity the states of this Markov chain as recurrent or transient.
b) (1.7) Compute P5(Ts = 10).
¢) (1.7) Compute f51, fi5, and f5;.

3. (1.7) Let { X, } be a Markov chain with state space {0, 1,2, 3, ...} and transition

function Y
(%) ifr=0,y>1

1 3 > —

Py =4 1 7200
= ter>ly=ax+1
0 else

Determine, with justification, whether this chain is recurrent or transient.
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4. (Group presentations) Choose four of the five parts (a), (b), (c), (d) and (e).

a) Let {X;} be an Ehrenfest chain with d = 5.
i. What is the period of this chain?
ii. Compute P(X, =2|X; =5).
b) Let {(B;, R:)} be the Pélya urn, where initially the urn contains 1 blue
and 1 red marble (i.e. (Bo, Ry) = (1,1)).
i. What is the probability that (B;, R;) = (5,5) for some ¢ > 0?
ii. What is the expected number of blue marbles in the urn at time 3?

c) Consider a Galton-Watson chain, where each male has two offspring
with probability ¢ and zero offspring with probability 1 — ¢. If the ex-
tinction probability fi 4 is 1, what is the value of ¢?

d) Consider a discrete queuing chain where the number of arrivals to the
queue during each time period is uniform on {0, 1, 2, 3}.
i. Compute the transition probability P(2,0).
ii. Is this chain recurrent or transient? Justify your answer.
e) Let {Z;} be a Wright-Fisher chain with d = 10.
i. What is the transition probability P(6,7)? (This answer doesn’t
need to be simplified.)
ii. Compute P; (7 < 00).
iii. Compute Es5(Zg).
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Solutions

17 5 1
3 12 9
) PP=Il 5 w5
5 5 11
18 12 36
)
b) m (1) = %:Sﬂo(x)P(x, 1)=1 (%) + 1 (%) +:0)=1+3= 5|

c) By the Markov property,
P(X3=1|X,=2,X,=1)=P(X3=1]X;, =2) = P*2,1).

5

!

d) Note P(X;2 = 2| Xy; = 3) = 0, so this entire probability is @

e) Write 7 = (a, b, ¢) and solve 7P = 7 (together with a + b+ ¢ = 1) to get

_ (10 15 4)
T=1\297297 29/ |

a) {1,2} and {4} are communicating classes, and since they are finite, their
members are recurrent. Every other state leads to 4, but 4 does not lead

back, so |Sg = {1,2,4}|and |Sr = {3,5,6,7}|
b) Given Xj = 5, in order for T to equal 10, the trajectory must be

From part (a), this is

2/7

5 —— 2/

5 20 5 BT g AT S 2T 2T

d ) ) 5 — 6.

. o (372
This has probability - (7> :

C) | fo1 = 1|because 1 and 2 belong to the same recurrent communicating

class. | fi5 = 0|because 1 is recurrent and 5 is transient. For f;;, we use

a system of equations:

fsa =2(1)+ 21+ 2f51+ 2f7a
J5.1 %(O) + %f&l + %f&l
for =3(1) +3fs1+3500) + 5 fon
friq = %(1 + if3,1 + %f6,1

(It turns out that the second equation isn’t needed.) Simplifying the
remaining equations, we get

Afsn =2+2fma = fr1=2f1—1

4fc1 =24 f31

Afzn =2+ fsa+for = fea=4fr1 — fs1—2
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Plugging the third equation into the second gives
16f70 —4fsp =8 =2+ fs1 = 16f71 =10+5f31

and plugging the first equation into this gives

26

16(2f3,1 - 1) =10 + 5f3,1 = f371 = ﬁ .

3. First, we classify state 0. Note that to return to 0 for the first time on the n'"
step, n must be at least 2 and your path must be

0y Byr1 By o By 9By

and since you have to go to some y # 0 on the first step, the first arrow can be
labelled with a 1 (by adding up the probabilities you go to each particular y).
That means

fo POT0<OO ZP()T(]—?’L

n=2

i()””

n=2

(=)
557 (5) 5\1—3
Therefore 0 is recurrent, and since 0 leads to every other state, the entire chain

is recurrent.

4. a) i. The period of the Ehrenfest chain is[2].
ii. The only way to get from state 5 to state 2 in 4 — 1 = 3 steps is the

sequence
5Ly q 5330 9
) 12
. o1e 4\ 3 __ |t~
This has probability 1 (5) 5 =55t

b) i. The only time ¢ for which (B, R;) = (5,5) is t = 8, because 8 marbles
have to have been added to the jar. We then know from the formu-
las for n-step transitions in the P/’olya urn, that P%((1,1), (b,7)) =

LT

b+r—1 9 -
ii. At time 3, the distribution is uniform on the four possible states
{(4,1),(3,2),(2,3),(1,4)}. So the expected number of blue marbles

is B[Bs) = 1(4+3+2+1)=|-
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c) Letting IV be the number of offspring, we have
Gw(t) = E[t"] =Y " fw(w) = (1 —q) + qt*.
w=0

The extinction probability n = f; ( satisties

n=Gw(n)

4 4
:‘5—GW<5)

4 2

T _(1- =
=z ( Q)+q<5)
19

5 257
12

9| ¢

d) i P(2,0) =[0]since the line can only shrink by one member per unit
of time.
ii. The expected number of arrivals is $(0 + 1+ 2+ 3) = 2. Since this
number is greater than 1, the queue is transient.
2z (2d—2x
e) i In a general Wright-Fisher chain, P(z,y) = (“)<<2j)‘”>

d

. Here, we

have P(6,7) = (2(7&22((21(%)1(;)76)) = (17;20()2) .

10

ii. In the Wright-Fisher chain, f,o = dij, which is in this problem
10-7 _ i
0 110/
iii. The expected state at time 3 in the Wright-Fisher chain is the starting
state, so F5(Xg) =[3].
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1. Let {X;} be a Markov chain with state space {1, 2,3, 4} and transition matrix

Bl= O O Blw
O Rlw N O

O wI= IR O
Bl O O ki

a) (1.8) Compute the mean return time to state 1.
b) (1.10) Estimate P?°?'(1,2) and P**?'(1,4).

¢) (1.8) Whatis lim 1 5 P*(2,3)?
oo T k=1
d) (1.10) For how many times ¢ € [1, 3600] would you expect that X; = 3?

2. Two hockey teams, the Whales and Dolphins, play a series of games against
each other. In each game, the Whales win with probability .2, the Dolphins
win with probability .2, and the teams tie with probability .6. The teams will
play repeatedly until one team has won three more games than the other, at
which point that team will be declared the winner of the series.

a) (2.5) Under this format, what is the probability that the Whales win this
series?

b) (2.5) How many games should the teams expect to play until the series
is decided?

c) (2.5) If the Dolphins win the first two games, what is the probability the
Whales come back to win the series?

d) (2.5) To reduce the expected number of games played, the teams agree
to have a shootout in each game to break ties. However, the Dolphins
happen to be really good at shootouts: assume they will win 80% of the
games that are settled by a shootout (the Whales win the other 20%). In
this new format, what is the probability the Dolphins win the series?

3. Let {X:} be a Markov chain with state space {0,1,2,...} x {0,1} (meaning
the states are ordered pairs, where the first coordinate is a natural number
and the second coordinate is either 0 or 1. The Markov chain has transition

113



4.5. Spring 2021 Exam 2

probabilities defined by these formulas:

P((0,0),(.9)) = 5, ifa > 0andy € (0,1}

P((z,y),(0,0)) = é ifr>0andy € {0,1};
P, y), (0,1)) = 2 if > 0andy € {0, 1}:
P((0,1),(0,0)) = 1.

In other words, {X;} has directed graph as shown below, where all the blue
arrows are labelled with % and all the red arrows are labelled with é:

(071)(171) (271) (371)"' (x71)"'

0.O)Z=(1,0) (20 (G0 (@0

a) (1.6) Explain why {X,} is irreducible.
b) (1.6) What is the period of {X;}?

¢) (1.10) Prove that {X,} is positive recurrent, and find the value of the
stationary distribution 7 at the state (0, 0).

d) (1.10) Compute the mean return time to the state (2021, 0).

4. Suppose you flip a fair coin over and over, independently, and record the

result by setting
v ) 1 ifthe ¢ flip is heads
71 0 if the ¢ flip is tails

Let {¥;} be the natural filtration associated to the process {X;}. Now, for
each t,let Y, = max{ Xy, Xo, X3, ..., X; }.

a) (2.3) Compute E[Y3|F].
b) (2.4) Is {Y;} a martingale? Explain.
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Solutions

1. a) Compute the stationary distribution of {X;} by setting 7P = = and

w(1) + w(2) + 7(3) + 7(4) = ltoget 7 = (&, 5,2 14). Then, m; =
36
1 20

(1) 70

b) The period of this Markov chain is 2, and the states move back and forth
as follows: {1,4} < {2,3}. Therefore, since you can go from 1 to 2 in

)
an odd number of steps, P*?(1,2) ~ dn(2) = 2 (%) = . However,

P221(1,4) = [0]since you can only go from 1 to 4 in an even number of

steps.
n 2
¢) This Cesaro limitis lim . > P*(2,3) =n(3) = 5l
d) By the ergodic theorem for Markov chains, this is 36007 (3) = 3600 (%) =

800 |.

2. Throughout this problem, {X;} will record the number of games ahead or
behind the Whales are. In parts (a), (b) and (c), {X:} is an irreducible simple
random walk with p = .2, ¢ = .2and x = 0.

0-(-3) _ 3 _ |1

a) Thisis Py(T3 < T_3); since the walk is unbiased, this is 58 — 6|5

b) We can apply the formula in the notes derived from Wald’s Second Iden-

tity to get
Var(Xr) (r—a)(b—2z) (0—-(-3))(3—0) 9 90

ET = - - =2 =7 [225].
Var(S;) pP+q 24

1
c) Thisis P_o(T5 < T_3) = ;2%(:?3) =|5}

d) In the new format, the probability the Whales winis p = .2+ .2(.6) = .32

and the probability the Dolphins win is ¢ = .2 + .8(.6) = .68. So =

68 _

08 = 2. Now {X,} is a biased simple random walk, so

<y B @) | ()= ]
B -6 & -
3. a) Given states (z,y) and (a,b) where x > 0 and y > 0, you can go (z,y) —

(0,1) — (0,0) — (a,b). So every state leads to every other state, so {X;}
is irreducible.
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b)

d)

Note (0,0) can return to itself in two steps ((0,0) — (1,1) — (0,0)) or in
three steps ((0,0) — (1,1) — (0,1) — (0, 0)), so the period of (0,0) must
divide both 2 and 3. Thus its period must be 1. So by irreducibility, { X;}
has period |1 |(i.e. {X:} is aperiodic).

Solution # 1: Notice (0,0) must return to itself in either 2 or 3 steps (be-
cause you go from (0, 0) to (z,y), then either to (0, 1) and on to (0,0) or
directly back to (0, 0)). In particular,

P (Tl = 2) = (13 and  Po,0)(T{0,0) = 3) = 2
Therefore . . e
m0) = oo (Too) = £(2) + 6) = -
Since this is finite, (0, 0) is positive recurrent, so by irreducibility we can
conclude that| { X;} is positive recurrent |and 7 (0, 0) = {m(ovo)rl = 167 .

Solution # 2: Define a factor {Z,} of {X,} by setting

0 if X, =(0,0)
Zt == 1 lf Xt — (0, 1)
2 else

{Z;} is a Markov chain with transition matrix

o O

PZ: 0 3

0

D= = O
NI

By solving 7, P; = 7, we find that the stationary distribution of {Z;} is

( 6 5 6 )

Tz=\ == =]-

2o \rarar

Thus 0 has mean return time <" in {Z;}. But this must equal the mean re-

turn time of (0, 0) in {X,} (since you return to (0, 0) in { X;} exactly when
you return to 0 in {Z;}), so m,) = & in {X;}. As this mean return time

is finite, (0, 0) is positive recurrent, so by irreducibility| { X, } is positive recurrent

6
17|
Let 7 be the stationary distribution of {X;}. From part (c), we have

and 7(0,0) = [m(om}_l =

-1
7(0,0) = [m(o,o)] = % Now, observe that the only arrow entering

116



4.5. Spring 2021 Exam 2

b)

(2021,0) is the one coming from (0,0), labelled with 5. So by the
stationarity equation, we see

1 6

7T(20217 0) = Z 7T(.CC, y)P((l’, y)7 (20217 O)) = 7[_(07 0) 32021 = 17 - 32021°
(z,y)eS

17 - 32021

Thus mM(2021,0) = [7T<20217 O)]_l = 6

Letting w denote a sample function for this process, we see that F; is
generated by the partition of €2 into sequences of flips starting with H
and sequences of flips starting with T. If w starts with H (i.e. the first
flip is heads), then X; = 1so Y3 = 1 (i.e. Y3 is constant) and therefore
EY;|Fi](w) = 1.

If w starts with T (i.e. the first flip is tails), then if the next two flips are
both tails (probability 1) Y3 = 0 but otherwise Y3 = 1. So E[Y3|F](w) =

0+ 1= 1
1 ifw={H, ..}

To summarize, | E[Y3|Fi](w) = { 5 ifw={T,..}

1

Note Y; cannot take the value 3, so it is impossible that E[Y3|F;] = ;.
Thus by definition, {Y;} is not a martingale.
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1. Let {X;} be a CTMC with state space {1, 2, 3,4} whose jump probabilities are
given in the following matrix:

~lw O = O
O k= O =
= O = O
O Rl © O

Suppose also that the holding rates of states 1,2,3 and 4 are 1, 3, 1 and 2,
respectively.
a) (3.2) Compute the infinitesimal matrix of {X;}.

b) (3.2) Suppose X3 = 2. What is the probability that X; = 2 for all ¢ €
[3,8)?

¢) (3.2) Use linear approximation to estimate P3(.01).

d) (3.4) Compute the stationary distribution 7 of {X;}.

e) (3.4) Compute tliglo Pi3(t).

f) (3.4) Compute the mean return time to state 4.

g) (3.4) Suppose X, = 2. Compute the expected amount of time spent in

state 4 before the chain first returns to state 2.

2. Suppose that the temperature, measured in degrees Fahrenheit, in Anytown
U.S.A. at time ¢, measured in days, is modeled by a Brownian motion with
parameter o = 3. Suppose that the temperature is currently 45° F.

a) (4.1) Describe the temperature in Anytown one week from now as a
common r.v. In particular, what class of r.v. is it, and what are the values
of any of its parameters?

b) (4.1) What is the probability that the temperature in Anytown two days
from now is between 40° F and 50° F?

c) (4.2) What is the probability that the temperature in Anytown reaches
70° F within the next twelve days?

d) (4.3) What is the probability that the temperature in Anytown reaches
60° F before it reaches 40° F?

e) (4.2) What is the probability that the temperature in Anytown two weeks
from today is greater than the temperature in Anytown one week from
today?
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f) (4.2) Is Anytown a safe place for a human being to live (for the long
term)? Explain.

3. (3.5) Let {Y;} be a birth-death CTMC with state space {0, 1,2, ...}, with birth
rates \, = v/z + 1 and death rates y, = /z. Determine, with justification,
whether or not this CTMC is positive recurrent, null recurrent, or transient.

4. An ant is crawling on a piece of concrete. Assume that the position of the ant
(in inches) is modeled by a standard 2-dimensional Brownian motion, and
that the ant’s initial position is at the origin.

a) (4.7) What is the probability that the ant returns to the origin at some
time in the future?

b) (4.7) Suppose the ant has been crawling around for a while, so that
its position is now (—3,4). What is the probability that, starting from
(—3,4), the ant crawls to within 2 inches of the origin before it crawls 8
inches away from the origin?

¢) (Bonus) Without using a calculator or computer to get a decimal ap-
proximation, determine (with justification) if your answer to part (b) is
equal to £, greater than 3, or less than 3.

Solutions

1. a) Using the formulas ¢, = ¢, 7,y and ¢, = — > ¢uy, We get
y#T

N[ =

|
[—
[
= O

Q = (qu) =

|
—_
NI )

N O k=
O =
N[

|

(]

b) P(X, =2forallt € [3,8)| X3 = 2) = P,(W, > 5) = P(Exzp(—3) > 5) =

)
1

) Pos(.01) & Ga3 + Pp3(.01) = 0+ go3(.01) = 1(.01) = 1001~ 0025 |.

d) Letm = (a,b,c,d) and solve 7Q) = 0 together with a +b+c+d = 1 to get:

—a+3b+3d=0 —4a+b+6d=0
a—%b—f—%c:(] N da—2b+c=0
h—c+3d=0 b—dc+2d=0 "~

3¢—2d=0 3¢ —8d=0
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From the last equation, d = 2c. Substitute into the third equation to get

b—4c+ 3c=0,1ie. b= 2c Substitute into the second equation to get
da =2b—c= 1, s0a = Fc

Now, sincea+b+c+d=1wehave Yc+ Bc+c+2c=11e c=¢.

11 13 1 1
Thismakesd:&j,a:gandbzéi.SOWZ( )

4824’6’ 16
e) Since {X;} has finite state space, it is positive recurrent. As {X,} is irre-
1
ducible, we have Jim Pi3(t) =m(3) = 1
f) We know 7(4) = -, somy = & = 2'11% =[8]
This is 75(4) = mom(4) = —_n(4) = Ly L =| >
g) ISISTQ()—mQTF()—WTF()—%T—E.

2. We denote the temperature in Anytown ¢ days from now by W;. {IV,} is a
BM starting at 45 with o2 = 3.
a) Wy, — Wy ~ n(0,0%t) so Wy — 45 ~ n(0,3 - 7) = n(0,21). Therefore W, ~
45 +n(0,3 - 7) =|n(45,21) ],
b) P(40 < W, < 50) = P(40 < n(45,3 - 2) < 50) = P(40,n(45,6) < 50) =
5
40-45 50-45) _ 5 -5) _
P (A5 < n(0,1) < 08) =0 (5) — @ (52) = 2@@6) |

c) By the Reflection Principle, this is

25 25
Pis(T7g < 12) = Py(Ths < 12) =2 — 20 | ——— 22—2<I>(>.
45( 70 ) 0( 25 ) <\/§\/E) 6

d) By the escape time probability formulas, this is

45-40 5 [1

Fis(Too < Tio) = 530 = 20 ~ |1

e) This is P(W14 > W7) = P(W14—W7 > 0) = P(TL(O,37) > 0 =
1

P(n(0,21) >0)=1—-®(0) = 5t

f) {W,} is irreducible, meaning that eventually the temperature will reach

every real number. So at some point in the future the temperature will

be 1000000° F, at which point humans cannot survive. So Anytown is
a safe place for a human to live for the long haul.
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3.

4.

First, we determine whether {Y;} is recurrent or transient.

D N WZW

This series diverges (it is a p-series with p = 1 < 1), so {X;} is recurrent.

Next, we determine the type of recurrence. We have, for all y,

AoArL - Ay—1 _\/_\/_ VY
precpy o VIV2Ze g

¢y:

Since § ¢y = § 1 = oo, {Y:} is not positive recurrent. Therefore {Y;} is
y=0

| null recurrent |

a) This probability is [0] (proven when we showed that 2-dimensional BM
is point transient).

b) Let x = (—3,4); note ||x|| = /(—3)% + 42 = 5. Denoting by A, the circle
of radius r centered at the origin, we are asked to compute

PX(TA2 < TAg) =1- PX<TA8 < TAQ)
In||x|| —Inr
InR—1Inr

In5—1In2

In8—1n2
In8—1Inb
In8—1n2/

—1—

—1—

c) By alog rule (specifically, the difference of logs is the log of the quotient),

we can rewrite the answer to part (b) as s & and by the change of base

rule for logarithms, this is log, 2. Now smce 4V% =2 > & log, 2 is

1
less than 5

Remark: This might surprise you, because the ant is on a circle of radius
5 and the question asks for the probability it hits the circle of radius 2
before the circle of radius 8. Since 5 is halfway in between 2 and 8, you
might think the answer is 1. But that’s only true in dimension 1.
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