MATH 417 BIVARIATE NORMAL DENSITIES SPRING 2015

Bivariate normal densities: X and Y are said to have a bivariate normal
density (a.k.a. joint normal density) if their joint density function is

fxy (2, y) = (const) exp [(const)z® + (const)zy + (const)y® + (const)x + (const)y + const]
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where 71 = ( Z Z ) and

$_ Cov(X,X) =Var(X) Cov(X,Y)
N Cov(X,Y) Cov(Y,Y)=Var(Y) )
The formulas above give a method of going between a bivariate density function
and the means, variances and covariances of X and Y.

Linear combinations of joint normal r.v.s are normal: If X and Y are bi-
variate normal, then for any constants by, by, then b1 X + by} is normal (and its
parameters can be computed using properties of means, variances and covariances).

Conditional densities and expectations: If X and Y are bivariate normal,
then Y | X is normal with parameters

Cov(X,Y
BYIX) = oy + P o= ) Var(y 1) = Var(V) 0 = 7
where p is the correlation between X and Y (i.e p = —=22XY) ) Similarly, X |V

Var(X)-Var(Y)
is normal with parameters

Cov(X,Y)

B(XY) = i+

(y—py) and  Var(X|Y) = Var(X)(1 - p?)

If X and Y|X are normal, then X and Y have a bivariate normal density.
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Sample problems:

1. Suppose X and Y have a bivariate normal density where EX = 3, Var(X) = 2,
EY = —4 and Var(Y) =6. If Cov(X,Y) = 2,

(a) find the joint density of X and Y/

(b) find the density function of 2X + Y

(c) find the probability that X —Y < 7.5;

(d) find the conditional expectation of ¥ given X;

(e) find the conditional variance of Y given X.

2. Suppose X is normal with mean 0 and variance 5, and suppose that Y|X is
normal with conditional expectation 2z 4+ 1 and conditional variance 8.

Find the covariance between X and Y

find the correlation between X and Y;

(a)
(b)
(c) find the mean and variance of Y

(d) find the probability that Y > 0;

(e) find the probability that X + 2V < 3.



